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PREFACE.

THIS book is intended to form a companion volume to my
edition of the treatise of Apollonius on Conic Sections
lately published. If it was worth while to attempt to make the
work of “the great geometer” accessible to the mathematician
of to-day who might not be able, in consequence of its length
and of its form, either to read it in the original Greek or in a
Latin translation, or, having read it, to master it and grasp the
whole scheme of the treatise, I feel that I owe even less of an
apology for offering to the public a reproduction, on the same
lines, of the extant works of perhaps the greatest mathematical
genius that the world has ever scen.

Michel Chasles has drawn an instructive distinction between
the predominant features of the geometry of Archimedes and
of the geometry which we find so highly developed in Apollo-
pius. Their works may be regarded, says Chasles, as the origin
and basis of two great inquiries which seem to sharc between
them the domain of geometry. Apollonius is concerned with
the Geometry of Forms and Situations, while in Archimedes
we find the Geometry of Measurements dealing with the quad-
rature of curvilinear plane figures and with the quadrature
and cubature of curved surfaces, investigations which “gave
birth to the calculus of the infinite conceived and brought
to perfection successively by Kepler, Cavalieri, Fermat, Leibniz,
and Newton.” But whether Archimedes is viewed as the
man who, with the limited means at his disposal, nevertheless
succeeded in performing what are really integrations for the
purpose of finding the area of a parabolic segment and a
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spiral, the surface and volume of a sphere and a segment
of a sphere, and the volume of any segments of the solids
of revolution of the second degree, whether he is seen finding
the centre of gravity of a parabolic segment, calculating
arithmetical approximations to the value of =, inventing a
gystem for expressing in words any number up to that which
we should write down with 1 followed by 80,000 billion
ciphers, or inventing the whole science of hydrostatics and at
the same time carrying it so far as to give a most complete
investigation of the positions of rest and stability of a right
segment of a paraboloid of revolution floating in & fluid, the
intelligent reader cannot fail to be struck by the remarkable
range of subjects and the mastery of treatment. And if these
are such as to create genuine enthusiasm in the student of
Archimedes, the style and method are no less irresistibly
attractive. One feature which will probably most impress the
mathematician accustomed to the rapidity and directness secured
by the generality of modern methods is the deliberation with
which Archimedes approaches the solution of any one of his
main problems. Yet this very characteristic, with its incidental
effects, is calculated to excite the more admiration because the
method suggests the tactics of some great strategist who
foresees everything, eliminates everything not immediately
conducive to the exccution of his plan, masters every position
in its order, and then suddenly (when the very elaboration of
the scheme has almost obscured, in the mind of the spectator,
its ultimate object) strikes the final blow. Thus we read in
Archimedes proposition after proposition the bearing of which is
not immediately obvious but which we find infallibly used later
on; and we are led on by such easy stages that the difficulty of
the original problem, as presented at the outset, is scarcely
appreciated. As Plutarch says, “it, is not possible to find in
geometry more difficult and troublesome questions, or wore
simple and lucid explanations.” But it is decidedly a rhetorical
exaggeration when Plutarch goes on to say that we are deceived
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by the easiness of the successive steps into the belief that anyone
could have discovered them for himself. On the contrary, the
studied simplicity and the perfect finish of the treatises involve
at the same time an element of mystery. Though each step
depends upon the preceding ones, we are left in the dark as to
how they were suggested to Archimedes. There is, in fact,
much truth in a remark of Wallis to the effect that he seems
“as it were of set purpose to have covered up the traces of his
investigation as if he had grudged posterity the secret of his
method of inquiry while he wished to extort from them assent
to his results.” Wallis adds with equal reason that not only
Archimedes but nearly all the ancients so hid away from
posterity their method of Analysis (though it is certain that
they had one) that more modern mathematicians found it easier
to invent a new Analysis than to seek out the old. This is no
doubt the reason why Archimedes and other Greck geometers
have received so little attention during the present century and
why Archimedes is for the most part only vaguely remembered
as the inventor of a screw, while even mathematicians scarcely
know him except as the discoverer of the principle in hydro-
statics which bears his name. It is only of recent years that
we have had a satisfactory edition of the Greek text, that of
Heiberg brought out in 1880-1, and I know of no complete
translation since the (German one of Nizze, published in 1824,
which is now out of print and so rare that I had some difficulty
n procuring a copy.

The plan of this work is then the same as that which I
followed in editing the Conics of Apollonius. In this case,
however, there has been less need as well as less opportunity for
compression, and it has been possible to retain the numbering
of the propositions and to enunciate them in & manner more
nearly approaching the original without thereby making the
enunciations obscure. Morcover, the subject matter is not so
complicated as to necessitate absolute uniformity in the notation
used (which is the only means whereby Apollonius can be made
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even tolerably readable), though I have tried to secure as much
uniformity as was fairly possible. My main object has been to
present a perfectly faithful reproduction of the treatises as they
have come down to us, neither adding anything nor leaving out
anything essential or important. The notes are for the most
part intended to throw light on particular points in the text or
to supply proofs of propositions assumed by Archimedes as
known; sometimes I have thought it right to insert within
square brackets after certain propositions, and in the same type,
notes designed to bring out the exact significance of those
propositions, in cases where to place such notes in the Intro-
duction or at the bottom of the page might lead to their being
overlooked.

Much of the Introduction is, as will be seen, historical ; the
rest 13 devoted partly to giving a more general view of certain
methods cmployed by Archimedes and of their mathematical
significance than would be possible in notes to separate propo-
gitions, and partly to the discussion of certain questions arising
out of the subject matter upon which we have no positive
historical data to guide us. In these latter cases, where it is
necessary to put forward hypotheses for the purpose of explaining
obscure points, 1 have been careful to call attention to their
speculative character, though I have given the historical evidence
where such can be quoted in support of a particular hypothesis,
my object being to place side by side the authentic information
which we possess and the inferences which have been or may
be drawn from it, in order that the reader may be in a position
to judge for himself how far he can accept the latter as probable.
Perhaps I may be thought to owe an apology for the length of
one chapter on the so-called vedoeus, or inclinationes, which goes
somewhat beyond what is necessary for the elucidation of
Archimedes; but the subject is interesting, and I thought it
well to make my account of it as complete as possible in
order to round off, as it were, my studies in Apollonius and
Archimedes.
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I have had one disappointment in preparing this book for
the press. I was particularly anxious to place on or opposite
the title-page a portrait of Archimedes, and I was encouraged
in this idea by the fact that the title-page of Torelli’s edition
bears a representation in medallion form on which are endorsed
the words Archimedis effigies marmorea in vetert anaglypho
Romae asservato. Caution was however suggested when I
found two more portraits wholly unlike this but still claiming to
represent Archimedes, one of them appearing at the beginning
of Peyrard’s French translation of 1807, and the other in
Gronovius' Thesaurus Graecarum Antiquitatum; and I thought
it well to inquire further tnto the matter. I am now informed
by Dr A. S. Murray of the British Muscum that there does
not appear to be any authority for any one of the three, and
that writers on iconography apparently do not recognise an
Archimedes among existing portraits. I was, therefore, re-
luctantly obliged to give up my idea.

The proof sheets have, as on the former occasion, been read
over by my brother, Dr R. S. Heath, Principal of Mason College,
Birmingham ; and I desire to take this opportunity of thanking
him for undertaking what might well have seemed, to any one
less genuinely interested in Greek geometry, a thankless task.

T. L. HEATH.
March, 1897,
/J’x(wf’\f’j— P
(3¥ ] 3 N
/‘
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INTRODUCTION.

CHAPTER I
ARCHIMEDES,

A LIFE of Archimedes was written by one Heracleides*®, but
this biography has not survived, and such particulars as are known
have to be collected from many various sourcest. According to
Tzetzes} he died at the age of 75, and, as he perished in the sack
of Syracuse (B.c. 212), it follows that he was probably born about
287 B.c. He was the son of Pheidias the astronomer§, and was
on intimate terms with, if not related to. king Hieron and his

* Eutocius mentions this work in his commentary on Archimedes’ Measure-
ment of the circle, Gs pnaw Hpaxheidys év v "Apxuhdous Blp. He alludes to it
again in his commentary on Apollomus’ Conics (ed. Heiberg, Vol. m. p. 168),
where, however, the name 1s wrongly giver as 'Hpdxhecws. This Heracleides is
perhaps the same as the Heracleides mentioned by Archimedes himself in the
preface to his book On Spirals.

+ An exhaustive collection of the materials is given in Heiberg’s Quuestiones
Archimedeae (1879). The prefuce to Torelli’s edition also gives the main points,
and the same work (pp. 363—S870) quotes at length most of the original
refercnces to the mechanical inventions of Archumedes. Further, the article
4rchimedes (by Hultsch) in Pauly-Wissowa's Real-Encyclopadie der classischen
AlUertumswissenschaften gives an entirely admirable summary of all the available
information. See also Susemihl’s Geschichte der griechischen Litteratur in der
Alezandrinerzeit, 1. pp. 723—733.

% Tzetzes, Chiliad., 11. 35, 105.

§ Pheidias is mentioned in the Sand-reckoner of Archimedes, 7dv wporépwy
doTpoNéyer Eodstov. Pedla 8¢ Tob duod warpds (the last words being the correction
of Blaes for rod ’Axcswarpos, the reading of the text). Cf. Schol. Clark. in
Gregor. Nasianz. Or. 34, p. 3558 Morel. deadlas 76 uév yévos 7w Zvpaxdgios
darpobyor & "Apxiuhdous warhp.
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son Gelon. It appears from a passage of Diodorus* that he spent
a considerable time at Alexandria, where it may be inferred that
he studied with the successors of Euclid. It may bave been at
Alexandria that he made the acquaintance of Conon of Samos
(for whom he had the highest regard both as a mathematician
and as a personal friend) and of Eratosthenes. To the former
he was in the habit of communicating his discoveries before their
publication, and it is to the latter that the famous Cattle-problem
purports to have been sent. Another friend, to whom he dedicated
several of his works, was Dositheus of Pelusium, a pupil of Conon,
presumably at Alexandria though at a date subsequent to Archi-
medes’ sojourn there.

After his return to Syracuse he lived a life entirely devoted
to mathematical research. Incidentally he made himself famous
by a variety of ingenious mechanical inventions. These things
were however merely the ‘“diversions of geometry at play +,” and
he attached no importance to them. In the words of Plutarch, “he
possessed so high a spirit, so profound a soul, and such treasures
of scientific knowledge that, though these inventions had obtained
for him the renown of more than human sagacity, he yet would
not deign to leave behind him any wnitten work on such subjects,
but, regarding as ignoble and sordid the business of mechanics
and every sort of art which is directed to use and profit, he placed
his whole ambition in those speculations in whose beauty and
subtlety there is no admixture of the common needs of lifet” In
fact he wrote only one such mechanical book, On Sphere-makings,
to which allusion will be made later.

Some of his mechanical inventions were used with great effect
against the Romans during the siege of Syracuse. Thus he contrived

* Diodorus v. 37, 3, ods [rods xoxAlas] ’Apxiufdns 6 Zvpaxdouss elpev, Gre
rapéfiaer els Alyvwrov.

+ Plutarch, Marcellus, 14.

1 tbid. 17.

§ Pappus vur. p. 1026 (ed. Hultsch). Kdpwos 3¢ wob ¢mow & "Arrioxeds
"Apxiphdn Tdv Zupaxborov & povor BifNior ouvteraxérar unyawdr Td xard Thy
cpapowotar, Tar 5¢ ENAwy oldév Rfiwkévar ovrrdfai. aalrol wapd Tols woAhol éwl
pyxavicy Sotac@els xal peyahopuhs Tis yerbuevos & favuaords éxeivos, Gore Siapuiras
wapd waow drfpdrots vxepSalNévTws buvoiuevos, TOV Te wpoyoupérwy ‘yewperpeiis
xal dpifunriciys éxouérwr fewplas T& Bpaxirara doxoirra elvar awovdalws swwéypager:
8 ¢galverar Tas elpnuévas émothpas olrws dyarfoas ws uydedy Hwber vwoudvew
abraly érewdyew. .
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catapults so ingeniously constructed as to be equally serviceable
at long or short ranges, machines for discharging showers of
missiles through holes made in the walls, and others consisting
of long moveable poles projecting beyond the walls which either
dropped heavy weights upon the enemy’s ships, or grappled the
prows by means of an iron hand or a beak like that of a crane,
then lifted them into the air and let them fall again®. Marcellus
is said to have derided his own engineers and artificers with the
words, “Shall we not make an end of fighting against this geo-
metrical Briareus who, sitting at ease by the sea, plays pitch and
toss with our ships to our confusion, and by the multitude of
missiles that he hurls at us outdoes the hundred-handed giants of
mythology?t”; but the exhortation had no effect, the Romans being
in such abject terror that *if they did but see a piece of rope
or wood projecting above the wall, they would cry ‘there it is
again,’ declaring that Archimedes was setting some engine in motion
against them, and would turn their backs and run away, insomuch
that Marcellus desisted from all conflicts and assaults, putting all
his hope in a long siegel.”

If we are rightly informed, Archimedes died, as he had lived,
absorbed in mathematical contemplation. The accounts of the
exact circumstances of his death differ in some details. Thus
Livy says simply that, amid the scenes of confusion that followed
the capture of Syracuse, he was found intent on some figures which
he had drawn in the dust, and was killed by a soldier who did
not know who he was§. Plutarch gives more than one version in
the following  passage. * Marcellus was most of all afflicted at
the death of “Archimedes ; for, as fate would have it, he was intent
on working%ub some problem with a diagram and, having fixed
his mind and his eyes alike on his investigation, he never noticed
the incursion of the Romans nor the capture of the city. And
when a soldier came up to him suddenly and bade him follow to

* Polybius, Hist, viii. 7—8; Livy xxiv, 34; Plutarch, Marcellus, 15—17.

1+ Plutarch, Marcellus, 17.

1 wnd.

§ Livy xxv. 31. Cum maulta irae, multa auaritiae foeda exempla ederentur,
Archimedem memoriase proditum est in tanto tumultn, quantum pauor captae
urbis in discursu diripientium militem ciere poterat, intentum formis, quas in
puluere descripserat, ab ignero milite quis esset interfectum ; aegre id Marcellum
tulisse sepulturaeque curam habitam, et propinquis etiam inquisitis honos
praesidioque nomen a¢ memoriam eius fuisse. ‘

H. A. b

TS
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Marcellus, he refused to do so until he had worked out his problem
to a demonstration; whereat the soldier was so enraged thbat he
drew his sword and slew him. Others say that the Roman ran
up to him with a drawn sword offering to kill him; and, when
Archimedes saw him, he begged him earnestly to wait a short time
in order that he might not leave his problem incomplete and
unsolved, but the other took no notice and killed him. Again
there is a third account to the effect that, as he was carrying to
Marcellus some of his mathematical instruments, sundials, spheres,
and angles adjusted to the apparent size of the sun to the sight, some
soldiers met him and, being under the impression that he carried
gold in the vessel, slew him*.” The most picturesque version of the
story is perhaps that which represents him as saying to a Roman
soldier who came too close, “Stand away, fellow, from my diagram,
whereat the man was so enraged that he killed him . The addition
made to this story by Zonaras, representing him as saying wapa
xepalav xai pq wapa ypaupmdv, while it no doubt recalls the second
version given by Plutarch, is perhaps the most far-fetched of the
touches put to the picture by later hands.

Archimedes is said to have requested his friends and relatives
to place upon his tomb a representation of a cylinder circurscribing
a sphere within it, together with an inscription giving the ratio
which the cylinder bears to the sphere!; from which we may
infer that he himself regarded the discovery of this ratio [On thr
Sphere and Cylinder, 1. 33, 34] as his greatest achlevement\ Cicero,
when quaestor in Sicily, found the tomb in a neglected state and
restored it§.

Beyond the above particulars of the life of Archimedes, we
have nothing left except a number of stories, which, though perhaps
not literally accurate, yet help us to a conception of the personality
of the most original mathematician of antiquity which we would
not willingly have altered. Thus, in illustration -of his entire
preoccupation by his abstract studies, we are told that he would
forget all about his food and such necessities of life, and would
be drawing geometrical figures in the ashes of the fire, or, when

* Plutarch, Marcellus, 19.

+ Tzetzes, Chil. 1x. 35, 135 ; Zonaras rx. 5.
% Plutarch, Marcellus, 17 ad fin.

§ Cicero, Tusc. v. 64 sq.



ARCHIMEDES. xix

anointing himself, in the oil on his body*. Of the same kind is
the well-known story that, when he discovered in a bath the
solution of the question referred to him by Hieron as to whether
a certain crown supposed to have been made of gold did not in
reality contain a certain proportion of silver, he ran naked through
the street to his home shouting epnka, evpyxat.

According to Pappus} it was in connexion with his discovery
of the solution of the problem 7o move a given weight by a given
JSorce that Archimedes uttered the famous saying, *“Give me a
place to stand on, and I can move the earth (86s pou wod o1d «ai
xwé 1v yiv).” Plutarch represents him as declaring to Hieron
that any given weight could be moved by a given force) and
boasting, in reliance on the cogency of his demonstration, that,(if
he were given another earth, he would cross over to it and move
this one) “And when Hieron was struck with amazement and asked
him to reduce the problem to practice and to give an illustration
of some great weight moved by a small force, he fixed upon a ship
of burden with three masts from the king’s arsenal which had
only been drawn up with great labour and many men ; and loading
her with many passengers and a full freight, sitting himself the
while far off, with no great endeavour but only holding the end
of a compound pulley (roAvoragros) quietly in his hand and pulling
at it, he drew the ship along smoothly and safely as if she were
moving through the sea$” According to Proclus the ship was one
which Hieron had had made to send to king Ptolemy, and, when all
the Syracusans with their combined strength were unable to launch
it, Archimedes contrived a mechanical device which enabled Hieron
to move it by himself, insomuch that the latter declared that
“from that day forth Archimedes was to be believed in every-
thing that he might say.” While however it is thus established
that Archimedes invented some mechanical contrivance for moving
a large ship and thus gave a practical illustration of his thesis,
it is not certain whether the machine used was simply a compound

* Plutarch, Marcellus, 17.

+ Vitruvius, drchitect. 1x. 3. For an explanation of the manner in which
Archimedes probably solved this problem, see the note following On floating
bodies, 1, 7 (p. 259 8q.).

+ Pappus viu. p. 1060.

§ Plutarch, Marcellus, 14.

', Proclus, Comm. on Eucl. 1., p. 63 (ed. Friedlein).
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pulley (moMomagros) as stated by Plutarch; for Athenaeus®, in
describing the same incident, says that a Aefir was used. This
term must be supposed to refer to a machine similar to the xoxAlas
described by Pappus, in which a cog-wheel with oblique teeth
moves on a cylindrical helix turned by a handlet. Pappus, how-
ever, describes it in connexion with the BapovAxds of Heron, and,
while he distinctly refers to Heron as his authority, he gives no
hint that Archimedes invented either the BapouvAxos or the par-
ticular xoxAias; on the other hand, the moldoracros is mentioned
by Galeni, and the rpiomacros (triple pulley) by Oribasius§, as one
of the inventions of Archimedes, the tpiomasros being so called
either from its having three wheels (Vitruvius) or three ropes
(Oribasius). Nevertheless, it may well be that though the ship
could easily be kept in motion, when once started, by the =pi-
omaoros or moAvoraoros, Archimedes was obliged to use an appliance
similar to the xoxAias to give the first impulse.

The name of yet another instrument appears in connexion with
the phrase about moving the earth. Tzetzes’ version is, “Give
me a place to stand on (zd Bo), and I will move the whole earth
with a yapioriwy|”; but, as in another passage¥ he uses the word
TpicwaoTos, it may be assumed that the two words represented one
and the same thing**.

It will be convenient to wmention in this place the other
mechanical inventions of Archimedes. The best known is the

* Athenacus v, 207 a-b, xaracxevdoas yip E\iwa 1O TyAikobrov oxdeos els Tiv
Gdhagoav kariyaye: wpdros 8 "Apxiundns elpe T Ths E\ikos karaskeviv. To the
same effect is the statement of Eustathius ad Il. 1m. p. 114 (ed. Stallb.) Aéyeras
8¢ NS xal T unxaris eldos, 8 wpdros ebpiw & "Apxiuddus, ebdoxlunaé, gpasi, 8 abrob,

+ Pappus vir. pp. 1066, 1108 sq.

% Galen, in Hippocr. De artic., 1v, 47 (=xvur p. 747, ed. Kihn).

§ Oribasius, Coll., med., xL1x. 22 (v, p. 407, ed. Bussemaker), *AweA\Sovs 4§
"Apxtundovs Tplowagrov, described in the same passage as having been invented
wpds Tds TO¥ wholwy xadohkds.

[l Tzetzes, Chil. 11. 180.

€ Ibid., n1. 61, & yiy dvaowdw pyxavy T§ TpowdoTy Bodr Sra BG kal calebow
T x0bva,

** Heiberg compares Simpliciug, Comm. in Aristot. Phys. (ed. Diels, p. 1110,
L 2), rabry 8¢ 7§ dwakoylg Tod kwodvros xal Tob xwoupévov xal ToU SiacTiuaTos
70 orafuoTikdy Spyavor TO0 kaoluevor xapioriova cusTicas & "Apxiuhdns ds

méxps wavrds ris dvakoylas mpoxwpovons éxburacer éxevo 76 Ta B xal kv Tav
yav.
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water-screw * (also called xoxAias) which was apparently invented
by him in Egypt, for the purpose of irrigating fields. It was
also used for pumping water out of mines or from the hold of
ships.

Another invention was that of a sphere constructed so as to
imitate the motions of the sun, the moon, and the five planets
in the ‘heavens. Cicero actually saw this contrivance and gives a
description of itt, stating that it represented the periods of the
moon and the apparent motion of the sun with such accuracy that
it would even (over a short period) show the eclipses of the sun
and moon. Hultsch conjectures that it was moved by water?.
We know, as above stated, from Pappus that Archimedes wrote
a book on the construction of such a sphere (mwepl ogapororias),
and Pappus speaks in one place of “those who understand the
making of spheres and produce a model of the heavens by means
of the regular circular motion of water”” In any case it is certain
that Archimedes was much occupied with astronomy. Livy calls
him “unicus spectator caeli siderumque.” Hipparchus says§,
“From these observations it is clear that the differences in the
years are altogether small, but, as to the solstices, I almost
think (ovk dreAwilw) that both I and Archimedes have erred to
the extent of a quarter of a day both in the observation and in the
deduction therefrom.” It appears therefore that Archimedes had
considered the question of the length of the year, as Ammianus
also states . Macrobius says that he discovered the distances of
the planetsq. Archimedes himself describes in the Sand-reckoner
the apparatus by which he measured the apparent diameter of the
sun, or the angle subtended by it at the eye.

The story that he set the Roman ships on fire by an arrange-
ment of burning-glasses or concave mirrors is not found in any

* Diodorus 1. 34, v. 37; Vitruvius x. 16 (11); Phuo ur. p. 330 (ed. Pfeiffer);
Strabo xvir. p. 807; Athenaeus v. 208 f.

t Cicero, De rep., 1. 21-22; Tusc., 1. 63 ; De nat. deor., 11, 88, Cf. Ovid,
Fuast, vi. 277 ; Lactantius, Instit., 1. 5, 18; Martianus Capella, 11. 212, vi.
583 sq.; Claudian, Kpigr. 18 ; Sextus Empiricus, p. 416 (ed. Bekker).

% Zeitschrift f. Math, u. Physik (hast. litt. 4bth.), xx11, (1877), 106 sq.

§ Ptolemy, ovrrakis, 1. p. 153.

| Ammianus Marcell., xxvr, i. 8.

9 Macrobius, in Somn. Seip., 11. 3.
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authority earlier than Lucian®*; and the so-called loculus Archi-
medius, which was a sort of puzzle made of 14 pieces of ivory of
different shapes cut out of a square, cannot be supposed to be his
invention, the explanation of the name being perhaps that it was
only a method of expressing that the puzzle was cleverly made,
in the same way as the wpsBinua "Apxyndeov came to be simply
a proverbial expression for something very difficult{.

* The same story is told of Proclus in Zonaras xiv. 3. For the other
references on the subject see Heiberg’s Quaestiones drchimedeae, pp. 39-41
t Cf. also Tzetzes, Chil. x11. 270, 7&v 'Apxiundovs unyardv xpelay Exw,



CHAPTER 1IL

MANUSCRIPTS AND PRINCIPAL EDITIONS—ORDER OF
COMPOSITION—DIALECT—LOST WORKS.

THE sources of the text and versions are very fully described
by Heiberg in the Prolegomena to Vol. 11. of his edition of Archi-
medes, where the editor supplements and to some extent amends
what he had previously written on the same subject in his dis-
sertation entitled Quaestiones Archimedeae (1879). It will there-
fore suffice here to state briefly the main points of the discussion.

The MSS. of the best class all had a common origin in a MS.
which, so far as is known, is no longer extant. It is described
in one of the copies made from it (to be mentioned later and dating
from some time between A.p. 1499 and 1531) as ‘most ancient’
(ralatordrov), and all the evidence goes to show that it was written
as early as the 9th or 10th century. At one time it was in the
possession of George Valla, who taught at Venice between the
years 1486 and 1499 ; and many important inferences with regard
to its readings can be drawn from some translations of parts of
Archimedes and Eutocius made by Valla himself and published
in his book entitled de expetendis et fugiendis rebus (Venice, 1501).
It appears to have been carefully copied from an original belonging
to some one well versed in mathematics, and it contained figures
drawn for the most part with great care and accuracy, but there
was considerable confusion between the letters in the figures and
those in the text. This MS., after the death of Valla in 1499,
became the property of Albertus Pius Carpensis (Alberto Pio,
prince of Carpi). Part of his library passed through various hands
and ultimately reached the Vatican; but the fate of the Valla
MS. appears to have been different, for we hear of its being in
the possession of Cardinal Rodolphus Pius (Redolfo Pio), a nephew
of Albertus, in 1544, after which it seems to have disappeared.
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The three most important MSS. extant are:

F (=Codex Florentinus bibliothecae Laurentianae Mediceae
plutei xxvin. 4to.).

B (=Codex Parisinus 2360, olim Mediceus)
C (= Codex Parisinus 2361, Fonteblandensis).

Of these it is certain that B was copied from the Valla MS,
This is proved by a note on the copy itself, which states that the
archetype formerly belonged to George Valla and afterwards to
Albertus Pius. From this it may also be inferred that B was
written before the death of Albertus in 1531; for, if at the date
of B the Valla MS. had passed to Rodolphus Pius, the name of
the latter would presumably have been mentioned. The note re-
ferred to also gives a list of peculiar abbreviations used in the
archetype, which list is of importance for the purpose of com-
parison with F and other MSS,

From a note on C it appears that that MS. was written by
one Christophorus Auverus at Rome in 1544, at the expense of
Georgius Armagniacus (Georges d’Armagnac), Bishop of Rodez,
then on a mission from King Francis 1. to Pope Paul II1. Further,
a certain Guilelmus Philander, in a letter to Francis 1. published
in an edition of Vitruvius (1552), mentions that he was allowed,
by the kindness of Cardinal Rodolphus Pius, acting at the instance
of Georgius Armagniacus, to see and make extracts from a volume
of Archimedes which was destined to adorn the library founded
by Francis at Fontainebleau. He adds that the volume had been
the property of George Valla. We can therefore hardly doubt
that C was the copy which Georgius Armagniacus had made in
order to present it to the library at Fontainebleau.

Now F, B and C all contain the same works of Archimedes
and Eutocius, and in the same order, viz. (1) two Books de sphaera
et cylindro, (2) de dimensione circuli, (3) de conoidibus, (4) de
linels spiralibus, (5) de planis aecque ponderantibus, (6) aremarius,
(7} quadratura parabolae, and the commentaries of Eutocius on
(1) (2) and (5). At the end of the quadratura parabolae both
F and B give the following lines:

ebruxoins Aéov yedperpa

moAdovs €s AvkdBavras iois woAv ¢ikrare povoas.
F and C alse contain mensurae from Heron and two fragments
wepi orafpov and wepi pérpwv, the order being the same in both
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and the contents only differing in the one respect that the last
fragment mwepe pérpwy is slightly longer in F than in C.

A short preface to C states that the first page of the archetype
was so rubbed and worn with age that not even the name of
Archimedes could be read upon it, while there was no copy at
Rome by means of which the defect could be made good, and
further that the last page of Heron's de mensuris was similarly
obliterated. Now in F the first page was apparently left blank
at first and afterwards written 1 by a different hand with many
gaps, while in B there are similar deficiencies and a note attached
by the copyist is to the effect that the first page of the archetype
was indistinct. In another place (p. 4 of Vol. mn, ed. Heiberg)
all three MSS. have the same lacuna, and the scribe of B notes
that one whole page or even two arc missing.

Now C could not have been copied from F because the last
page of the fragment mepi uérpwv is perfectly distinct in F; and,
on the other hand, the archetype of I' must have been illegible
at the end because there is no word rélos at the end of F, nor any
other of the signs by which copyists usually marked the completion
of their task. Again, Valla’s translations show that his MS. had
certain readings corresponding to correct readings in B and C
instead of incorrect readings given by F. Hence F cannot have
been Valla’s MS. itself.

The positive evidence about F is as follows. Valla's trans-
lations, with the exception of the few readings just referred to,
agree completely with the text of F. From a letter written at
Venice in 1491 by Angelus Politianus (Angelo Poliziano) to Lau-
rentius Mediceus (Lorenzo de’ Medici), it appears that the former
had found a MS. at Venice containing works by Archimedes and
Heron and proposed to have it copied. As G. Valla then lived
at Venice, the MS. can hardly have been any other but his, and
no doubt F was actually copied from it in 1491 or soon after.
Confirmatory evidence for this origin of F is found in the fact
that the form of most of the letters in it is older than the 15th
century, and the abbreviations etc., while they all savour of an
ancient archetype, agree marvellously with the description which
the note to B above referred to gives of the abbreviations used
in Valla’s MS. Further, it is remarkable that the corrupt passage
corresponding to the illegible first page of the archetype just takes
up one page of ¥, no more and no less.
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The natural inference from all the evidence is that F, B and
C all had their origin in the Valla MS.; and of the three F is
the most trustworthy. For (1) the extreme care with which the
copyist of F kept to the original is illustrated by a number of
mistakes in it which correspond to Valla’s readings but are cor-
rected in B and C. and (2) there is no doubt that the writer of
B was somewhat of an expert and made many alterations on his
own authority, not always with success.

Passing to other MSS., we know that Pope Nicholas V. had
a MS. of Archimedes which he caused to be translated into Latin.
The translation was made by Jacobus Cremonensis (Jacopo Cas-
siani®*), and one copy of this was written out by Joannes Regio-
montanus (Johann Muller of Konigsberg, near Hassfurt, in Fran-
conia), ahout 1161, who not only noted in the margin a number
of corrections of the Latin but added also in many places Greek
readings from another MS. This copy by Regiomontanus is pre-
served at Nurnberg and was the source of the Latin translation
given in the editio princeps of Thomas Gechauff Venatorius (Basel,
1544); it is called N* by Heiberg. (Another copy of the same
translation is alluded to by Regiomontanus, and this is doubtless
the Latin MS. 327 of 15th c. still extant at Venice.) From the
fact that the translation of Jacobus Cremonensis has the same
lacuna as that in F, B and C above referred to (Vol. mn, ed.
Heiberg, p. 4), it scems clear that the translator had before him
either the Valla MS. itself or (more likely) a copy of it, though
the order of the books in the translation differs in one respect
from that in our MSS,, viz. that the arenarius comes after instead
of before the quadratura parabolae.

It is probable that the Greek MS. used by Regiomontanus was V
(= Codex Venetus Marcianus cccv. of the 15th ¢.), which is still extant
and contains the same books of Archimedes and Eutocius with the
same fragment of Heron as F has, and in the same order. If the
above conclusion that F dates from 1491 or thereabouts is correct,
then, as V belonged to Cardinal Bessarione who died in 1472, it
cannot have been copied from F, and the simplest way of accounting

for its similarity to F is to suppose that it too was derived from
Valla'’s MS.

* Tiraboschi, Storia della Letteratura Italhana, Vol. vi. Pt. 1 (p. 358 of the
edition of 1807). Cantor (Vorlesungen ub. Gesch. d. Math., 11. p. 192) gives the
full name and title as Jacopo da S. Cassiano Cremonese canonico regolare.
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Regiomontanus mentions, in a note inserted later than the
rest and in different ink, two other Greek MSS., one of which he
calls “exemplar vetus apud magistrum Paulum.” Probably the
monk Paulus (Albertini) of Venice is here meant, whose date was
1430 to 1475 ; and it is possible that the ‘“exemplar vetus” is
the MS. of Valla.

The two other inferior MS8S., viz. A (=Codex Parisinus 2359,
olim Mediceus) and D (= Cod. Parisinus 2362, Fonteblandeunsis),
owe their origin to V.

It is next necessary to consider the probabilities as to the MSS.
used by Nicolas Tartaglia for his Latin translation of certain of
the works of Archimedes The portion of this translation published
at Venice in 1543 contained the books de centris gravium vel de
aequerepentibus I-1I, tetragonismus [parabolac], dimensio circuli
and de insidentibus aquae I; the rest, consisting of Book IT de
insidentibus aquae, was published with Book 1 of the same treatise,
after Tartaglia’s death in 1557, by Troianus Curtius (Venice, 1565).
Now the last-named treatise is not extant in any Greek MS. and,
as Tartaglia adds it, without any hint of a separate origin, to the
rest of the books which he says he took from a mutilated and
almost illegible Greek MS., it might easily be inferred that the
Greek MS. contained that treatise also. But it is established, by
a letter written by Tartaglia himself eight years later (1551) that
he then had no Greek text of the Books de insidentibus aquae, and
it would be strange if it had disappeared in so short a time without
leaving any trace. Further, Commandinus 1n the preface to his
edition of the same treatise (Bologna, 1565) shows that he had
never heard of a Greek text of it. Hence it is most natural to
suppose that it reached Tartaglia from some other source and in the
Latin translation only*.

The fact that Tartaglia speaks of the old MS. which he used
as “fracti et qui vix legi poterant libri,” at practically the same
time as the writer of the preface to C was giving a similar de-
seription of Valla’s MS., makes it probable that the two were

* The Greek fragment of Book 1., wepl Tdv Udare épiorauévwr 7 wepl Tov
xovpévwy, edited by A. Max from two Vatican MSS. (Classict auct. 1. p. 426-30;
Vol. 11. of Heiberg's edition, pp. 356-8), seems to be of doubtful authenticity.
Except for the first proposition, it contains enunciations only and no proofs.
Haeiberg is inclined to think that 1t represents an attempt at retranslation 1nto
Greek made by some mediacval scholar, and he compares the similar attempt
made by Rivault.
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identical ; and this probability is confirmed by a considerable agree-
ment between the mistakes in Tartaglia and in Valla's versions.

But in the case of the quadratura parabolac and the dimensio
circult Tartaglia adopted bodily, without alluding in any way to
the source of it, another Latin translation published by TLucas
Gauricus “Iuphanensis ex regno Neapolitano” (Luca Gaurico of
Gifuni) in 1503, and he copied it so faithfully as to reproduce most
obvious errors and perverse punctuation, ouly filling up a few
gaps and changing some figures and letters. This translation by
Gauricus is seen, by means of a comparison with Valla’s readings
and with tbe translation of Jacobus Cremonensis, to have been
made from the same M3S. as the latter, viz. that of Pope Nicolas V.

Even where Tartaglia used the Valla MS. he does not seem
to have taken very great pains to decipher it when it was
not easily legible—it may be that he was unused to deciphering
MSS.-~and 1 such cases he did not hesitate to draw from other
sources. In one place (de planor. equilib. 1. 9) he actually
gives as the Archimedean proof a paraphrase of Eutocius some-
what retouched and abridged, and in many other instances he
has inserted corrections and interpolations from another Greek
MS. which he once names. This MS. appears to have been a copy
made from F, with interpolations due to some one not unskilled
in the subject-matter; and this interpolated copy of F was ap-
parently also the source of the Nurnberg MS. now to be mentioned.

N® (= Codex Norimbergensis) was written in the 16th century
and brought from Rome to Nurnberg by Wilibald Pirckheymer.
It contains the same works of Archimedes and Eutocius, and in
the same order, as F, but was evidently not copied from F direct,
while, on the other hand, it agrees so closely with Tartaglia’s
version as to suggest a common origin. N® was used by Vena-
torius in preparing the editio princeps, and Venatorius corrected
many mistakes in it with his own hand by notes in the margin
or on slips attached thereto; he also made many alterations in
the body of it, erasing the original, and sometimes wrote on it
directions to the printer, so that it was probably actually used
to print from. The character of the MS. shows it to belong to
the same class as the others; it agrees with them in the more
important errors and in having a similar lacuna at the beginning.
Some mistakes common to it and F alone show that its source was
F, though at second hand, as above indicated.
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It remains to enumerate the principal editions of the Greek
text and the published Latin versions which are based, wholly or
partially, upon direct collation of the MSS, These are as follows,
in addition to Gaurico’s and Tartaglia’s translations

1. The editio princeps published at Basel in 1544 by Thowas
Gechauff Venatorius under the title drchimedis opera quae quidem
exstant omnia nunc primum graece et latine in lucem edita. Adiecta
quoque sunt Eutocii Ascalonilae commentaria item graece et latine
nunquam antea ewcusa. The Greek text and the Latin version in
this edition were taken from different sources, that of the Greek
text being N® while the translation was Joannes Regiomontanus’
revised copy (NY) of the Latin version made by Jacobus Cremo-
nensis from the MS. of Pope Nicolas V. The revision by
Regiomontanus was effected by the aid of (1) another copy of
the same translation still extant, (2) other Greek MSS., one of
which was probably V, while another may have heen Valla’s MS.
itself.

2, A translation by F. Commandinus (containing the following

works, circult dimensto, de linets sprralibus, quadratura parabolae,
de conovidibus et sphacroidibus, de arenme numero) appeared at
Venice in 1558 under the title Archimedis opera nonnulla in
{atinum conversa et commentarits illustrata. For this translation
several MSS. were used, among which was V, but none preferable
to those which we now possess.

3. D. Rivault's edition, drchimedis opera quae exstant graece
et latine novis demonstr. et comment. tllustr. (Paris, 1615), gives
only the propositions in Greek, while the proofs are in Latin and
somewhat retouched. Rivault followed the Basel editio princeps
with the assistance of B.

4. Torell'’s edition (Oxford, 1792) entitled "Apyyuijdovs 7d cw-
{opeva perd rov Edroxiov 'Aokadwvitov tmomvmudruv, Archimedis
quae supersunt omnia cum Kutocit Ascalonitae commentariis ex
recengione J. Torelli Veronensis cum nova versione latina. Acced-
unt lectiones variantes ex codd. Medicco et Parisiensibus. Torelli
followed the Basel editio princeps in the main, but also collated
V. The book was brought out after Torelli’s death by Abram
Robertson, who added the collation of five more MSS,, F, A, B,C, D,
with the Basel edition. The collation however was not well done,
and the edition was not properly corrected when in the press.
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~

5. Last of all comes the definitive edition of Heiberg (drchi-
medis opera omnia cum commentariis Eutocii. E codice Florentino
recensuit, Latine uertit notisque llustrauit J. L. Heiberg. Leipzig,
1880—1).

The relation of all the MSS. and the above editions and trans-
lations is well shown by Heiberg in the following scheme (with
the omission, however, of his own edition):

Codex Uallae saee. 1x—x

~
Cod. Nicolar V b Tartalea v B C
c. 1453 ¢. 1491 a. 1543 saec. XV c. 1500 a. 15414
R — —
Cod. Tartaleae 11 | Ed Ruwaits
! ! | a. 1615
! N* saec. xvI -
| A, D Commandinus
. Ed. Basil. 1544 sacc. XvI 1558
! Torellius 1792
Gauricus Cremonensis ¢. 1460
—
Cod. Uenet. 327 Nb, e. 1461
saec, Xv

The remaining editions which give portions of .Archimedes in
Greek, and the rest of the translations of the complete works or
parts of them which appeared before Heiberg’s edition, were not
based upon any fresh collation of the original sources, though some
excellent corrections of the text were made by some of the editors,
notably Wallis and Nizze. The following books may be mentioned.

Joh. Chr. Sturm, Des unvergleichlichen Archimedis Kunstbucher,
ubersetzt und erlautert (Nurnberg, 1670). This translation cm-
braced all the works extant in Greek and followed three years
after the same author’s separate translation of the Sand-reckoner.
It appears from Sturm’s preface that he principally used the edition
of Rivault.

Is. Barrow, Opera Archimedis, Apollonir Pergaer conicorum libri,
Theodosii sphaerica methodo movo illustrate et demonstrata (London,
1675).

‘Wallis, Archimedis arenarius et dimenstio circult, Eutocit in hanc
commentariv cum verstone et notis (Oxford, 1678), also given
in Wallis’ Opera, Vol. n1. pp. 509—546.

Karl Friedr. Hauber, Archimeds zwei Bucher iiber Kugel und
Cylinder. Ebendesselben Kreismessung. Uebersetzt mit Anmerkungen
u. 8. w. begleitet (Tubingen, 1798).
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F. Peyrard, Euvres d’'Archiméde, traduites littéralement, avec
un commentaire, suivies d'un mémowe du traducteur, sur un nouveau
mirowr ardent, et d'un autre mémoire de M. Delamibre, sur Uarith-
métique des Grecs. (Second edition, Paris, 1308.)

Ernst Nizze, Archimedes von Syrakus vorhandene Werke, aus dem
Griechischen ubersetzt und mat erlauternden und kritischen dnmer-
kungen begleitet (Stralsund, 1821%).

The MSS. give the several treatises in the following order.

1. wept oaipas kai kvAivBpov a” [, two Books On the Sphere
and Cylinder.

2. xukhov pérpnos®*, Measurenwent of a Circle.
3. mepl kwvoedéwy xal opapoedéwr, On Conoids and Spheroids.
4. mwepi é\ixwv, On Spirals.
5. émuméduwyv looppomdv o’ BT, two Books On the Equilibrium
of Planes.
Yappirys, The Sand-reckoner.
7. Terpaywviopos mapafolis (a name substituted later for that

given to the treatise by Archimedes himself, which must
undoubtedly have been rerpauywviopss s Tob dpfoywriov
kavov Tougst), Quadrature of the Parabola.

To these should be added

8. wepl dxovuévav §, the Greek title of the treatise On Aoating
bodies, only preserved in a Latin translation.

* Pappus alludes (1. p. 312, ed. Hultsch) to the avalov uérpnoes in the words
v 7@ mepl Tiis ToD kOKNOU TeEpLpepelas.

1 Archimedes himself twice alludes to properties proved in Book 1 as
demonstrated év rois umyavikols (Quadrature of the Parabola, Props. 6, 10).
Pappus (vur. p. 1034) quotes 7& "Apxiuhdous wepi igoppomv. The beginning of
Book 1. is also cited by Proclus in his Commentary on Eucl. 1., p. 181, where the
reading should be 700 & {roppomidy, and not v dvicoppomiy (Hultseh).

1 The name * parabola’ was first applied to the curve by Apollonius. Archi-
medes always used the old term ‘ section of a nght-angled cone.” Cf. Eutocins
(Heiberg, vol. 111., p. 342) 8éSeikrar év ¢ mepl s 700 Spfoywrlov Kiwov TouRs.

§ This title corresponds to the references to the book 1n Strabo 1. p. 54
(Apxiphdns év Tois mepl Tiv Sxoupévwy) and Pappus viin. p. 1024 (ws *Apxpndns
dxovuévois), The fragment edited by Mai has a longer title, wepl Tév dare
épioTapévwy 7§ xepl Ty bxovpévwr, where the first part corresponds to Tartaglia’s
version, de insidentibus aquae, and to that of Commandinus, de iis quae vehun-
tur in aqua. But Archimedes intentionally used the more general word iypév
(fluid) instead of 8dwp; and hence the shorter title mepl dxovuérwy, de 1is quae
m humido vehuntur (Torelli and Heiberg), seems the better.
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The books were not, however, written in the above order; and
Archimedes himself, partly through his prefatory letters and partly
by the use in later works of properties proved in earlier treatises,
gives indications sufficient to enable the chronological sequence
to be stated approximately as follows:

1. On the equilibrium of planes, 1
3. Quadrature of the Parabola.

3. On the equilibrium of planes, 1I.
4. On the Sphere and Cylinder, I, I1.
5. On Spirals.

6. On Conoids and Spheroids.

7. 0

8.  Measurement of a circle.
0. The Sand-reckoner.

It should however be observed that, with regard to (7), no
more is certain than that it was written after (6), and with regard
to (8) no more than that it was later than (4) and before (9).

In addition to the above we have a collection of Lemmas ( Liber
Assumptorum) which has reached us through the Arabic. The
collection was first edited by 8. Foster, Miscellanea (London, 1659),
and next by Borelli in a book published at Florence, 1661, in
which the title is given as Liber assumptorum Archimedis interprete
Thebit ben Kora et exponente doctore Almochtasso Abilhasan. The
Lemmas cannot, however, have been written by Archimedes in
their present form, because his name is quoted in them more than
once. The probability is that they were propositions collected by
some Greek writer* of a later date for the purpose of elucidating
some ancient work, though it is quite likely that some of the
propositions were of Archimedean origin, e.g. those concerning
the geometrical figures called respectively dpBnrost (literally

v floating bodies, 1, 1I.

=

* 1t would seem that the compiler of the Liber Assumptorum must have
drawn, to a considerable extent, from the same sources as Pappus. The
number of propositions appearing substantially in the same form in both
collections is, I think, even greater than has yet been noticed. Tannery (La
Géométrie grecque, p. 162) mentions, as instances, Lemmas 1, 4, 5, 6; but it
will be seen from the notes in this work that there are several other coin-
cidences.

t Pappus gives (p. 208) what he ealls an ‘ancient proposition’ (dpxala
wpbracis) about the same figure, which he describes a8 xwpior, 8 8% xahobow
dpPmhov, Cf. the note to Prop. 6 (p. 308). The meaning of the word 18 gathered
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«ghoemaker’s knife’) and gdAwov (probably a ‘salt-cellar’®), and
Prop. 8 which bears on the problem of trisecting an angle.

from the Scholia to Nicander, Theraca, 423 : dpBnhoc Néyorrar 74 xukhoTeph
odfpa, ols ol oxvrordpor Téuvovoe xal Ebover Td déppara. Cf. Hesychius,
dvdpBnha, T& ui éfeouéva dépuara‘ dpBylot yap Td cuMla.

* The best authorities appear to hold that in any case the name sd\vov was
not applied to the figure in question by Archimedes himself but by some later
writer. Subject to this remark, I believe cd\wov to be simply a Graecised
form of the Latin word salinum. We know that a salt-cellar was an essential
part of the domestic appsratus in Italy from the early days of the Roman
Republic. *“All who were raised above poverty had one of silver which
descended from father to son (Hor., Carm. 1. 16, 13, Liv. xxvi. 36), and
was accompanied by & silver patella which was used together with the salt-
cellar in the domestic sacrifices (Pers. 1. 24, 25). These two articles of
silver were alone compatible with the simplicity of Roman manners in the
carly times of the Republhic (Plin., H. N. xxxm. § 153, Val. Max. rv. 4, § 3).
. In shape the salinum was probably in most cases & round shallow bowl"”
[Dict. of Greek and Roman Antiquities, article salinum). Further we have
in the early chapters of Mommsen's Hustory of Rome abundant evidence
of similar transferences of Latin words to the Sicihan dialect of Greek. Thus
(Book 1, eh. xin.) it is shown that, in consequence of Latino-Sicihan com-
merce, certain words denoting measures of weight, libra, triems, quadrans,
sextans, uncia, found their way into the common specch of 8icily in the third
century of the city under the forms Mrpa, Tpids, Terpds, étds, ovyxla, Similarly
Latin law-terms (ch. xi.) were transferred; thus mutuum (& form of loan)
became woirov, carcer (a prison) xdpxapor. Lastly, the Latin word for lard,
aryina, became in Sicilian Greek dpBivy, and patina (a dish) mardvyn. The last
word 18 as close a parallel for the supposed transfer of salinum as could be
wished. Moreover the explanation of ocd\wor as salinum has two obvious
advantages in that (1) it does not require any alteration in the word, and

(2) the resemblance of the lower curve to an ordinary type of salt-cellar is

evident. I should add, as confirmation of my hypothesis, that Dr A. 8. Murray,

of the British Museum, expresses the opinion that we cannot be far wrong in

accepting as a salinum one of the small silver bowls in the Roman ministerium
H. A. c
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Archimedes is further credited with the authorship of the
Cattle-problem enunciated in the epigram edited by Lessing in
1773. According to the heading prefixed to the cpigram it was
communicated by Archimedes to the mathematicians at Alexandria
in a letter to Eratosthenes®. There is also in the Scholia to Plato's
Charmides 165 E a reference to the problem “called by Archimedes
the Cattle-problem ” (v6 xAnbev im’ "Apxysidovs Boewov wpiBAnpua).
The question whether Archimedes really propounded the problem,
or whether his name was only prefixed to it in order to mark the
extraordinary difficulty of it, has been much debated. A complete
account of the arguments for and against is given in an article
by Krumbiegel in the Zeitschrift fur Mathematik und Physik
(Ifest. litt. Abtheilung) xxv. (1880), p. 121 sq., to which Amthor
added (ibid. p. 153 sq.) a discussion of the problem itself. The
general result of Krumbiegel's investigation is to show (1) that

at the Museum which was found at Chaourse (Aisne) in France and is of a
section sufficiently like the curve in the Salinon.

The other explanations of sé\wor which have been syggedted are as follows.

(1) Cantor connects it with od)os, ¢ das Schwanken des-hohen Meeres,”
and would presumably translate it as wave-line. But the resemblance is
not altogether satisfactory, and the termination -wov you d necd explanation.

(2) Heiberg says the word is ‘sine dubio ab Arabibus deprauatum,” and
suggests that it should be géhwov, parsley (“‘ex similitudine frondis apii).
Bat, whatever may be thought of the resemblance, the theory that the word is
corrupted is certainly not supported by the analogy of &pnhos which is correctly
reproduced by the Arabs, as we know from the passage of Pappus referred to in
the last note.

(3) Dr Gow suggests that sd\wor may be a ‘sieve,” comparing cdhef. But
this guess is not supported by any evidence.

* The heading is, IIpéBAnua 8rep *Apxtundns év émiypdupacy ebpiw Tols v
*AetavSpeig wepl rabra wpayuarevopévois {rely dméoreher €N 7)) mpds Eparocfévny
7ov Kuvpyvaiov émwroly. Heiberg translates this as ‘‘the problem which
Archimedes discovered and sent in an epigram in a letter to Eratosthenes.”
He admits however that the order of words is aganst this, as 18 also the use of
the plural ¢meypdppacw. 1t 18 clear that to take the two expressions év
émcypdupacy and év émaroryg as both following dréoredher is very awkward. In
fact there scems to be no alternative but to translate, as Krumbiegel does, in
accordance with the order of the words, ‘‘a problem which Archimedes found
among (some) epigrams and sent . in his letter to Eratosthenes ”; and this sense
18 certainly unsatisfactory. Hultsch remarks that, though the mistake xpay-
parovpévors for mpayuarevouévois and the composition of the heading as a whole
betray the hand of a writer who lived some centuries after Archimedes, yet he
must have had an earlier source of information, because he could hardly have
invented the story of the letter to Eratosthenes.
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the epigram can hardly have been written by Archimedes in its
present form, but (2) that it is possible, nay probable, that the
problem was in substance originated by Archimedes. Hultsch* has
an ingenious suggestion as to the occasion of it. It is known that
Apollonius in his wxvrdxiov had calculated a closer approximation to
the value of = than that of Archimedes, and he must therefore have
worked out more difficult multiplications than those contained in
the Measurement of a circle. Also the other work of Apollonius
on the multiplication of large numbers, which is partly preserved
in Pappus, was inspired by the Sand-reckoner of Archimedes; and,
though we need not exactly regard the treatise of Apollonius as
polemical, yet it did in fact coustitute a criticism of the earlier
book. Accordingly, that Archimedes should then reply with a
problem which involved such a manipulation of immense numbers
as would be difficult even for Apollonius is not altogether outside
the bounds of possibility. And there is an unmistakable vein of
satire in the opening words of the epigram ¢ Compute the number
of the oxen of the Sun,"giving thy mind thereto, if thou hast a
share of wisdom,” in the transition from the first part to the
second where it is ;said that ability to solve the first part would
entitle one to be regarded as “not unknowing nor unskilled in
numbers, but still not yeti to be numbered among the wise,” and
again in the last lines. Hultsch concludes that in any case the
problem is not much later than the time of Archimedes and dates
from the beginning of the 2nd century B.C. at the latest.

Of the extant books it is certain that in the 6th century a.p.
only three were generally known, viz. O the Sphere and Cylinder,
the Measurement of a circle, and On the equilibrium of planes. Thus
Eatocius of Ascalon who wrote commentarics on these works only
knew the Quadrature of the Parabola by name and had never seen
it nor the book On Spirals. Where passages might have been
elucidated by references to the former book, Eutocius gives ex-
planations derived from Apollonius and other sources, and he
speaks vaguely of the discovery of a straight line equal to the
circumference of a given circle “by means of certain spirals,”
whereas, if he had known the treatise On Spirals, he would have
quoted Prop. 18. Therc is reason to suppose that only the three
treatises on which Eutocius commented were contained in the

* Pauly-Wissowa’s Real-Encyclopddie, 11, 1, pp. 834, 5.

c2
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ordinary editions of the time such as that of Isidorus of Miletus,
the teacher of Eutocius, to which the latter several times alludes.

In these circumstances the wonder is that so many more books
have survived to the present day. As it is, they have lost to a
considerable extent their original form. Archimedes wrote in the
Doric dialect®, but in the best known books (On the Sphere and
Cylinder and the Measurement of a circle) practically all traces
of that dialect have disappeared, while a partial loss of Doric forms
has taken place in other books, of which however the Sund-
reckoner hag suffered least. Moreover in all the books, except the
Sand-reckoner, alterations and additions were first of all made by
an interpolator who was acquainted with the Doric dialect, and
then, at a date subsequent to that of FEutocius, the book On the
Sphere and Cylinder and the Measurement of a circle were completely

recast.
Of the lost works of Archimedes the following can be identified.

1. Investigations relating to polyhedra are referred to by
Pappus who, after alluding (v. p. 352) to the five regular polyhedra,
gives a description of thirteen others discovered by Archimedes
which are semi-regular, being contained by polygons equilateral
and equiangular but not similar.

2. A book of arithmetical content, entitled apxal{ Princyples
and dedicated to Zeuxippus. We learn from Archimedes himself
that the book dealt with the naming of numbers (xarovépafes rév
aplfpiv)t and expounded a system of expressing numbers higher

* Thus Eutocius in his commentary on Prop. 4 of Book 11. On the Sphere
and Cylinder speaks of the fragment, which he found in an old book and which
appeared to him to be the missing supplement to the proposition referred to,
a8 ‘‘preserving in part Archimedes’ favourite Doric dialect™ (& pépec 8¢ Tiw
*Apxiuhdes piny Awpida yAdooav dméowior). From the use of the expression év
péper Heiberg concludes that the Doric forms had by the time of Eutocius
begun to disappear in the books which have come down to us no less than in
the fragment referred to.

+ Observing that in all the references to this work in the Sand-reckoner
Archimedes gpesaks of the naming of numbers or of numbers which are named or have
their names (dpfuol xarwvopaopbvo, 76 dvbuara Exovres, Tar karovouatiar Eyovres),
Hultech (Pauly-Wissowa's Real-Encyclopadie, 11. 1, p. 511) speaks of xarord-
pats Tav dpbudv as the name of the work; and he explains the words rwas rov
& dpxals <dpludv> Ttav xarovopatlav éxbvrwv 88 meaning ‘‘some of the
numbers mentioned at the beginning which have a special name,” where “at
the beginning ”’ refers to the passage in which Archimedes first mentions rav
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than those which could be expressed in the ordinary Greek no-
tation. This system embraced all numbers up to the enormous
figure which we should now represent by a 1 followed by 80,000
billion ciphers; and, in setting out the same system in the Sand-
reckoner, Archimedes explains that he does so for the benefit of
those who had not had the opportunity of seeing the earlier work
addressed to Zeuxippus.

3. mepl Luydv, On balances or levers, in which Pappus says (vu.
p. 1068) that Archimedes proved that ¢ greater circles overpower
(xaraxparoio.) lesser circles when they revolve about the same
centre.” It was doubtless in this hook that Archimedes proved
the theorem assumed by him in the Quadrature of the Parabola,
Prop. 6, viz. that, if a body hangs at rest from a point, the centre
of gravity of the body and the point of suspension are in the same
vertical line.

4. «evrpoBapikd, On centres of gramty. This work is mentioned
by Simplicius on Aristot. de caelo 11. (Scholia in Arist. 508 a 30).
Archimedes may be referring to it when he says (On the equilibrium
of planes 1. 4) that it has before been proved that the centre of
gravity of two bodies taken together lies on the line joining the
centres of gravity of the separate bodies. In the treatise On
Sloating bodies Archimedes assumes that the centre of gravity of a
segment of a paraboloid of revolution is on the axis of the segment
at a distance from the vertex equal to Zrds of its length. This
may perbaps have been proved in the xevrpoBapwxd, if it was
not made the subject of a separate work.

Doubtless both the mepi {vydv and the xevrpoBapixd preceded
the extant treatise On the equilibrium of planes.

5. «xarowrpixd, an optical work, from which Theon (on Ptolemy,
Synt. 1. p. 29, ed Halma) quotes a remark about refraction.
Cf. Olympiodorus in Aristot. Meteor., 11. p- 94, ed. Ideler.

U9’ audy xarwvouasuévwy dpibudy xal évdedoubvww év Tols mworl Zebturmor yeypau-
#évos.  But év dpyais seems s less natural expression for ‘at the beginnming”
than & dpxf or xar’ dpxds would have been. Moreover, there being no
participial expression except xarovouatiar éxbvrwr to be taken with év dpyais in
this sense, the meaning would be unsatisfactory ; for the numbers are not
named at the beginning, but only referred to, and therefore some word like
€lmuévuv should have been used. For these reasons I think that Heiberg,
Cantor and Susemihl are right in taking dpxal to be the name of the treatise.
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6. mepi odaiporoidas, On gphere-making, a mechanical work on
the construction of a sphere representing the motions of the
heavenly bodies as already mentioned (p. xxi).

7. &pddiwov, a Method, noticed by Suidas, who says that Theo-
dosius wrote a commentary on it, but gives no further information
about it.

8. According to Hipparchus Archimedes must have written
on the Calendar or the length of the year (cf. p xxi).

Some Arabian writers attribute to Archimedes works (1) On
a heptagon in a circle, (2) On cireles touching one another, (3) On
parallel lines, (4) On triangles, (5) On the properties of right-
angled triangles, (6) a book of Data; but there is no confirmatory
evidence of his having written such works. A book translated
into Latin from the Arvabic by Gongava (Louvain, 15{8) and en-
titled antiqui scriptoris de speculo comburente concavitatis parabolae
cannot be the work of Archimedes, since it quotes Apollonius.



CHAPTER IIIL
THE RELATION OF ARCHIMEDES TO HIS PREDECESSORS.

AN cxtraordinarily large proportion of the subject matter of
the writings of Archimedes represents entirely new discoveries of
his own. Though his range of subjects was almost encyclopaedic,
embracing geometry (plane and solid), arithmetic, mechanics, hydro-
statics and astronomy, he was no compiler, no writer of text-
books ; and in this respect he differs even from his great successor
Apollonius, whose work, like that of Euclid before him, largely
consisted of systematising and generalising the methods used, and
the results obtained, in the isolated efforts of earlier geometers.
There is in Archimedes no mere working-up of existing materials;
his objective is always some new thing, some definite addition to
the sum of knowledge, and his complete originality cannot fail
to strike any one who reads his works intelligently, without any
corroborative evidence such as is found in the introductory letters
prefixed to most of them. These introductions, however, are emi-
nently characteristic of the man and of his work ; their directness
and simplicity, the complete absence of egoism and of any effort
to magnify his own achievements by comparison with those of
others or by emphasising their failures where he himself succeeded :
all these things intensify the same impression. Thus his manner
is to state simply what particular discoveries made by his pre-
decessors had suggested to him the possibility of extending them
in new directions ; e.g. he says that, in connexion with the efforts
of earlier geometers to square the circle and other figures, it
occurred to him that no one had endeavoured to square a parabola,
and he accordingly attempted the problem and finally solved it.
In like manner, he speaks, in the preface of his treatise On the
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Sphere and Cylinder, of his discoveries with reference to those
solids as supplementing the theorems about the pyramid, the cone
and the cylinder proved by Eudozus. He does not hesitate to
say that certain problems baffled him for a long time, and that
the solution of some took him many years to effect; and in one
place (in the preface to the book On Spirals) he positively insists,
for the sake of pointing a moral, on specifying two propositions
which he had enunciated and which proved on further investigation
to be wrong. The same preface contains a generous eulogy of
Conon, declaring that, but for his untimely death, Conon would
have solved certain problems before him and would have enriched
geometry by many other discoveries in the meantime,

In some of his subjects Archimedes had no fore-runners, e.g.
in hydrostatics, where he invented the whole science, and (so
far as mathematical demonstration was concerned) in his me-
chanical investigations. In these cases therefore he had, in laying
the foundations of the subject, to adopt a form more closely re-
gembling that of an elementary textbook, but in the later parts
he at once applied himself to specialised investigations.

Thus the historian of mathematics, in dealing with Archimedes’
obligations to his predecessors, has a comparatively easy task before
him. But it is necessary, first, to give some description of the use
which Archimedes made of the general methods which had found
acceptance with the earlier geometers, and, secondly, to refer to
gome particular results which he mentions as having been previously
discovered and as lying at the root of his own investigations, or
which he tacitly assumes as known.

§1. Use of traditional geometrical methods.

In my edition of the Conics of Apollonius*, T endeavoured,
following the lead given in Zeuthen’s work, Die Lekre von den
Kegelschnitten im Altertum, to give some account of what has been
fitly called the geometrical algebra which played such an important
part in the works of the Greek geometers. The two main methods
included under the term were (1) the use of the theory of pro-
portions, and (2) the method of application of areas, and it was
shown that, while both methods are fully expounded in the Elements
of Euclid, the second was much the older of the two, being
attributed by the pupils of Eudemus (quoted by Proclus) to the

* Apollonius of Pergae, pp. ci 8qq.
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Pythagoreans. It was pointed out that the application of arecas,
as set forth in the second Book of Euclid and extended in the
sixth, was made by Apollonius the means of expressing what he
takes as the fundamental properties of the conic sections, namely
the properties which we express by the Cartesian equations

¥ = pz,
y=petha,
referred to any diameter and the tangent at its extremity as axos ;
and the latter equation was compared with the results obtained in the
27th, 28th and 29th Props. of Euclid’s Book v1, which are equivalent
to the solution, by geometrical means, of the quadratic equations

axigof:D.

It was also shown that Archimedes does not, as a rule, connect his
description of the central conics with the metlrod of application of
areas, as Apollonius does, but that Archimedes generally expresses
the fundamental property in the form of a proportion

2 %3

¥y _ ¥
.2 x.x;,
and, in the case of the ellipse,

yo_¥

—=—,

c.x

(B

where z, z, arc the abscissae measured from the ends of the diameter
of reference.

It results from this that the application of areas is of much less
frequent occurrence in Archimedes than in Apollonius. It is
however used by the former in all but the most general form. The
simplest form of ‘““applying a rectangle” to a given straight line
which shall be equal to a given arca occurs e.g. in the proposition On
the equilibrium of Planes 11. 1; and the same mode of expression
is used (as in Apollonius) for the property 3* = px in the parabola,
p being described in Archimedes’ phrase as the rectangle ¢ applied
to” (wapamimrov mapd) a line equal to p and “having at its width”
(mAdTos &xov) the abscissa (x). Then in Props. 2, 25, 26, 29 of the
book On Conoids and Spheroids we have the complete expression
which is the equivalent of solving the equation

ax+x' =V,
“let a rectangle be applied (to a certain straight line) exceeding by
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a square figure (meparemrwkérw xwplov TrepfdAlov elder Terpayww)
and equal to (a certain rectangle).” Thus a rectangle of this sort
has to be made (in Prop. 25) equal to what we have above called
@.x, in the case of the hyperbola, which is the same thing as
z(a+x) or ax+x', where a is the length of the transverse axis.
But, curiously enough, we do not find in Archimedes the application
of a rectangle ¢ falling short by a square figure,” which we should
obtain in the case of the ellipse if we substituted x (a —) for z.x,.
In the case of the ellipse the area z.z, is represented (On Coroids
and Spheroids, Prop. 29) as a gnomon which is the difference
between the rectangle A.A, (where A, k, are the abscissae of the
ordinate bounding a segment of an ellipse) and a rectangle applied
to h, —% and exceeding by a square figure whose side is A —a; and
the rectangle b . %, is simply constructed from the sides %, »,. Thus
Archimedes avoids* the application of a rectangle falling short by a
square, using for .z, the rather complicated form

foiloy—{(hy = k) (b —2) + (b —x)®}.
It is easy to see that this last expression is equal to .z, for it
reduces to

hohy~{h(h—x)y—x(h- x)

=x(h + k)~

=ax - o, since A+ h=aq,

=x.2,.

It will readily be understood that the transformation of rectangles
and squares in accordance with the methods of Euclid, Book 11, is
just as important to Archimedes as to other geometers, and there is
no need to enlarge on that form of geometrical algebra.

The theory of proportions, as expounded in the fifth and sixth
Books of Euclid, including the transformation of ratios (denoted by
the terms componendo, dividendo, etc.) and the composition or
multiplication of ratios, made it possible for the ancient geometers
to deal with magnitudes in general and to work out relations
between them with an effectiveness not much inferior to that of
modern algebra. Thus the addition and subtraction of ratios could
be effected by procedure equivalent to what we should in algebra

* The object of Archimedes was no doubt to make the Lemma in Prop. 2
(dealing with the summation of a series of terms of the form a.rz+ (rz)?, where r
successively takes the values 1, 2, 3, ...} serve for the hyperboloid of revolution
and the spheroid as well.
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call bringing to a common denominator. Next, the composition or
multiplication of ratios could be indefinitely extended, and hence
the algebraical operations of multiplication and division found easy
and convenient expression in the geometrical algebra. As a par-
ticular case, suppose that there is a series of magnitudes in continued
proportion (i.e. in geometrical progression) as a,, a;, @, ... a,, so that

T _ 0 @1

o o e
We have then, by multiplication,

a @ \" @ " fa,
et =N _1) , or pat \/ iy
a,  \a, @, a,

It is easy to understand how powerful such a method as that of
proportions would become in the hands of an Archimedes, and a few
instances are here appended in order to illustrate the mastery with
which he uses it.

1. A good example of a reduction in the order of a ratio after
the manner just shown is furnished by On the equilibrium of Planes
1. 10.  Here Archimedes has a ratio which we will call a*/% where
a’ii*=c/d; and he reduces the ratio between cubes to a ratio
between straight lines by taking two lines x, y such that

c_:f__d
x d y
. c\? ¢ a®
It follows from this that (;) ==
or “_°.
b x’
3 3 d ¢
adh ?—=<£)=f.‘?.—= .
nd hence b x z'dy y

2. In the last example we have an instance of the use of

auxiliary fixed lines for the purpose of simplifying ratios and
thereby, as it were, economising power in order to grapple the more
successfully with a complicated problem. With the aid of such
auxiliary lines or (what is the same thing) auxiliary fized points in
a figure, combined with the use of proportions, Archimedes is able to
effect some remarkable eliminations.

Thus in the proposition On the Sphere and Cylinder 11. 4 he obtains
three relations connecting three as yet undetermined points, and
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proceeds at once to eliminate two of the points, so that the problem
is then reduced to finding the remaining point by means of one
equation. Expressed in an algebraical form, the three original
relations amount to the three equations

3a-x y
2a-x =
a+z 2

x  2a-x

|

and the result, after the climination of y and 2, is stated by
Archimedes in a form equivalent to

RN
313

min atz o 4d
n " a T (2a-zp
Again the proposition On the equilibrium of Planes 1. 9 proves
by the same method of proportions that, if g, b, ¢, d, @, ¥, are straight
lines satisfying the conditions

§=é=f—1, (a>b>c>d)
d __ =
$(a-c)’
"a+4b+6c+3d Y
and 5a+ 106+ 10c+5d a-c’
then x+y=%a

The proposition is merely brought in as a subsidiary lemma to the
proposition following, and is not of any intrinsic importance ; but a
glance at the proof (which again introduces an auxiliary line) will
show that it is a really extraordinary instance of the manipulation
of proportions.

3. Yet another instance is worth giving here. It amounts to
the proof that, if
x’ A

b21

then fatz . (e— m)+

a+x

y 2 (@ + x) = 4ab?.

4, A’ are the points of contact of two psra.llel tangent planes to a
spheroid ; the plane of the paper is the plane through A4’ and the
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axis of the spheroid, and PP’ is the intersection of this plane with
another plane at right angles to it (and therefore parallel to the
tangent planes), which latter plane divides the spheroid into two
segments whose axes are AN, A’N. Another plane is drawn through

the centre and parallel to the tangent plane, cutting the spheroid
into two halves. Lastly cones are drawn whose bases are the
sections of the spheroid by the parallel planes as shown in the
figure.

Archimedes’ proposition takes the following form [On Conoids
and Spheroids, Props. 31, 32].

APP’ being the smaller segment of the two whose common base
is the section through £P’, and z, y being the coordinates of P,
he has proved in preceding propositions that

(volume of) segment APP’° 2a+x

_~(v61_aﬁ1e _OF)— éox_l_é_j PI)—' = (—z +—:;: ................ (a),
half spheroid 438"
and = cone ABE " i e e . (B,
and he seeks to prove that
segment A'PP"_2a -
cone A'PP' T a-z’
The method is as follows.
We have cone ABE" a O a a_
cone APP'  a-z'y a-z at-2*
2 a
If we suppose BT a T s ()

the ratio of the cones becomes —

8
{
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Next, by hypothesis (),

cone A_Iil_"_ _a+x
segmt. APP'~ 2a+z’

Therefore, ex aequals,
cone ABB' za
segmt. APP' (a—2z)(2a+x)’
It follows from (B) that

__spheroid 4za
segmt. APP'  (a-=z)(2a+2)’

segmt. A'PP' _ 4za— (a—x) (2a+x)
segmt. APP'~  (a—x)(2a+x)

whence

. #(%a- x)+(2a+x)(z-—-a_f_x)

(a—z)(2a +z)
Now we have to obtain the ratio of the segment A’PP’ to the cone
A'PP', and the comparison between the segment 4 PP’ and the cone
A4’PP’ is made by combining two ratios ex aequali. Thus
segmt. APP’ 2a+u
8 = _——, by (o),

cone APP" ~ a+ux’

cone APP' a-x

d —- =
an cone A'PP’ a+x
Thus combining the last three proportions, ex aequali, we have

segmt. A'PP’  2(2a—2x)+(2a t_af)_(z:a__:})
“cone A'PPT T a? + 2ax + «*

_2(2a—2)+(2a + z)(z2—a—=x)
T 2(e-2)+Qa+2)z ’

since a® = z(a — ), by (y).

[The object of the transformation of the numerator and denominator
of the last fraction, by which z(2a — x) and z (¢ — x) are made the

. . 2a—2x . . .
first terms, is now obvious, because _a__;x is the fraction which
a—:

Archimedes wishes to arrive at, and, in order to prove that the
required ratio is equal to this, it is only necessary to show that
2¢—x z—(a—2x) ]
a—x x )
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20—z

Now =1+ 2
a— a—-x
2
=1+2, by (),
_ a4z
=1z
- z:%i) (dividendo),
that segmt. A'PP" 20—
S0 =

cone A’ PP T a—=z '

t. One use by Euclid of the method of proportions deserves
mention because Archimedes does nof use it in similar circumstances.
Archimedes (Quadrature of the Parabola, Prop. 23) sums a particular
geometric series

a+a(H)+a(}y+.. +a()!
in a manner somewhat similar to that of our text-books, whereas
Euclid (1x. 35) sums any geometric series of any number of terms by
means of proportions thus.

Suppose a,, @, ... @,, @, to be (n+1) terms of a geometric
series in which a,,, is the greatest term. Then

a1 e Tner e
a, Qy1 Dy_e @
Gpoy—a, Qy—0a a, —
Therefore It "G OO Gz h
ay ay_y a,

Adding all the antecedents and all the consequents, we have

Op1— @ a,—a
A+ Uy + g+ oal + Uy a,

which gives the sum of » terms of the series.

§ 2. RBarlier discoveries affecting quadrature and cuba-
ture.

Archimedes quotes the theorem that circles are to one another as
the squares on their diameters as having beiég proved by earlier
gcometers, and he also says that it was proved by means of a certain
lemwa which he states as follows: “Of unequal lines, unequal
surfaces, or unequal solids, the greater exceeds the less by such a
Wagnitude as is capable, if added [continually] to itself, of exceeding
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any given magnitude of those which are comparable with one another
(rdv mpds dAAyAa Aeyopévwr).” We know that Hippocrates of Chios
proved the theorem that circles are to one another as the squares on
their diameters, but no clear conclusion can be established as to the
method which he used. On the other hand, Eudoxus (who is
mentioned in the preface to The Sphere and Cylinder as baving
proved two theorems in solid geometry to be mentioned presently)
is generally credited with the invention of the method of exhaustion
by which Euclid proves the proposition in question in x11. 2. The
lemma stated by Archimedes to have been used in the original proof
is not however found in that form in Euclid and is not used in the
proof of xir. 2, where the lemma used is that proved by him in
X. 1, viz. that “Given two unequal magnitudes, if from the greater
[a part] be subtracted greater than the half, if from the remainder
{a part] greater than the half be subtracted, and so on continually,
there will be left some magnitude which will be less than the lesser
given magnitude.” This last lemma is frequently assumed by
Archimedes, and the application of it to equilateral polygons in-
scribed in a circle or sector in the manner of x11. 2 is referred o as
having been handed down in the Flements*, by which it is clear
that only Euclid’s Elements can be meant The apparent difficulty
caused by the mention of ¢wo lemmas in connexion with the theorem
in question can, however, I think, be explained by reference to
the proof of x. 1 in Euclid. He there takes the lesser magnitude
and says that it is possible, by multiplying it, to mnake it some time
exceed the greater, and this statement he clearly bases on the 4th
definition of Book ¥. to the effect that ¢ maguitudes are said to bear
a ratio to one another, which can, if multiplied, exceed one another.”
Since then the smaller magnitude in X. 1 may be regarded as the
difference between some two unequal magnitudes, it is clear that the
lemma, first quoted by Archimedes is in substance used to prove the
lemma in x. 1 which appears to play so much larger a part in the in-
vestigations in quadrature and cubature which have come down to us.

The two theorems which Archimedes attributes to Eudoxus
by namet are

(1) that any pyramid is one third part of the prism which has
the same base as the pyramid and equal height, and

* On the Sphere and Cylinder, 1. 6.
+ 1bid. Preface.
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(2) that any cone is one thurd part of the cylinder which has
the same base as the cone and equal height.

The other theorems in solid geometry which Archimedes quotes
as having been proved by earlier gecometers are*:

(3) Cones of equal height are in the ratio of their bases, and
conversely.

4) If a cylinder be divided by a plane parallel to the base,
eylinder 18 to cylinder as axis to axis.

(3) Cones which have the same bases as cylinders and equal
height with them are to one another a3 the cylinders.

(6) The bases of equal comes are reciprocally proportional to
their heights, and conversely.

(7) Cones the diameters of whose bases have the same ratio as
their uxes are in the triplicate ratio of the diameters of their bases.

In the preface to the Quadrature of the Parabola he says
that earlier geometers had also proved that

(8) Spheres have to ome another the triplicate ratio of their
diameters ; and he adds that this proposition and the first of those
which he attributes to Eudoxus, numbered (1) above, were proved
by means of the same lemma, viz. that the difference between
any two unequal magnitudes can be so multiplied as to exceed
any given magnitude, while (if the text of Heiberg is right) the
second of the propositions of Eudoxus, numbered (2), was proved
by means of “a lemma similar to that aforesaid.” As a matter
of fact, all the propositions (1) to (8) are given in Euclid’s twelfth
Book, except (5), which, however, is an easy deduction from (2);
and (1), (2), (3), and (7) all depend upon the same lemma [x. 1]
as that used in Eucl. xi. 2.

The proofs of the above seven propositions, excluding (5), as
given by Euclid are too long to quote here, but the following sketch
will show the line taken in the proofs and the order of the propo-
sitions.  Suppose ABCD to be a pyramid with a triangular base,
and suppose it to be cut by two planes, one bisecting 4B, AC,
4D in F, @, E respectively, and the other bisecting BC, BD, BA
In H, K, F respectively. These planes are then each parallel to
one face, and they cut off two pyramids each similar to the original

'.' Lemmas placed between Props. 16 and 17 of Book 1. On the Sphere and
Cylinder,

H. A, d
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pyramid and equal to one another, while the remainder of the
pyramid is proved to form two equal prisms which, taken together,

8 K D

arc greater than one half of the original pyramid [xm. 3] It is
next proved [x11. 4] that, if there are two pyramids with triangular
bases and equal height, and if they are each divided in the
manner shown into two equal pyramids each similar to the whole
and two prisms, the sum of the prisms in one pyramid is to the
sum of the prismws in the other in the ratio of the bases of the
whole pyramids respectively. Thus, if we divide in the same
manner the two pyramids which rvemain in each, then all
the pyramids which remain, and so on continually, it follows
on the one hand, by x. 1, that we shall ultimately have
pyramids remaining which are together less than any assigned
solid, while on the other hand the sums of all the prisms
resulting from the successive subdivisions are in the ratio of
the bases of the original pyramids. Accordingly Euclid is able
to use the regular method of exhaustion exemplified in x1L 2,
and to establish the proposition [xir. 5] that pyramids with the
same height and with triangular bases are to one another as their
bases. The proposition is then extended [x11. 6] to pyramids with the
same height and with polygonal bases. Next [x1r. 7]a prism with
a triangular base is divided into three pyramids which are shown
to be equal by means of x11. 5; and it follows, as a corollary, that
any pyramid is one third part of the prism which has the same
base and equal height. Again, two similar and similarly situated
pyramids are taken and the solid parallelepipeds are completed.
which are then seen to be six times as large as the pyramids
respectively ; and, since (by x1. 33) similar parallelepipeds are in
the triplicate ratio of corresponding sides, it follows that the same



RELATION OF ARCHIMEDES TO HIS PREDECESSORS. I

is true of the pyramids [x1. 8] A corollary gives the obvious
extension to the case of similar pyramids with polygonal bases,
The proposition [xI1L. 9] that, in equal pyramids with triangular
bases, the bases are reciprocally proportional to the heights is
proved by the same method of completing the parallelepipeds and
using x1. 34 ; and similarly for the couverse. It is next proved
[xr1. 10] that, if in the circle which is the base of a cylinder a
square be described, and then polygons be successively described
by bisecting the arcs remaining in each case, and so doubling the
number of sides, and if prisms of the same height as the cylinder
be erected on the square and the polygons as bases respectively,
the prism with the square base will be greater than half the
cylinder, the next prism will add to it more than half of the
remainder, and so on. And each prism is triple of the pyramid with
the same base and altitude. Thus the same method of exhaustion
as that in xI11. 2 proves that any cone is one third part of the
¢ylinder with the same base and equal height. Exactly the same
method is used to prove [x11. 11] that cones and cylinders which
have the same height are to one another as their bases, and
{x11. 12] that similar concs and cylinders are to one another in
the triplicate ratio of the diameters of their bases (the latter
proposition depending of course on the similar proposition x11, 8
for pyramids). The next three propositions are proved without
fresh recourse to x. 1. Thus the criterion of equimultiples laid
down in Def. 5 of Book v, is used to prove [xir. 13] that, if a
cylinder be cut by a plane parallel to its bases, the resulting
cylinders are to one another as their axes. It is an easy deduction
[x1. 14] that comes and cylinders which have equal bases are
proportional to their heights, and [x11. 15] that in equal cones
and cylinders the bases are reciprocally proportional to the heights,
and, conversely, that cones or cylinders having this property are
equal. Lastly, to prove that spheres are to one another in the
triplicate ratio of their diameters [x11. 18], a new procedure is
adopted, involving two preliminary propositions. In the first of
these [x1r. 16] it is proved, by an application of the usual lemma
X. 1, that, if two concentric circles are given (however nearly
¢qual), an equilateral polygon can be inscribed in the outer circle
whose sides do not touch the inper ; the second proposition [x11. 17]
uses the result of the first to prove that, given two concentric
spheres, it is possible to inscribe a certain polyhedron in the outer

d2
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50 that it does not anywhere touch the inner, and a corollary adds
the proof that, if a similar polyhedron be inscribed in a second
sphere, the volumes of the polyhedra are to one another in the
triplicate ratio of the diameters of the respective spheres. This
last property is then applied [x11. 18] to prove that spheres are
in the triplicate ratio of their diameters.

§ 3. Conic Sections.

In my edition of the Conics of Apollonius there is a complete
account of all the propositions in conics which are used by Archi-
medes, classified under three headings, (1) those propositions
which he expressly attributes to earlier writers, (2) those which
are assumed without any such reference, (3) those which appear to
represent new developments of the theory of conics due to Archi-
medes himself. As all these properties will appear in this
volume in their proper places, it will suffice here to state only
such propositions as come under the first heading and a few under
the second which may safely be supposed to have been previously
known.

Archimedes says that the following propositions “are proved
in the elements of conics,” i.e. in the earlier treatises of Euclid

and Aristaeus.

1. In the parabola

(a) if PV be the diameter of a segment and @Vg the
chord parallel to the tangent at I, then QV = Vq;

(b) if the tangent at @ meet V. produced in 7, then
PV=PT;

(¢) if two chords @Vg, @'V'q’ each parallel to the tangent
at P meet the diameter 2’V in F, V'’ respectively,

PV :PV'=QV:.Q' V"™

2. If straight lines drawn from the same point touch any
conic gection whatever, and if two chords parallel to the respective
tangents intersect one another, then the rectangles under the
segments of the chords are to one another as the squares on the
parallel tangents respectively.

3. The following proposition is quoted as proved *in the conics.”
If in a parabola p, be the parameter of the principal ordinates,



RELATION OF ARCHIMEDES TO HIS PREDECESSORS. lint

(@’ any chord not perpendicular to the axis which is bisected in I’
by the diameter PV, p the parameter of the ordinates to PV, and
if @D be drawn perpendicular to PV, then

QV*:QD=p : p,
[On Conoids and Spheroids, Prop. 3, which see.]

The properties of a parabola, PN*_p,. AN, and @V =p.PV,
were already well known before the time of Archimedes. In fact
the former property was used by Menaechmus, the discoverer of
conic sections, in his duplication of the cube.

It may be taken as certain that the following properties of the
ellipse and hyperbola were proved in the Conics of Euclid.

1. For the ellipse
PN : AN . A'N=P'N?: AN . A'N' =CB*: C4’
and QV::LPV.PV=QV*:PV' .PV' =CD*:CP".
(Either proposition could in fact be derived from the proposition

about the rectangles under the segments of intersecting chords
above referred to.)

2 For the hyperbola
PN : AN . A'N=P'N'"": AN’ . A'N’
and QV::PV.PV=QV™: PV'.PV,
though in this case the absence of the conception of the double
hyperbola as one curve (first found in Apollonius) prevented Euclid,

and Archimedes also, from equating the respective ratios to those
of the squares on the parallel semidiameters.

3. In a hyperbola, if P be any point on the curve and PK,
PL be each drawn parallel to one asymptote and meeting the
other,

PK. PIL=(const.)
This property, in the particular case of the rectangular hyperbola,
was known to Menaechmus.

It is probable also that the property of the subnormal of the
P&mbola (¥@=4%p,) was known to Archimedes’ predecessors. It
18 tacitly assumed, On Soating bodies, 11. 4, etc.

) .F rom the assumption that, in the hyperbola, 47 < AN (where
Fis the foot of the ordinate from P, and T the point in which the
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tangent at P meets the transverse axis) we may perhaps infer
that the harmonic property

TP:TP' =PV :DP'V,
or at least the particular case of it,
T4 :TA'=AN : 4'D,

was known before Archimedes’ time.

Lastly, with reference to the genesis of conic sections from
cones and cylinders, Euclid had already stated in his Phaenomena
that, “if a cone or cylinder be cut by a plane not parallel to the
base, the resulting section is a section of an acute-angled cone
[an ellipse] which is similar to a fuvpeds.” Though it is not probable
that Euclid had in mind any other than a right cone, the statement
should be compared with On Conoids and Spheroids, Props. 7, 8, 9.

§4. Surfaces of the second degree.

Prop. 11 of the treatise On Conotds and Spheroids states without
proof the nature of certain plane sections of the conicoids of revo-
lution. Besides the obvious facts (1) that sections perpendicular
to the axis of revolution are circles, and (2) that sections through
the axis are the same as the generating conic, Archimedes asserts
the following.

1. In a paraboloid of revolution any plane section parallel to
the axis is a parabola equal to the generating parabola.

2. In a hyperboloid of revolution any plane scction parallel
to the axis is a hyperbola similar to the-generating hyperbola.

3. In a hyperboloid of revolution a plane section through the
vertex of the enveloping cone is a hyperbola which is not similar
to the generating hyperbola

4. In any spheroid a plane section parallel to the axis is an
ellipse similar to the generating ellipse.

Archimedes adds that “the proofs of all these propositions
are manifest (pavepai).” The proofs may in fact be supplied as
follows.

1. Section of a paraboloid of revolution by a plane parallel
Lo the axis.
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Suppose that the plane of the paper represents the plane section
through the axis AN which intersects the given plane section at right
avgles, and let 4'0 be the line of intersection.
Let POP’ be any double ordinate to AX in the
section through the axis, meeting 4'0 and AN
at right angles in O, ¥ respectively. Draw 4'M
perpendicular to AX.

Suppose a perpendicular drawn from O to
A'0 in the plane of the given section parallel to
the axis, and let ¥ be the length intercepted by
the surface on this perpendicular.

Then, since the extremity of y is on the
circular section whose diameter is PP,

y*=PO.OP".

If A0 =x, and if p is the principal parameter of the generating

parabola, we have then
¥~ PN*- ON*

< PN* AN
~p (AN - AM)
4 px,

so that the section is a parabola equal to the generating parabola.

2. Section of a hyperboloid of revolution by a plane parallel to
the axis.

Take, as before, the plane section through the axis which intersects

[+ Al M N

.

the given plane section at right angles in 4'0. Let .the hyperbola




Ivi INTRODUCTION.

PAP’ in the plane of the paper represent the plane section through
the axis, and let € be the centre (or the vertex of the enveloping
cone). Draw CC’ perpendicular to C4, and produce 04’ to meet it
in C'. Let the rest of the construction be as before.
Suppose that
CA=a, C'A'=0a’, C'O=x,

and let y have the same meaning as before.
Then v =0.0P =PN*-A'M"
And, by the property of the original hyperbola,
PN®:CN* - CA*=A'M*® : CM2—CA* (which is constant).
Thus A'M*: CM*—CA*=PN*:CN*-CA?
N2—A'M*: CN* - CM*
=y x'—a'?

whence it appears that the section is a hyperbola similar to the
original one.

3. Section of a hyperboloid of revolution by a plane passing
through the centre (or the vertex of the enveloping cone).

T think there can be no doubt that Archimedes would have proved
his proposition about this section by means of the same gencral
property of conics which he uses to prove Props. 3 and 12-14 of
the same treatise, and which he enunciates at the beginning of
Prop. 3 as a known theorem proved in the “elements of conics,” viz.
that the rectangles under the segments of intersecting chords are as
the squares of the parallel tangents.

Let the plane of the paper represent the plane section through
the axis which intersects the given plane passing through the
centre at right angles. Let C4'0 be the line of intersection, C
being the centre, and A4’ being the point where C4'0 meets the
surface. Suppose CAMN to be the axis of the hyperboloid, and
POp, P'O'p' two double ordinates to it in the plane section through
the axis, meeting C4’0 in O, O’ respectively ; similarly let 4’M be
the ordinate from 4. Draw the tangents at 4 and 4’ to the
section through the axis meeting in 7, and let @Oq, @'0O’¢’ be the
two double ordinates in the same section which are parallel to the
tangent at 4' and pass through O, O’ respectively.

Suppose, as before, that y, y' are the lengths cut off by the
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surface from the perpendiculars at 0 and O’ to OC in the plane of
the given section through C4°0, and that

CO=ux, CO' =2, CA=a, CA"—d'.

P

Then, by the property of the intersecting chords, we have, since

()O -= Oq’
PO .0p:QO0*=T4*:TA"
=P0.0p Q02
Also y:=P0O . 0p, y'*=P'O" .0,
and, by the property of the hyperbola,
QO?:2°-a?=Q'0?%: 2% -a’®
It follows, ex arquali, that

2_q’t . ceee (@),

yiiat-a=y't 2
and therefore that the section is a hyperbola.

To prove that this hyperbola is not similar to the generating
hyperbola, we draw CC" perpendicular to CA, and C'4’ parallel to
C4 meeting CC" in €' and Pp in U.

If then the hyperbola (@) is similar to the original hyperbola, it
must by the last proposition be similar to the hyperbolic section
made by the plane through C'4'l7 at right angles to the plane of

the paper.
Now €O*-CA”=(C'U*-C'4"?)+(CC' +0U)*--CC"*
>C'U-C'A",
and PO . Op<PU . Up.
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Therefore PO . Op: CO*~CA < PU . Up:C'U*- C'4"
and it follows that the hyperbolas are not similar®.

4. Section of a spheroid by a plane parallel to the axis.

That this is an ellipse similar to the generating ellipse can of
course be proved in exactly the same way as theorem (2) above
for the hyperboloid.

* I think Archimedes is more likely to have used this proof than one on the
lines suggested by Zeuthen (p. 421). The latter unses the equation of the
hyperbola simply and proceeds thus. If  have the same meaning as above,
and if the coordinates of P referred to C4, CC’ as axes be z, z, while those of O
referred to the same axes are z, 2, we have, for the point P,

z?=k (2% - a?),
where « is constant.
Also, since the angle A'C4 is given, &' =az, where « 18 constant.

Thus y*=2%-z"*= (k- a?) 2% - ka’.
Now z is proportional to CO,being in fact equal to 577~ ., and the equation
becomes
2_ ¥ ___az 2_ a2 1
y—1+a,.co KAZ Lo s e 1),

which is clearly a hyperbola, since a2<«.

Now, though the Greeks could have worked out the proof in a geometrical
form equivalent to the above, I think that 1t 18 alien from the manper in which
Archimedes regarded the equations to central conics. These he always expressed
in the form of a proportion

2
=7 = [:%in thecaseoftheellipse],

and never in the form of an equation between areas like that used by
Apollonius, viz.

y”:pzignf‘.

Moreover the occurrence of the two different constants and the necessity
of expressing them geometrically as ratios between areas and lines respectively
would have made the proof very long and complicated ; and, as a matter of fact,
Archimedes never does express the ratio y%/(z? — a?) in the case of the hyperbola
in the form of a ratio between constant areas like b%/a®. Lastly, when the
equation of the given section through C4'0 was found in the form (1), assnming
that the Greeks had actually found the geometrical equivalent, it would still
have been held necessary, 1 think, to verify that

CA? = 5-(1 +a) a?
x—

before it was finally pronounced that the hyperbola represented by the equation
and the section made by the plane were one and the same thing.
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We are now in a position to consider the meaning of Archimedes’
remark that *the proofs of all these properties are manifest.” In
the first place, it is not likely that ‘‘manifest ” means “known’ as
having been proved by earlier geometers; for Archimedes’ habit is
to be precise in stating the fact whenever he uses important
propositions due to his immediate predecessors, as witness his
references to Eudoxus, to the Elements [of Euclid], and to the
“elements of conics.” When we consider the remark with reference
to the cases of the sections paralle] to the axes of the surfaces
respectively, a natural interpretation of it is to suppose that
Archimedes meant simply that the theorems are such as can casily
be deduced from the fundamental propertics of the three conics now
expressed by their equations, coupled with the consideration that
the sections by planes perpendicular to the axes are circles. But I
think that this particular explanation of the ‘“manifest” character
of the proofs is not so applicable to the third of the theorems
stating that any plane section of a hyperboloid of revolution
through the vertex of the enveloping cone but not through the axis
15 a hyperbola. This fact is indeed no wore “manifest” in the
ordinary sense of the term than is the like theorem about the
spheroid, viz. that any section through the centre but not through
the axis is an ellipse. But this latter theorem is not given along
with the other in Prop. 11 as being “manifest”; the proof of it is
mecluded in the more general proposition (14) that any section of a
spheroid not perpendicular to the axis is an ellipse, and that parallel
sections are similar. Nor, seeing that the propositions are essen-
tially similar in character, can I think it possible that Archimedes
wished it to be understood, as Zeuthen suggests, that the proposition
about the hyperboloid alone, and not the other, should be proved
directly by means of the geometrical equivalent of the Cartesian
tquation of the conic, and not by means of the property of the
rectangles under the segments of intersecting chords, used earlier
[Prop. 3) with reference to the parabola and later for the case of
the spheroid and the elliptic sections of the conoids and spheroids
generally. This is the more unlikely, I think, because the proof
by means of the equation of the conic alone would present much
more diﬁiculty to the Greek, and therefore could hardly be called
“ manifest,”

It seems necessary therefore to seek for another explanation,
and I think it is the following. The theorems, numbered 1, 2, and
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4 above, about sections of conoids and spheroids parallel to the axis
are used afterwards in Props. 15—17 relating to tangent planes;
whereas the theorem (3) about the section of the hyperboloid by a
plane through the centre but not through the axis 18 not used in
connexion with tangent planes, but only for formally proving that a
straight line drawn from any point on a hyperboloid parallel to any
transverse diameter of the hyperboloid falls, on the convex side of
the surface, without it, and on the concave side within it. Hence
it does not seem so0 probable that the four theorems were collected
in Prop. 11 on account of the use made of them later, as that they
were inserted in the particular place with special reference to the
three propositions (12—14) immediately following and treating of the
elliptic sections of the three surfaces. The main object of the whole
treatise was the determination of the volumes of segments of the
three solids cut off' by planes, and hence it was first necessary to
determine all the sections which were ellipses or circles and therefore
could form the bases of the secgments. Thus in Props. 12-14
Archimedes addresses himself to finding the elliptic sections, but,
before he does this, he gives the theorems grouped in Prop. 11 by
way of clearing the ground, so as to enable the propositions about
elliptic sections to be enunciated with the utmost precision. Prop.
11 contains, in fact, explanations directed to defining the scope of
the three following propositions rather than theorems definitely
enunciated for their own sake; Archimedes thinks it necessary to
explain, before passing to elliptic sections, that sections perpen-
dicular to the axis of each surface are not ellipses but circles, and
that some sections of each of the two conoids are neither ellipses nor
circles, but parabolas and hyperbolas respectively. It is as if he had
said, *“ My object being to find the volumes of segments of the three
solids cut off by circular or elliptic sections, I proceed to consider
the various elliptic sections ; but I should first explain that sections
at right angles to the axis are not ellipses but circles, while sections
of the conoids by planes drawn in a certain manner are neither
ellipses nor circles, but parabolas and hyperbolas respectively. With
these last sections I am not concerned in the next propositions, and
I need not therefore cumber my book with the proofs ; but, as some
of them can be easily supplied by the help of the ordinary properties
of conics, and others by means of the methods illustrated in the
propositions now about to be given, I leave them as an exercise for
the reader.” This will, I think, completely explain the assumption
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of all the theorems except that concerning the sections of a spheroid
parallel to the axis; and I think this is mentioned along with the
others for symmetry, and because it can be proved in the same way
as the corresponding one for the hyperboloid, whereas, if mention of
it had been postponed till Prop. 14 about the elliptic sections of a
spheroid generally, it would still require a proposition for itself, since
the axes of the sections dealt with in Prop. 14 make an angle with
the axis of the spheroid and are not parallel to it.

At the same time the fact that Archimedes omits the proofs of
the theorems about sections of conoids and spheroids parallel to the
axis as “manifest” is in itself sufficient to raise the presumption
that contemporary geometers were familiar with the idea of three
dimensions and knew how to apply it in practice. This is no matter
for surprise, seeing that we find Archytas, in his solution of the
problem of the two mean proportionals, using the intersection of a
certain cone with a curve of double curvature traced on a right
circular cylinder*. But, when we look for other instances of early
investigations in geometry of three dimensions, we find practically
nothing except a few 1ague indications as to the contents of a lost
treatise of Eueclid’s consisting of two Books entitled Surface-loct
(rémor wpds émpavele)t. This treatise is mentioned by Pappus
among other works by Aristaeus, Euclid and Apollonius grouped
as forming the so-called rdmos dvalvdpevost. As the other works in
the list which were on plane subjects dealt only with straight lines,
arcles and conic sections, it is @ priori likely that the surfuce-loci of

* Cf. Eutocius on Archimedes (Vol. 1. pp. 98—102), or Apollonius of Perga,
pp. xxii.—xxiii.

+ By this term we conclude that the Greeks meant *‘loci which are surfaces ”
a8 distinet from loci which are lines. Cf. Proclus’ defimtion of a locus as
‘“a position of a line or a surface involving one and the same property”
(ypapusis % émpavelas Oéos mowoloa & xal Tavrdv ovumTwpa), p. 394. Pappus
(pp. 660—2) gaves, quoting from the Plane Loci of Apollonius, a classification of
loci according to their order in relation to that of which they are the loct. Thue,
Le says, loci are (1) épexrixol, i.e. fited, e.g. in this sense the locus of & point 18
8 point, of a line a line, and 50 on; (2) dietodexoi or moving along, a line being 1n
this sense the locus of a powt, a surface of & line, and & solid of & surface;
(3) dvacrpoguxol, turning backwards, i.e., presumably, moving backwards and
forwards, a snrface being in this sense the locus of a point, and a solid of a line.
Thus & surface-locus might apparently be either the locus of a point or the
locus of a line moving in space.

+ Pappus, pp. 684, 636.
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Euclid included at least such loci as were cones, cylinders and
spheres. Beyond this, all is conjecture based upon two lemmas
given by Pappus in connexion with the treatise.

First lemma to the Surface-loci of Euclid*.

The text of this lemma and the attached figure are not satisfac-
tory as they stand, but they bave been explained by Tannery in a
way which requires a change in the figure, but only the very slightest
alteration in the text, as followst.

“If 4B be a straight line and CD) be parallel to a straight line
given in position, and if the ratio AD . DB : DC* be [given], the
point C lies on a conic section.

If now 4B be no longer given in
position and 4, B be no longer
given but lie on straight lines
AE, EB given in position?, the c
point C raised above [the plane \
containing AE, £B] is on a
surface given in position. And
this was proved.”

According to this interpretation, it is asserted that, if 45 moves
with one extremity on each of the lines 4Z, ZB which are fixed,
while DC is in a fixed direction and 40 . DB : DC?* is constant,
then C lies on a certain surface. So far as the first sentence is
concerned, 4B remains of constant length, but it is not made
precisely clear whether, when 425 is no longer given in position, its
length may also vary§. If however 4 B remains of constant length
for all positions which it assumes, the surface which is the locus of
C would be a complicated one which we cannot suppose that Euclid
could have profitably investigated. Tt may, therefore, be that
Pappus purposely left the enunciation somewhat vague in order to
make it appear to cover several surface-loci which, though belonging
to the saume type, were separately discussed by Euclid as involving

E

>

* Pappus, p. 1004.

+ Bulletin des sciences math., 2¢ Série, vi, 149.

%+ The words of the Greek text are vyévnrar 3 wpds fécet ebbeia Tais AE, EB,
and the above translation only requires e’felais instead of evfeta. The figure 1n
the text is so drawn that ADB, AEB are represented as two parallel lines, and
CD is represented as perpendicular to 4 DB and meeting AXB in k.

§ The words are simply ““if AB be deprived of s position (srepmfp s
Oéaews) and the points 4, B be deprived of their [character of] being given”
(orepndy ot Sobévros elvas).
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in each case somewhat different sets of conditions limiting the
generality of the theorem.

It is at least open to conjecture, as Zeuthen has pointed out*,
that two cases of the type were considered by Euclid, namely, (1)
that in which 4B remains of constant length while the two fixed
straight lines on which 4, B respectively move are parallel instead
of meeting in a point, and (2) that in which the two fixed straight
lines meet in a point while 4B moves always parallel to itself
and varies in length accordingly.

(1) In the first case, where the length of 4B is constant and
the two fixed lines parallel, we should have a surface described by a
conic moving bodilyt. This surface would be a cylindrical surface,
though it would only have been called a * cylinder ” by the ancients
in the case where the moving conic was an e/lipse, since the essence
of a “cylinder” was that it could be bounded between two parallel
circular sections, If then the moving conic was an ellipse, it would
not be difficult to find the circular sections of the cylinder; this
could be done by flirst taking a section at right angles to the axis,
after which it could be proved, after the manner of Archimedes,
On Conoids and Spheroids, Prop. 9, first that the section is an ellipse
or a circle, and then, in the former case, that a section made by
a plane drawn at a certain inclination to the ellipse and passing
through, or parallel to, the major axis is a circle. There was
nothing to prevent Euclid from investigating the surface similarly
generated by a moving hyperbola or parabola; but there would
be no circular scctions, and hence the surfaces might perhaps not
have been considered as of very great importance.

(2) In the second case, where 4E, BE meet at a point and
4B moves always parallel to itself, the surface generated is of
course a cone. Some parbicular cases of this sort may easily have
been discussed by Euclid, but he could hardly have dealt with the
general case, where /)C has any direction whatever, up to the
point of showing that the surface was really a cone in the sense
in which the Greeks understood the term, or (in other words)
of finding the circular sections. To do this it would have been
necessary to determine the principal planes, or to solve the dis-

* Zeuthen, Die Lehre von den Kegelschnitten, pp. 425 8qq.
+ This wonld give a surface gencrated by s moving line, dtefodixds ypauuis
a8 Pappus has it.
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criminating cubic, which we cannot suppose Euclid to have done.
Moreover, if Euclid had found the circular sections in the most
general case, Archimedes would simply have referred to the fact
instead of setting himself to do the same thing in the particular
case where the plane of symmetry is given. These remarks apply
to the case where the conic which is the locus of C is an ellipse ;
there is still less ground for supposing that Euclid could have
proved the existence of circular sections where the conic was a
hyperbola, for there is no evidence that Euclid even kpew that
hyperbolas and parabolas could be obtained by cutting an oblique
circular cone.
Second lemma to the Surface-loci.

In this Pappus states, and gives a complete proof of the propo-
sition, that the locus of a point whose distance from a given point
is in a given ratio to its distance from a fized line is a conic
section, which is un ellipse, a parabola, or a hyperbola according
ag the given ratio is less than, equal to, or greater than wumity*.
Two conjectures are possible as to the application of this theorem
by Euclid in the treatise referred to.

(1) Consider a plane and a straight line meeting it at any angle.
Imagine any plane drawn at right angles to the straight line and
meeting the first plane in another straight line which we will call
X. 1If then the given straight line meets the plane at right angles
to it in the point &, a conic can be described in that plane with
S for focus and X for directrix ; and, as the perpendicular on X
from any point on the conic is in a constant ratio to the per-
pendicular from the same point on the original plane, all points
on the conic have the property that their distances from § are in
a given ratio to their distances from the given plane respectively.
Similarly, by taking planes cutting the given straight line at right
angles in any number of other points besides S, we see that the locus
of a point whose distance from a given straight line is in a given
ratio to its distance from a given plane i8 a cone whose vertex is
the point in which the given line meets the given plane, while the
plane of symmetry posses through the given line and is at right
angles to the given plane. If the given ratio was such that the
guiding conic was an ellipse, the circular sections of the surface

* 8ee Pappus, pp. 1006—1014, and Hultsch’s Appendix, pp. 1270—1273; or
cf. Apollonius of Perga, pp. xxxvi,—xx%Vilj,
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could, in that case at least, be found by the same method as
that used by Archimedes (On Conoids and Spheroids, Prop. 8) in
the rather more general case where the perpendicular from the
vertex of the cone on the plane of the given elliptic section does
not necessarily pass through the focus.

(2) Another natural conjecture would be to suppose that, by
means of the proposition given by Pappus, Euclid found the locus
of a point whose distance from a given point 18 tn a given ratio
to its distance from a fized plane. This would have given surfaces
identical with the conoids and spheroids discussed by Archimedes
excluding the spheroid generated by the revolution of an ellipse
about the minor axis. We are thus brougbt to the same point as
Chasles who conjectured that the Surfuce-loci of Euclid dealt with
surfaces of revolution of the second degree and sections of the
same®. Recent writers have generally regarded this theory as
improbable. Thus Heiberg says that the conoids and spheroids
were without any doubt discovered by Archimedes himself ; other-
wise he would not have held it necessary to give exact definitions
of them in his introductory letter to Dositheus; hence they could
not have been the subject of Euclid’s treatiset. I confess I think
that the argument of Heiberg, so far from being conclusive against
the probability of Chasles’ conjecture, is not of any great weight.
To suppose that Euclid found, by means of the theorem enunciated
and proved by Pappus, the locus of a point whose distance from
a given point is in a given ratio to its distance from a fixed plane
does not oblige us to assume either that he gave a name to the
loci or that he investigated them further than to show that sections
through the perpendicular from the given point on the given plane
were conics, while sections at right angles to the same perpendicular
were circles ; and of course these facts would readily suggest them-
selves. Seeing however that the object of Archimedes was to
find the volumes of segments of each surface, it is not surprising
that he should have preferred to give a definition of them which
would indicate their form more directly than a description of them
a8 loci would have done; and we have a parallel case in the dis-
tinction drawn between conics as such and conics regarded as loci,
which is illustrated by the different titles of Euclid’s Conics and
the Solid Loci of Aristaeus, and also by the fact that Apollonius,

* Apercu historigque, pp. 273, 4.
+ Litterargeschichtliche Studien iiber Eukld, p. 79.



Ixvi . INTRODUCTION.

though he speaks in his preface of some of the theorems in his
Conics as useful for the synthesis of ‘solid loci’ and goes on to
mention the ‘locus with respect to three or four lines,’ yet enun-
ciates no proposition stating that the locus of such and such a point
is a conic. There was a further special reason for defining the
conoids and spheroids as surfaces described by the revolution of
a conic about its axis, namely that this definition enabled Archi-
medes to include the spheroid which he calls ‘flat’ (émmdard
odaipoedés), i.e. the spheroid described by the revolution of an
ellipse about its minor axis, which is not one of the loci which
the hypothesis assumes Euclid to have discovered. Archimedes’
new definition had the incidental effect of making the nature of
the sections through and perpendicular to the axis of revolution
even more obvious than it would be from Euclid’s supposed way
of trcating the surfaces; and this would account for Archimedes’
omission to state that the two classes of sections had been known
before, for there would have been no point in attributing to Euclid
the proof of propositions which, with the new definition of the
surfaces, became self-evident. The further definitions given by
Archimedes may be explained on the same principle. Thus the
axts, as defined by him, has special reference to his definition of
the surfaces, since it means the axis of revolution, whereas the
axis of a conic is for Archimedes a diameter. The enveloping cone
of the hyperboloid, which is generated by the revolution of the
asymptotes about the axis, and the centre regarded as the point
of intersection of the asymptotes were useful to Archimedes’ dis-
cussion of the surfaces, but need not have been brought into
Euclid’s description of the surfaces as loci. Similarly with the
axis and vertex of a segment of each surface. And, generally, it
seems to me that all the definitions given by Archimedes can be
explained in like manner without prejudice to the supposed dis-
covery of three of the surfaces by Euclid.

I think, then, that we may still regard it as possible that
Euclid’s Surface-loci was concerned, not only with cones, cylinders
and (probably) spheres, but also (to a limited extent) with three
other surfaces of revolution of the second degree, viz. the paraboloid,
the hyperboloid and the prolate spheroid. Unfortunately however
we are confined to the statement of possibilities; and certainty
can hardly be attained unless as the result of the discovery of
fresh documents.
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§ 5. Two mean proportionals in continued proportion.

Archimedes assumes the construction of two mean proportionals
in two propositions (On the Sphere and Cylinder 11. 1, 5). Perhaps
he was content to use the constructions given by Archytas,
Menaechmus*, and Eudoxus. It is worth noting, however, that
Archimedes does not introduce the two geometric means where
they are merely convenient but not necessary; thus, when (On the

1
Sphere and Cylinder 1. 34) he has to substitute for a ratio (5) ,
where B>y, a ratio between lines, and it is sufficient for his
t
purpose that the required ratio cannot be greater than ('(—g) but
¥4

may be less, he takes two arithmetic means between B, y, as §, e,
and then assumest as a known result that
B _B
e < y .
* The constructions of Archytass and Menaechmus are given by Eutocius
{drchimedes, Vol. m. pp. 9Y2—102]; or see A pollonius of Perga, pp. x1x—xxiii,

+ The proposition 1s proved by Eutocius; see the note to On the Sphere
and Cylinder 1. 34 (p. 42).

e2



CHAPTER 1V,
ARITHMETIC IN ARCHIMEDES.

Two of the treatises, the Measurement of a circle and the
Sand-reckoner, are mostly arithmetical in content. Of the Sand-
reckoner nothing need be said here, because the system for expressing
numbers of any magnitude which it unfolds and applies cannot be
better described than in the book itself ; in the Measurement of a
circle, however, which involves a great deal of manipulation of
numbers of considerable size though expressible by means of the
ordinary Greek notation for numerals, Archimedes merely gives the
results of the various arithmetical operations, multiplication, extrac-
tion of the square root, etc., without setting out any of the operations
themselves. Various interesting questions are accordingly involved,
and, for the convenience of the reader, I shall first give a short
account of the Greek systemn of numerals and of the methods by
which other Greek mathematicians usually performed the various
operations included under the general term loyioruaj (the art of
caleulating), in order to lead up to an explanation (1) of the way in
which Archimedes worked out approximations to the square roots of
large numbers, (2) of his method of arriving at the two approximate
values of »/3 which he simply sets down without any hint as to how
they were obtained *.

* In wniting this chapter I have been under particular obligations to Hultsch’s
articles Arithmetica and Archimedes in Pauly-Wissowa’s Real-Encyclopadae, 11.
1, as well as to the same scholar’s articles (1) Die Ndherungswerthe irrationaler
Quadratwurzeln bei Archimedes in the Nachrichten von der kgl. Gesellschaft det
Wissenschajten 2u Gottingen (1893), pp. 367 sqq., and (2) Zur Kreismessung des
Archimedes in the Zeitschrift fitr Math. u. Physik (Hist. het. Abtheilung) xxxix,
(1894), pp. 121 8qq. and 161 sqq. I have also made use, in the earher part
of the chapter, of Nesselmann’s work Die Algebra der Griechen and the histories

of Cantor and Gow.
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§ 1. Greek numeral system.

Tt is well known that the Greeks expressed all numbers from 1
to 999 by means of the letters of the alphabet reinforced by the
addition of three other signs, according to the following scheme, in
which however the accent on each letter wight be replaced by a
short horizontal stroke above it, as @

o, B,y,8, ¢, 5,0, 9,0 are 1,2, 3,4, 5, 6,7, 8 9 respectively.
N Y E e, g, 10,20, 80, ... ... 90 »
p, o, T, v, ¢, X, ¢, o, &, 100, 200, 300,...... 900 »

Intermediate numbers were expressed by simple juxtaposition
(representing in this case addition), the largest number being placed
on the left, the next largest following it, and so on in order. Thus
the number 153 would be expressed by pvy’ or pry. There was no
sign for zero, and therefore 780 was ', and 306 r&’ simply.

Thousands (x:Auides) were taken as units of a higher order, and
1,000, 2,000, ... up to 9,000 (spoken of as xiAeot, Sirxikio, k.7.A.) were
represented by the same letters as the first nine natural numbers
but with a small dash in front and below the line; thus e.g. & was
4,000, and, on tke same principle of juxtaposition as before, 1,823 was
expressed by awxy or awky, 1,007 by af’, and so on.

Above 9,999 came a myriad (pvpids), and 10,000 and higher
numbers were expressed by using the ordinary numerals with the
substantive pupiddes taken as a new denomination (though the words
piptor, Swpvpioy, Tpwpdpeoy, kT, are also found, following the
analogy of xiAwt, SioxiAior and so on). Various abbreviations were
used for the word pvpds, the most common being M or Mv; and,
where this was used, the number of myriads, or the multiple of
10,000, was generally written over the abbreviation, though some-

times before it and even after it. Thus 349,450 was M Guv'*
Fractions (Aerrd) were written in a variety of ways. The most
usual was to express the denominator by the ordinary numeral with
two accents affixred. When the numerator was unity, and it was
therefore simply a question of a symbol for a single word such as
* Diophantus denoted myriads followed by thousands by the ordinary signs
for numbers of units, only separating them by a dot from the thousands. Thus

for 8,069,000 he writes 7v. 6, and Ay. a.l//os' for 331,776, Bometimes myriads
were represented by the ordma.ry letters with two dots above, as p 100 myriads
(1,000,000}, and myriads of myriads with two pairs of dots, as ¢ for 10 myriad-
myriads (1,000,000,000).



Ixx INTRODUCTION,

tpirov, }, there was no need to express the numerator, and the
symbol was y”; similarly s”=}, «" =, and so on. When the
numerator was not unity and a certain number of fourths, fifths,
etc., had to be expressed, the ordinary numeral was used for the
numerator ; thus 6’ w’= &, ¢ oa”=3%. In Heron’s Geometry the
denominator was written twice in the latter class of fractions; thus
2 (8o mépwra) was B'¢’e”
pwxoo'forpvra) was ky' Ay” Ay’. The sign for }, oy, is in
Archimedes, Diophantus and Eutocius L”, in Heron C or a sign
similar to a capital S*

A favourite way of expressing fractions with numerators greater
than unity was to separate them into component fractions with
numerator unity, when juxtaposition as usual meant addition. Thus
3 was written L"8"- %+4, 3 was (8"’ =%+1+3+7s5
Eutocius writes L or § ~ J4 for 3%, and so on. Sometimes the
same fraction was separated into several different sums; thus in
Heron (p. 119, ed. Hultsch) 152 is variously expressed as

(a) %‘7*74.**1'17.-*3:%'4‘7
®) b+3+rs+gr+aiw
and (¢) 3+3+r+rie+toie

Sexagesimal fractions. This system has to be mentioned because
the only instances of the working out of some arithmetical operations
which have been handed down to us are calculations expressed in
terms of such fractions; and moreover they are of special interest
as having much in common with the modern system of decimal
fractions, with the difference of course that the submultiple is 60
instead of 10. The scheme of sexagesimal fractions was used by the
Greeks in astronomical calculations and appears fully developed in
the ovvraéis of Ptolemy. The circumference of a circle, and along
with it the four right angles subtended by it at the centre, are
divided into 360 parts (rurjpara or poipar) or as we should say degrees,
cach woipa into 60 parts called (first) sixtieths, (wpdra) éfnxoord,
or minutes (Aerrd), each of these again into Selrepa éénroord (seconds),
and so on. A similar division of the radius of the circle into 60

> Jd (}\GWT(I TPLG.KOO'TOTP(,TG K“y or CI.KOO'LTPLG.

* Diophantus has a general method of expressing fractions which is the

exact reverse of modern practice; the denominator is written above the
¥ K€ a. uis

numerator, thus €= 5/3, xa = 21/25, and px{. ¢y =1,270,568/10,816. Some-

times he writes down the numerator and then introduces the denominator

with év poply or poplov, e.g. 7.8 uop. Ny. ayos = 3,069,000/331,776.
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parts (tpujpara) was also made, and these were each subdivided into
sixtieths, and so on. Thus a convenient fractional system was
available for general arithmetical calculations, expressed in units of
any magnitude or character, so many of the fractions which we
should represent by 3',, so many of those which we should write
(%)% (%)% and so on to any extent. It is therefore not surprising
that Ptolemy should say in one place “In general we shall use the
method of numbers according to the sexagesimal manner because of
the inconvenience of the [ordinary] fractions.” For it is clear that
the successive submultiples by 60 formed a sort of frame with fixed
compartments into which any fractions whatever could be located,
and it is easy to see that e.g in additions and subtractions the
sexagesimal fractions were almost as easy to work with as decimals
are now, 60 units of one denomination being equal to one unit of
the next higher denomination, and “carrying” and “borrowing”
being no less simple than it is when the number of units of one
denomination necessary to make one of the next higher is 10 instead
of 60. In expressing the units of the circumference, degrees, poipar
or the symbol & was generally used along with the ordinary numeral
which had a stroke above it ; minutes, seconds, etc. were expressed
by one, two, etc. accents affixed to the numerals. Thus 4B8=2°,
powpay pl pf p' =47° 42" 40",  Also where there was no unit in any
particular denomination O was used, signifying obdepla polpa, otdey
é¢nxoordy and the like; thus Oa’ 870" - 0°1'27 0. Swnilarly, for
the units representing the divisions of the radius the word rurjpara
or some equivalent was used, and the fractions were represented as

U

before ; thus rumudray & & ve’ = 67 (units) 4' 55"

§ 2. Addition and Subtraction.

There is no doubt that, in writing down numbers for these
purposes, the several powers of 10 were kept separate in a manner
corresponding practically to our system of numerals, and the
hundreds, thousands, etc., were written in separate vertical rows,
The following would therefore be a typical form of a sum in addition ;

avkd = 1424
P Y 103

MgBora 12281

M N 30030

8

M, ywh n 43838
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and the mental part of the work would be the same for the Greek as
for us.
Similarly a subtraction would be represented as follows :

lsf,yx)\f' =93636
lf‘l;yu 6 23409
lg'i oxl 70227

§ 3. DMultiplication.

A number of instances are given in Eutocius’ commentary on
the Measurement of a circle, and the similarity to our procedure is
just as marked as in the above cases of addition and subtraction.
The multiplicand is written first, and below it the multiplier preceded
by éxi (= “into”). Then the highest power of 10 in the multiplier
is taken and multiplied into the terms containing the separate
multiples of the successive powers of 10, beginning with the highest
and descending to the lowest ; after which the next highest power
of 10 in the multiplier is multiplied into the various denominations
in the multiplicand in the same order. The same procedure is
followed where either or both of the numbers to be multiplied
contain fractions. Two instances from Eutocius are appended from
which the whole procedure will be understood.

1) g’ 780
e’i 4/_1!" x 780
6 e
MM ¢ 490000 56000
M s 56000 6400
o Mo _56000 6400
opod M v sum 608400
(2)
yy L 3013} } [=3013%)]
fmi ' LS x 3013} }
Ay - - -
MM 0 ady’ 9,000,000 30,000 9,000 1500 750
MpAeS L 30,000 100 30 5 92
aga’ L7 LS 9,000 30 9 1} 3+1
,a¢ltla/ L,lslln,/ 1,500 5 l% i %
'I/V’B’ LII L.-”S”‘r]”l.f” 750 2-%__ _ %_’t_‘k_% ) TIU )

Y
[opo8] M Bxrfis” [9,041,250 + 30,1373 +9,0413 + 1506 + § +} + X
+783+1+1+ %]
=9,082,689.
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One instance of a similar multiplication of numbers involving
fractions may be given from Heron (pp. 80, 81). It is only one of
many, and, for brevity, the Greek notation will be omitted. Heron
has to find the product of 4§4 and 7£%, and proceeds as follows :

4.7=28
62 _ 248
4'6‘4‘"6’1‘!
33 — 231
3.1'7_73'4—’
33 62 _ 2046 1 _ 31,62 1
84 " FI - TOBY 64 83 T8I 8

The result is accordingly
28+ 500+ 82 L =28+ T +82+8%. 4%
=35+82+82. 0
The mujtiplication of 37° 4’ 55” (in the sexagesimal system) by

itself is performed by Theon of Alexandria in his commentary on
Ptolemy’s aivrafis in an exactly similar manner.

§ 4. Division.

The operation of dividing by a number of one digit only was
easy for the Greeks as for us, and what we call “long division” was
with them performed, mutatis mutandis, in the same way as now
with the help of multiplication and subtraction. Suppose, for
instance, that the operation in the first case of multiplication given

above had to be reversed and that I‘fllv;v' (608,400) had to be divided
by y=’ (780). The terms involving the different powers of 10 would
be mentally kept separate as in addition and subtraction, and the
first question would be, how many times will 7 hundreds go into 60
myriads, due allowance being made for the fact that the 7 hundreds
have 80 behind them and that 780 is not far short of 8 hundreds?
The answer is 7 hundreds or ¢, and this multiplied by the divisor

Vs £
yn' (780) would give M s’ (546,000) which, subtracted from M/’

(608,400), leaves the remainder );I,Bv’ (62,400). This remainder has
then to be divided by 780 or a number approaching 8 hundreds, and
8 tens or »' would have to be tried. In the particular case the
result would then be complete, the quotient being y=' (780), and
there being no remainder, since =’ (80) multiplied by y=' (780) gives

the exact figure M 8’ (62,400).
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An actual case of long division where the dividend and divisor
contain sexagesimal fractions is described by Theon. The problem
is to divide 1515 20’ 15” by 25 12’ 10", and Theon’s account of the
process comes to this.

Divisor Dividend Quotient
25 12" 10” 1515 200 15" First term 60
T 25 .60 = 1500
Remainder 15 — 900
Sum 9207
12°.60 = 720
Remainder T 200
10”.60 = 10’
Remainder 190 Second term 7’
25.7 = 175’ |
15 = 900
Sum 915"
12,7 R4
Remainder 831"
107. 7 1710”
Remainder 829" 50" |Third term 33"
25. 33" 825"
Remainder T 4750 =290
12'.33” 396"

(too great by) 106™

Thus the quotient is something less than 60 7" 33”. It will be
observed that the difference between this operation of Theon’s and

that followed in dividing ‘:I,v]u' (608,400) by yn’ (T80) as above is
that Theon makes three subtractions for one term of the quotient,
whereas the remainder was arrived at in the other case after one
subtraction. The result is that, though Theon’s method is quite
clear, it is longer, and moreover makes it less easy to foresee what
will be the proper figure to try in the quotient, so that more time
would be apt to be lost in making unsuccessful trials.

§ 5. Extraction of the square root.

We are now in a position to see how the operation of extracting
the square root would be likely to be attacked. First, as in the case
of division, the given whole number whose square root is required
would be separated, so to speak, into compartments each containing
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such and such a number of units and of the separate powers of 10.
Thus there would be so many units, so many tens, so many hundreds,
etc.,, and it would have to be borne in mind that the squares of
numbers from 1 to 9 would lie between 1 and 99, the squares of
numbers from 10 to 90 between 100 and 9900, and so on. Then the
first term of the square root would be some number of tens or
hundreds or thousands, and so on, and would have to be found in
much the same way as the first term of a quotient in a “long
division,” by trial if necessary. If 4 is the number whose square
root is required, while a represents the first term or denomination of
the square root and x the next term or denomination still to be
found, it would be necessary to use the identity (a + x)*= a* + 2ax + 2?
and to find x so that 2ax + 2® might be somewhat less than the
remainder 4 —a®. Thus by trial the highest possible value of x
satisfying the condition would be easily found. 1f that value were
b, the further quantity 2ab +3* would have to be subtracted from
the first remainder 4 - @?, and from the second remainder thus left
a third term or denomination of the square root would have to be
derived, and so on. That this was the actual procedure adopted is
clear from a simple case given by Theon in his commentary on the
ovvraés.  llere the square root of 144 is in question, and it is
obtained by means of Eucl. 1. 4. The highest possible denomina-
tion (i.e. power of 10) 1n the square root is 10 ; 10 subtracted from
144 leaves 44, and this must contain not only twice the product of
10 and the next term of the square root but also the square of that
next term itself. Now, since 2. 10 itself produces 20, the division
of 44 by 20 suggests 2 as the next term of the square root; and
this turns out to be the exact figure required, since

2.20+ 2% 44,

The same procedure is illustrated by Theon’s explanation of
Ptolemy’s method of extracting square roots according to the
sexagesimal system of fractions. The problem is to find approxi-
mately the square root of 4500 uotpas or degrees, and a geometrical
figure is used which makes clear the essentially Euclidean basis of
the whole method. Nesselmann gives a complete reproduction of
the passage of Theon, but the following purely arithmetical represen-
tation of its purport will probably be found clearer, when looked at
side by side with the figure.

Ptolemy has first found the integral part of 4500 to be 67.
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Now 67%= 4489, so that the remainder is 11. Suppose now that
the rest of the square root is expressed by means of the usual
sexagesimal fractions, and that we may therefore put

V4500 = BT+ 11=67 + —

60 60”
2.67x
where x, y are yet to be found. Thus = must be such that 60~
. 11.60
is somewhat less than 11, or 2 must be somewhat less than 3 67

or 36170’ which is at the same time greater than 4. On trial, it
turns out that 4 will satisfy the conditions of the problem, nawmely
that (67 + 64())’ must be less than 4500, so that a remainder will
be left by means of which y may be found.

a 7 K [
l 670 . & 55"
1 | ; |
.i o
| 4189 268 1 B !
X | A
, 1 8
| | PR
r i ' |
[ 1
¢ T
|4’ 268' 16"
|
6| X
|55" 3688" 40" |
B v
2.67.4 4\2. . .
Now 11 — —-Gg— - < ®> is the remainder, and this is equal to

11.60°—2.67.4.60—16 7424
60* T 60°

7424
60° ’

approximates to

Thus we must suppose that 2 <67 + ) 608

or that 8048y is approximately equal to 7424 . 60.
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Therefore y is approximately equal to 55. We have then to
subtract

2(6‘ )55 . 55 or 442640 3035
60/ 60° 60) 60° 604 °

Lo

from the remainder ﬂé above found.

60’
42640 7424 . 2800 46 40
The subtraction of ~ 60" from 507 gives 50" ,0r 60° 60”
>
but Theon does not go further and subtract the remaining 320:) ,
instead of which he merely remarks that the square of gg—,
4 4
approximates to 66 (%a As a matter of fact, if we deduct the
2925 from 2800 to obtain tt t remainder, it i
508 o7 » S0 s obtain the correct remainder, it is
164975
found to be —5

To show the power of this method of extracting square roots by
means of sexagesimal fractions, it is only necessary to mention that
Ptolemy gives ! + 53 + 23

60 ~ 60* " 60°
approximation is equivalent to 17320509 in the ordinary decimal
notation and is therefore correct to 6 places.

But it is now time to pass to the question how Archimedes

as an approximation to /3, which

obtained the two approximations to the value of /3 which he
assumes in the Measurement of a circle. In dealing with this
subject I shall follow the historical method of explanation adopted
by Hultsch, in preference to any of the mostly @ priori theories
which the ingenuity of a multitude of writers has devised at
different times,

§ 6. Early investigations of surds or incommensurables.

From a passage in Proclus’ cou;menta.ry on Eucl 1.* we learn
that it was Pythagoras who discovered the theory of irrationals
(4 Tév dAdywv mpaypareia). Further Plato says (7Theaetetus 147 p),
“On square roots this Theodorus [of Cyrene] wrote a work in

* p. 65 (ed. Friedlein).
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which he proved to us, with reference to those of 3 or 5 [square] feet
that they are incommensurable in length with the side of one square
foot, and proceeded similarly to select, one by one, each [of the other
incommensurable roots] as far as the root of 17 square feet, beyond
which for some reason he did not go.” The reason why +/2 is not
mentioned as an incommensurable square root must be, as Cantor
says, that it was before known to be such. We may therefore
conclude that it was the square root of 2 which was geometrically
constructed by Pythagoras and proved to be incommensurable with
the side of a square in which it represented the diagonal. A clue
to the method by which Pythagoras investigated the value of NF
is found by Cantor and Hultsch in the famous passage of Plato
(Rep. viiL. 546 B, ©) about the ‘geometrical’ or ‘nuptial’ number.
Thus, when Plato contrasts the pym and appyros duduerpos Tis
mepmados, he is referring to the diagonal of a square whose side
countains five units of length ; the dppyros diduerpos, or the irrational
diagonal, is then V50 itself, and the nearest rational number is
A/350 -1, which is the pyry S&wduerpos. We have herein the
explanation of the way in which Pythagoras must have made the
first and most readily comprehensible approximation to +/2; he
must have taken, instead of 2, an improper fraction equal to it but
such that the denominator was a square in any case, while the
numerator was as near as possible to a complete square. Thus

Pythagoras chose %, and the first approximation to ~2 was

. 7 . . . o T .
accordingly 5 it being moreover obvious that ~/2>5-. Again,

Pythagoras cannot have been unaware of the truth of the
proposition, proved in Euel. 11. 4, that (a + 8)* = a® + 2ab + &°, where
a, b are any two straight lines, for this proposition depends solely
upon propositions in Book 1. which precede the Pythagorean
proposition 1. 47 and which, as the basis of 1. 47, must necessarily
have been in substance known to its author. A slightly different
geometrical proof would give the formula (a-b)°=a’—2ab+5’,
which must have been equally well known to Pythagoras. It could
not therefore have escaped the discoverer of the first approximation

A/50 =1 for »/50 that the use of the formula with the positive sign

would give & much nearer approximation, viz. 7 + %, which is only
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1 2
greater than 1/50 to the extent of <1—4> . Thus we may properly

assign to Pythagoras the discovery of the fact represented by
NN
T3> V50> 7.

The consequential result that ~/§>é~/5_0—:—1 is used by

Aristarchus of Samos in the Tth proposition of his work On the
siz¢ and distances of the sun and moon*,

With reference to the investigations of the values of 3, /5,

V6,. ...//T7 by Theodorus, it is pretty certain that 3 was
geometrically represented by him, in the same way as it appears

* Part of the proof of this proposition was a sort of foretaste of the first part
of Prop. 3 of Archimedes’ Measurement of a

circle, and the substance of it 1s accordingly A K
appended as reproduced by Hultsch. hl
ABEK 18 a square, KB s diagousl, ¢ HBE '\
=3¢ KBE, £ FBE =3°and 4 1s perpendicu- i
lar to BF so that the triangles ACB, BEF are | \
similar. H
Aristarchus seeks to prove that |
AB: BC > 18:1, ‘ \ e
If R denotc a nght angle, the angles KBE, e
8

HBE, FBE are respectively §3R, I§R, %R
Then HE : FE > t HBE : ( FBE

[This is assumed as a known lemmma by Aristarchus as well as Archimedes ]

Therefore HE:FE>15:2. .. . .. .. .«
Now, by construction, BK?=2BE*,
Also [Eucl. v1. 3] BHK : BE=KII : HE ;

whence KH=~2HE.

5 50 -1
And, since NCES A /%5— ,

KH:HE >17:5,
go that KE:EH=>12:5 ....... . . ... . (B)-
From (a) and (B), ex aequali,
KE ' FE > 18 : 1.
Therefore, since BF > BE (or KE),
BF:FE>18:1,
80 that, by similar triangles,
AB :BC > 18 : 1.
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afterwards in Archimedes, as the perpendicular from an angular
point of an equilateral triangle on the opposite side. It would
thus be readily comparable with the side of the ‘1 square foot”
mentioned by Plato. The fact also that it is the side of three
square feet (tpimovs Suvauis) which was proved to be incommensurable
suggests that there was some special reason in Theodorus’ proof for
specifying feet, instead of units of length simply; and the ex-
planation is probably that Theodorus subdivided the sides of his
triangles in the same way as the Greek foot was divided into
halves, fourths, eighths and sixteenths. Presumably therefore,

exactly as Pythagoras had approximated to «/2 by putting ?)%

for 2, Theodorus started from the identity 3 = 4—8 It would then

16
be clear that
5 48+1 . 7T
~/3<\/ 16 e 1

To investigate /48 further, Theodorus would put it in the form
J49 -1, as Pythagoras put /50 into the form /49 + 1, and the
result would be

JI8 (= JA9-1) < 7--

We know of no further investigations into incommensurable
square roots until we come to Archimedes.

§7. Archimedes’ approximations to /3.

Seeing that Aristarchus of Samos was still content to use the

first and very rough approximation to /2 discovered by Pythagoras,
it is all the more astounding that Aristarchus’ younger contemporary
Archimedes should all at once, without a word of explanation, give
out that
1351 265
w50~ V3> 153’

as he does in the Measurement of a circle.

In order to lead up to the explanation of the probable steps by
which Archimedes obtained these approximations, Hultsch adopts
the same method of analysis as was used by the Greek geometers in
solving problems, the method, that is, of supposing the problem
solved and following out the necessary consequences. To compare
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the two fractions — 265 and 13501 , we first divide both denominators

153 & 78
into their smallest factors, and we obtain

780=2.2.3.5.13,
153=3.3.17.
We observe also that 2.2.13 = 52, while 3.17 =51, and we may
therefore show the relations between the numbers thus,
780 -3.5.52,
153 =3.51.
For convenience of comparison we multiply the numerator and

denominator of by 5 ; the two original fractions are then
1351 1325
15.52 *¢ 15.51°
50 that we can put Archimedes’ assumption in the form
1 351 1325
o> 1543> 07,
and this is seen to be equivalent to

1 1
26— 55> 1aJ3>96_5—1

Now 26-—51_2 = \/ 26"~1+(ﬁ> , and the latter expression
is an approximation to /26 ’——1

We have then 26 — — 5> J"G -1

As 26—51‘j was compared with 15./3, and we want an ap-
proximation to /3 itself, we divide by 15 and so obtain

l, (.,6 ) VI,

1 = 676 -1 675 = .
But ﬁ“/ 61 = \/__9.25 = :22r=~/3, and it follows

1
that 5 ( ) J3

The lower limit for /3 was given by
1 1
J3> B(26-51-),
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and a glance at this suggests that it may have been arrived at by
simply substituting (52 ~ 1) for 52.

Now as a matter of fact the following proposition is true. JIf
o’ +b 18 a whole number which is not a square, while o® is the nearest
square number (above or below the first number, as the case may be),
then

ai%> \/(zT_i-3>ai2—al;—l.

Hultsch proves this pair of inequalities in a series of propositions
formulated after the Greek manner, and there can be little doubt
that Archimedes had discovered and proved the same results in
substance, if not in the same form. The following circumstances
confirm the probability of this assumption.

(1) Certain approximations given by Heron show that he
knew and frequently used the formula

— A
Ja+ gt —,
- ~ Za

(where the sign o denotes “is approximately equal to”).

Thus he gives \/%N7+l_li’
V6308 - 1
16’
== 11
~/ THheo 8 + 16
(2) The formula Vo 4-—_bNa+9a—~b:i is used by the Arabian
Alkarkhi (11th century) who drew from Greek sources (Cantor,
p. 719 sq.).

It can therefore hardly be accidental that the formula
b - b
+— f+ + - =
atg > Ja _b>a__2ail
gives us what we want in order to obtain the two Archimedean
approximations to /3, and that in direct connexion with one
another®.

* Mosi of the a priori theories as to the origin of the approximstions are
open to the gerious objection that, as a rule, they give series of approximate
values in which the two now in question do not follow consecutively, but are
separated by others which do not eppear in Archimedes. Hultsch’s explanation
is much preferable as being free from this objection. But it is fair to say that
the actual formula used by Hultsch appears in Hunrath’s sclution of the puzzle
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We are now in a position to work out the synthesis as follows.

From the geometrical representation of &/3 as the perpendicular
from an angle of an equilateral triangle on the opposite side we

obtain +/2° 1= 4/3 and, as a first approximation,

2 - ; > ~/§
Using our formula we can transform this at once into
1 1
N3>2 8-y OF 2-3.

5
3

D)
which he would compare with 3, or "—97; i.e. he would put

Archimedes would then square (‘_’ - ;) or -, and would obtain

25
_9 ’
9F 9
V3= \/ {)9? and would obtain
1 1 s . 26 .
§(5-*5) > ~/3, e 35 > /3.
To obtain a still nearer approximation, he would proceed in the
676 . 675

395 with 3, or 595 whence it

_ 26% _ 1
would appear that V3=,/ '—2?)9, 1 ,

and therefore that —1-5 (26 — —) > /3 3,

26\*
same manner and compare (ﬁ) , Or

. 1351
that is, 780 > /3.

The application of the formula would then give the result

1 1
V3> o (26 - 5—2-‘1),

13. ~1 265
15.51 * °F 153"
The complete result would therefore be
1351 265
780 7 V3> 153

(Die Berechnung irrationaler Quadratwurzeln vor der Herrschaft der Decimal-
briiche, Kiel, 1884, p, 31; of. Ueber das Ausziehen der Quadratwurzel bet
Griechen und Indern, Hadersleben, 1883), and the same formula is implicitly
used in one of the solutions suggested by Tannery (Sur la mesure du cercle
d'Archimede in Mémoires de la soci€té des sciences physiques et maturelles de
Bordeauz, 2° série, 1v. (1882), p. 313-337).

that is, N3>

f2
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Thus Archimedes probably passed from the first approximation

7.5 5. 26 1351
3 to g from 3 to 15 780 °

approximation of all, from which again he derived the less close

The reason why he did not proceed to a still

, and from ?—g directly to the closest

a imation 26
pprox 153

nearer approximation than L is probably that the squaring of

135

780
this fraction would have brought in numbers much too large to be
conveniently used in the rest of his calculations. A similar reason

will account for his having started from g instead of z— ; if he had

used the latter, he would first have obtained, by the same method,
~/:_3=\/4_9%, and thence 7———4T1{> V3, or 2—2> +/3; the squaring
of 2?7; would have given ~/3=l/--§;-1 , and the corresponding
approximation would have given 5L68.—811 g N where again the numbers

are inconveniently large for his purpose.
§ 8. Approximations to the square roots of large
numbers.

Archimedes gives in the Measurement of a circle the following
approximate values:

(1) 30133 > /9082321,
(2) 18388 > +/3380929,
(3) 10093 > /1018405,
(4) 2017} > V4069284 g,
() 5911 < +/349450,

(6) 1172} < V137394332,
) 2339} < /54721322,

There is no doubt that in obtaining the integral portion
of the square root of these numbers Archimedes used the method
based on the Euclidean theorem (a + )" = a®+ 2ab + &' which has
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already been exemplified in the instance given above from Theon,

where an approximation to /4500 is found in sexagesimal fractions.
The method does not substantially differ from that now followed ; but
whereas, to take the first case, v9082321, we can at once see what
will be the number of digits in the square root by marking off pairs
of digits in the given number, beginning from the end, the absence
of a sign for 0 in Greek made the number of digits in the square
root less easy to ascertain because, as written in Greek, the number

R’iﬁﬂ(a' only contains six signs representing digits instead of seven.
Even in the Greek notation however it would not be difficult to see
that, of the denominations, units, tens, hundreds, etc. in the square
root, the units would correspond to «a’ in the original number, the

)
tens to Br, the hundreds to .{’l, and the thousands to M. Thus it
would be clear that the square root of 9082321 must be of the form

1000z + 100y + 10z + w0,

where z, y, , w can only have one or other of the values 0, 1, 2,...9.
Supposing then that z is found, the remainder & — (1000x)?, where
N is the given number, must next contain 2.1000x.100y and
(100y)°, then 2(1000x+100y).10z and (10z)%, after which the
remainder must contain two more numbers similarly formed.

In the particular case (1) clearly #=3. The subtraction of
(3000)* leaves 82321, which must contain 2.3000.100y. But, even
if ¥ is as small as 1, this product would be 600,000, which is greater
than 82321. Hence there is no digit representing hundreds in the
square root. To find 2, we know that 82321 must contain

2.3000. 10z + (10z)%,

and z has to be obtained by dividing 82321 by 60,000. Therefore
z=1. Again, to find w, we know that the remainder

(82321 ~2.3000.10-10%,

or 22221, must contain 2.3010w -~ «? and dividing 22221 by
2.3010 we see that w=3. Thus 3013 is the integral portion of
the square root, and the remainder is 22221 (2. 3010. 3 + 3%, or
4152.

The conditions of the proposition now require that the approxi-
mate value to be taken for the square root must not be less than
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the real value, and therefore the fractional part to be added to 3013
must be if anything too great. Now it is easy to see that the

fraction to be added is greater than % because 2.3013.‘1—,+<%) is
less than the remainder 4152. Suppose then that the number
required (which is nearer to 3014 than to 3013) is 3014—2,

and g has to be if anything too small.

Now (3014)* = (3013)" + 2. 3013 + 1 = (3013)* + 6027
= 9082321 - 4152 + 6027,

whence 9082321 == (3014)° - 1875.
By applying Archimedes’ formula Jatb<a + 2b_a , we obtain
181
- 9
3014—, ooy 9082321,

The required valuep has therefore to be not greater than OZ;

It remains to be explamed why Archimedes put for; the va.lue1

4
1507
6028"
fractions with unity for numerator and some power of 2 for
denominator because they contributed to ease in working, e.g. when
two such fractions, being equal to cach other, had to be added.

which is equal to ———=. In the first place, he evidently preferred

(The exceptions, the fractions 19—1 and (1;, are to be explained by

exceptional circumstances presently to be mentioned.) Further, in
the particular case, it must be remembered that in the subsequent

work 2911 had to be added to 3014—27 and the sum divided by 780,

or2.2.3.5.13. It would obviously lead to simplification if a
factor could be divided out, e.g. the best for the purpose, 13. Now,
dividing 2911 + 3014, or 5925, by 13, we obtain the quotient 455,

and a remainder 10, so that lO—g remains to be divided by 13.

Thereforeg has to be so chosen that 10g — p is divisible by 13, while

5
‘g approximates to, but is not greater than, éf);——;—g The solution

p»=1,¢g=4 would therefore be natural and easy.
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(2) «/3380929.

The usual process for extraction of the square root gave as the
integral part of it 1838, and as the remainder 2685. As before, it
was easy to see that the exact root was nearer to 1839 than to 1838,
and that

/3380929 = 1838* + 2685 = 1839* — 2. 1838 — 1 + 2685

=1839% - 992,
The Archimedean formula then gave
992 T Y
- " 9
1839 — 5 ¢ag > /3380929.

It could not have escaped Archimedes that } WAaS a near approxima-

999 1984 . 1 1839 1 . .
3678 °F 7356 since 1™ 7356° and i would have satisfied

the necessary condition that the fraction to be taken must be less

tion to

than the real value. Thus it is clear that, in taking % as the

approximate value of the fraction, Archimedes had in view the
simplification of the subsequent work by the elimination of a factor,

If the fraction be denoted by f—;, the sum of 1839—§ and 1823, or

3662 —}—;, had to be divided by 240, i.e. by 6.40. Division of 3662
by 40 gave 22 as remainder, and then p, ¢ had to be so chosen that

22—‘2 was conveniently divisible by 40, while %’ was less than but
9
approximately equal to 396?7:2‘3 . The solution p =2, ¢ =11 was easily

seen to satisfy the conditions.

(8) ~I018405.
The usua! procedure gave 1018405 =1009°+324 and the ap-

proximation

324 —
1009 J5os > ~1018405.

. 324
It was here necessary that the fraction to replace 3018 should be
greater but approximately equal to it, and % gatisfied the conditions,

while the subsequent work did not require any change in it.
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(4) /4069284

The usual process gave 40692847 =2017° + 9954 ; it followed
that
36.995 +1
36.2.2017
and 2017} was an obvious value to take as an approximation
somewhat greater than the left side of the inequality.

2017 + > /4069284 L

(5) ~/349450.

In the case of this and the two following roots an approximation
had to be obtained which was less, instead of greater, than the true
value. Thus Archimedes had to use the second part of the formula

b s .5

aiz—a>~/a ib>ai:?ail_'
In the particular case of /349450 the integral part of the root is
591, and the remainder is 169. This gave the result

169 169
9L+ 5 5oi 27591417
and since 169=13° while 2.591+1=7.13% it resulted without
further calculation that

349450 > 5911,

Why then did Archimedes take, instead of this approximation,
another which was not so close, viz. 59117 The answer which the
subsequent working and the other approximations in the first part of
the proof suggest is that he preferred, for convenience of calculation,

> /349450 > 591 +

to use for his approximations fractions of the form 0—1" only. But he
could not have failed to see that to take the nearest fraction of this
form, %, instead of ; might conceivably affect his final result and

make it less near the truth than it need be. As a matter of fact,
as Hultsch shows, it does not affect the result to take 5913 and to
work onwards from that figure. Hence we must suppose that
Archimedes had satisfied himself, by taking 591} and proceeding on
that basis for some distance, that he would not be introducing any
appreciable error in taking the more convenient though less accurate
approximation 5913.
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(6) J137394333.
In this case the integral portion of the root is 1172, and the
remainder 35933. Thus, if B denote the root,

35933
21172+ 1

>1n2+21§€ | » @ fortiori.

Now 2.1172+1=2345; the fraction accordingly becomes

R>1172+

359
2345’
5 . - . -

and = ( 2351 3 satisfies the necessary conditions, viz. that it must
be a.pproxnma.tely equal to, but not greater than, the given fraction.
Here again Archimedes would have taken 1172} as the approximate
value but that, for the same reason as in the last case, 11721 was
more convenient.

Ty JBET2132.,
The integral portion of the root is here 2339, and the remainder
1211%;, so that, if B is the exact root,
121145
2.2339+1
> 2339}, a fortiort.
A few words may be added concerning Archimedes’ ultimate
reduction of the inequalities

R>2330+

6674 .b4}
3+;46'4’_3§>">3 701,}
. 1 10
to the simpler result 3 7 >w>3 e
As a matter of fact 1 667% so that in the first fraction it was
7 467%’

only necessary to make the small change of diminishing the de-
nominator by 1 in order to obtain the simple 3;.

. 2841 1137
As regards the lower limit for =, we see that 201% 8069° ® and

Hultsch ingeniously suggests the method of trying the effect of
increasing the denominator of the latter fraction by 1. This
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1137 379 : - .
8070 °F 2690° and, if we divide 2690 by 379, the quotient

is between 7 and 8, so that

produces

379 1
72690 78
Now it is a known proposition (proved in Pappus vii. p. 689)

a a+c¢
57 b+d

Similarly it may be proved that

1
7

that, if ¢ >— then

a+c [
b+d  d
It follows in the above case that
379 379+1 1
2690~ 2690+ 8~ 8’
which exactly gives ;—(1) > 1

10, 379 1
and 7— is very much nearer to 2690 than

Note on alternative hypotheses with regard to the
approximations to N3.

For a description and examination of all the various theories put
forward, up to the year 1882, for the purpose of explaining Archimedes’
approximations to /3 the reader is referred to the exhaustive paper by
Dr Siegmund Gunther, entitled Dze guadratischen Irrationalitaten der Alten
und deren Entwickelungsmethoden (Leipzig, 1882). The same author gives
further references in his Abriss der Geschickte der Mathematik und der Natur-
wissenschaften tm Altertum forming an Appendix to Vol. v. Pt. 1 of Iwan von
Miiller's Handbuch der klassischen Altertums-wissenschaft (Miinchen, 1894),

Giinther groups the different hypotheses under three general heads :

(1) those which amount to a more or less disguised use of the
method of continued fractions and under which are included the solutions
of De Lagny, Mollweide, Hauber, Buzengeiger, Zeuthen, P. Tannery (first
solution), Heilermann;

(2) those which give the approximations in the form of a series

of fractions such as a-f-l + 1 + 1 +...; under this class come the
@ N9 9ss

solutions of Radicke, v. Pessl, Rodet (with reference to the Gulvasttras),

Tannery (second solution);
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(3) those which locate the incommensurable surd between a greater
and lesser limit and then proceed to draw the himts closer and closer.
This class includes the solutions of Oppermann, Alexejeff, Schinborn,
Huurath, though the first two are also connected by Guinther with the
method of continued fractions.

Of the methods so distinguished by Giinther only those need be here
referred to which can, more or less, claim to rest on a historical basis
in the sense of representing applications or extensions of principles laid
down in the works of Greek mathematicians other than Archimedes which
have come down to us. Most of these quasi-historical solutions connect
themselves with the system of side- and diagonal-numbers (whevpixoi and
Siaperpuxoi dpifuol) explained by Theon of Smyrna (c. 130 A.p.) in a work
which was intended to give so much of the principles of mathematics as
was necessary for the study of the works of Plato.

The side- and diagonal-numbers are formed as follows, We start with
two umts, and (@) from the sum of them, (b) from the sum of twice
the first unit and once the second, we form two new numbers ; thus

1.1+1=2, 2.1+1=3.

Of these numbers the first is a side- and the second a diagonal-number
respectively, or (as we may say)

a,=2, d,=3.
In the same way as these numbers were formed from ¢,=1, d,=1, suc-
cessive pairs of numbers are formed from a,, d,, and 8o on, in accordance

with the formula
Ap 41 =Cn+dy, dpp1=2ay+d,,
whence we have
ag=1.2+3=5, d,=2.243=17,
a=1.5+7=12, d,=2.547=17,
and so on.
Theon states, with reference to these numbers, the general proposition

which we should express by the equation
d.i=2a2+1,
The proof (no doubt omitted because it was well-known) is simple. For
we have
ai 20, =(2ay 1+ du_ 1 - 2(@n_ytdy-y)

=2a,_,*~dy-?

=~ (dp-r®~ 204 _")

= +(dn—22_2al-22)! and s0 on,
while d;2—2¢,2= — 1 ; whence the proposition is established.

Cantor has pointed out that any one familiar with the truth of this
proposition could not have failed to observe that, as the numbers were
successively formed, the value of d,2/a,? would approach more and more
nearly to 2, and consequently the successive fractions dy/a, would give
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nearer and nearer approximations to the value of /2, or in other words that
137 17 4
1 ] 2 ] 5 }) 12 ) E tevenes
are successive approximations to #/2. It is to be observed that the third
of these approximations, g. is the Pythagorean approximation which

appears to be hinted at by Plato, while the above scheme of Theon,
amounting to a method of finding all the solutions in positive integers of
the indeterminate equation
222~ yt= %1,

and given in a work designedly introductory to the study of Plato,
distinctly suggests, as Tannery has pointed out, the probability that even
in Plato’s lifetime the systematic investigation of the said equation had
already begun in the Academy. In this connexion Proclus’ commentary
on Eucl 1. 47 is interesting. Tt is there explained that in isosceles
right-angled triangles “it is not possible to find numbers corresponding to
the sides; for there is no square number which is double of a square
except in the sense of approximately double, e.g. 72 is double of 5% less 1.”
When it is remembered that Theon’s process has for its object the finding
of any number of squares differing only by unity from double the squares
of another series of numbers respectively, and that the sides of the two
sets of squares are called diagonal- and side-numbers respectively, the
conclusion becomes almost irresistible that Plato had such a system in
mind when he spoke of pnryy 3udperpos (rational diagonal) as compared
with dppnros Suduerpos (irrational diagonal) rjs mepmados (cf. p. Ixxviii above).

One supposition then is that, following & similar line to that by which
successive approximations to 4/2 could be obtained from the successive
solutions, in rational numbers, of the indeterminate equations 212 — y2=+1,
Archimedes set himself the task of finding all the solutions, in rational
numbers, of the two indeterminate equations bearing & similar relation
to 4/3, viz.

7% -3yt=1,
22-3yt=-2.

Zeuthen appears to have been the first to connect, eo nomine, the ancient
approximations to 4/3 with the solution of these equations, which are also
made by Tannery the basis of his first method. But, in substance, the
same method had been used as early as 1723 by De Lagny, whose
hypothesis will be, for purposes of comparison, described after Tannery’s
which it so exactly anticipated.

Zeuthen's solution.

After recalling the fact that, even before Euclid’s time, the solution
of the indeterminate equation 23+ y?=2* by means of the substitutions

Zz =mn, Y= - 5—, 2= - ————
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was well known, Zeuthen concludes that there could have been no
difficulty in deducing from Eucl. 1. 5 the 1dentity

3 (mn)t+ <m2 ; 3n’)2 _ (mg-;-.'}nz)z’
from which, by multiplying up, it was easy to obtain the formula
3 (2mn)2+(m® - 3n?)?=(m2+3n?)%
If therefore one solution m?— 3n?=1 was known, a second could at once
be found by putting

z=m?+3nf,  y=2mn.
Now obviously the equation
m?~3nt=1

18 satisfied by the values m=2, a=1; hence the next solution of the
equation
2= 3yi=1
is r=2:43.1=7, y=2.2.1=4;
and, proceeding in hike manner, we have any number of solutions as
z,=TI43.42=97,  y,=2.7.4="56,

2,=972+3.56°=18817,  y,=2.97.56=10864,
and so on,

Next, addressing himself to the other equation

22— 3y?= -2,
Zeuthen uses the identity

(m+3n)2—3 (m+n)t= — 2 (m*—3n?).
Thus, 1f we know one solution of the equation m?—3a2=1, we can proceed
to substitute
r=m+3n, y=m+n
Suppose m=2, n=1, as before ; we then have
r, =5, ¥, =3.
If we put x,=2,+3y,=14, y,=x,+y,=8, we obtain
n_l4_7
¥y 8 4
(and m=7, n=4 is seen to be a solution of m?—3n2=1).
Starting again from z,, y,, we have
z,=38, ¥3=22,
and :;Z’ = %’
(m=19, n=11 being a solution of the equation m?—3n?= - 2);
z,=104, ¥4=60,
z_26
Yy 16

whence
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(and m=26, n=15 satisfies m?-3n?=1),
2,=284,  y;=164,
or % T .
y; 41
Similarly §:=%g, %:%gg, and so on.
This method gives all the successive approximations- to 4/3, taking
account as it does of both the equations
22-3yt=1,
22— 3y2 =2,

Tannery's first solution.
Tannery asks himself the question how Diophantus would have set
about solving the two indeterminate equations. e takes the first equation

in the generalised form
22—ay?=1,

and then, assuming one solution (p, ¢) of the equation to be known, he

supposes
p=mz-p, @=z+q

Then 2% - ag 2= m32% — 2mpx + p? — ax®—2aqr - ag’=1,
whence, since p2—ag?=1, by hypothesis,
z=2. ﬁ]—;igg ,
mc-a
m2+a) p+ 2ar Qmp+(mi+a
80 that py=" WL?LT_"Z, = PTngf_ia_)_q’

and p?-ag®=1.
The values of p,, g, 80 found are rational but not necessarily integral ;
if integral solutions are wanted, we have only to put
py= (u®+av®) p+2auvg, ¢, =2puv+ (u*+avd)q,
where (x, ») is another integral solution of 22 - ay?=1.
Generally, if (p, ¢) be a known solution of the equation
zt—ayt=r,
suppose p,=ap+8q, ¢;=yp+ 3¢, and il suffit pour déterminer a, 8, v, 8 de
connaltre les trois groupes de solutions les plus simples et de résoudre
deux couples d’équations du premier degré 3 deux inconnues.” Thus
(1) for the equation
22— 3yt=1,
the first three solutions are
(p=1,9=0), (p=2,¢=1), (p=T,9=4)
2=a 7= +3
1=7} and 4=21+3}’

80 that a=2, 8=3, y=1,38=¢,

whence
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and it follows that the fourth solution is given by
p=2.7+3.4=26,
¢=1.7+2.4=15;

(2) for the equation 22— 3y*= -2,

the first three solutions being (1, 1), (5, 3), (19, 11), we have

R en)
whence a=2, 8=3, y=1, 8=2, and the next solution is given by
p=2.19+3.11=71,

g=1.19+2.11=41,
and so on.
Therefore, by using the two indeternnnate equations and proceeding as
shown, all the successive approximations to a’3 can be found.
Of the two methods of dealing with the equations it will be seen that
Tannery’s has the advantage, as compared with Zeuthen’s, that it can be
applied to the solution of any equation of the form 22— ay?=r.

De Lagny's method.

The argument is this. If v3 could be exactly expressed by an im-
proper fraction, that fraction would fall between 1 and 2, and the square of
its numerator would be three times the square of its denominator. Since
this is impossible, two numbers have to be sought such that the square of
the greater differs as little as possible from 3 times the square of the
smaller, though it may be ecither greater or less. De Lagny then evolved
the following successive relations,

=3.1241, 52=3.32—2 T:=3.42+1, 19¢=3.11%-
262=3.152+1, 71?=3.41¢—2, etc.
From these relations were derived a series of fractions greater than V3,

viz. ? Z ?g, etc., and another series of fractions less than V3, viz.
g, %’, %, etc. The law of formation was found in each case to be that, if
’
%’ was one fraction in the series and *;i, the next, then
P_2p+3q
¢ p+2q’
This led to the results
2 7. 92 _ 97_362_ 1351 =
123717567209 78 ...>~/3,
and 5 19 .71 265 989 3691 <~/~

3<I<n<153<511 <3131
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while the law of formation of the successive approximations in each series
is precisely that obtained by Tannery as the result of treating the two
indeterminate equations by the Diophantine method.

Hetlermann's method.

This method needs to be mentioned because it also depends upon a
generalisation of the system of side- and diagonal-numbers given by Theon
of Smyrna.

Theon’s rule of formation was

S»=Sn—1+Dn-—la D =28 n—1+Da-1;
and Heilermann simply substitutes for 2 in the second relation any
arbitrary number a, developing the following scheme,

8 =8g+Dy,  Dy=a8+ Dy,
S=814D,, D,=aS+D,
83=8;+D,, D;=ua8,+D,,

8y=8Sau+D,;, D,=aS,  +D,_,.
It follows that
a82=aSn*+2a8,-, Dy +aD, 2,
D2=a?8,.24+2a8, Dy _,+ D%
By subtraction, D2—a8,2=(1-a)(D, 2—aS, >
=(1-a)?(Dy_s*~ aSy—,?), similarly,

(1-a)y" (D aSe?).
This corresponds to the most general form of the “ Pellian” equation

It

2% — ay?t=(const.).
If now we put D,=,=1, we have
D,.“ (l - a)ﬂ +1
R KA
from which it appears that, where the fraction on the right-hand side

approaches zero as n increases, % is an approximate value for Va.
n
Clearly in the case where a=3, D;=2, S,=1 we have
D,_2 D,_5 D,_14_ 7 Dy 19 D, 52 2
§ 175 3 5 8 4§ 11’ § 30 15
D, _71 D, 194 97 D, 265
S, 41 §, 12756 5, 163’
and so on.
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But the method 13, as shown by Heilermann, more rapid if 1t is used to
find, not 4/, but bw/a, where b is so chosen as to make b2 (which takes
7

the place of @) somewhat near to unity. Thus suppose a=2

35,7 90 that
A/&:zgx/.'—i, and we then have (putting D,=S8,=1)
52 - 5 26 26
¢ _52 fae0? 26 26
8§;=2, D 35’ and \3:\:3.25, or
102 54+52_ 106 = o 106 265
Sy=g5» D= g5 =55 sd ¥3eoz. o, or o,
S __208 _102.27 &6 _34_(_)4
3T 95 3T 25.25 7 25 7 25.25°

oo 01 0 1801

25.208° 3’ 780
This is one of the very few instances of success in bringing out the two
Archimedean approximations in immediate sequence without any foreign
values intervening. No other methods appear to connect the two values
in this direct way except those of Hunrath and Hultsch depending on the
formula

and

A
2 >a? + .
ats- Va tb>oa_2ail

We now pass to the second class of solutions which develops the
approximations in the form of the sum of a series of fractions, and under
this head conies

Tannery's second method.

This may be exhibited by means of its application (1) to the case of the
square root of a large number, e.g. /349450 or 4/571°+ 23409, the first of
the kind appearing in Archimedes, (2) to the case of 4/3.

(1) TUsing the formula

— b
2 2
Va +bN(l+2a,

we try the effect of putting for /5717423309 the expression

23409
571+ iz

It turns out that this gives correctly the integral part of the root, and we
now suppose the root to be

571420+ 1 .
m
Squaring and regarding "%2 as neghgible, we have

57124400+ 22840+ l::—2 + %: 5712+ 23409,
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whence 1182 =169,
m
and l—-ﬁ>l
m~ 11827 7°
so that /349450 > 591 _11
(2) Beanng in mind that
/2. ..
Na +b(~:a+2 +1,
we have A3=4/12 +2N1+2 1+1
5
[ 1+.—, or 3

Assuming then that /3 = (g 71) squaring and neglectmg 5, We obtain

25 10
R
whence m=15, and we get as the second approximation
5 1 26
3t Ty
We have now 262-3.16%=1

and can proceed to find other approxlmatmns by means of Tannery’s first
method.

2 1\?
Or we can also put (1+3+10+ ) =3,
and, neglecting ;}—2, we get
262 52

AR LT
whence n=—15. 52= ~ 780, and

.
\/3N(1+2+ 1 1 1301)'

37157 780 780
. . 1351 .
It is however to be observed that this method only connects 780 with

5 ?gg, to obtain which
Tannery implicitly uses a particular case of the formula of Hunrath and
Hultsch,

Rodet's method was apparently invented to explain the approximation
in the Qulvasttras*

26 and not with the intermediate approximation

1 1
“/2“”3'*3._4‘3.4.34’

* Bee Cantor, Vorlesungen fiber Gesch. d. Math. p. 600 sq.
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. oo 4 .
but, given the approximation ;, the other two successive approximations

indicated by the formula can be obtained by the method of squaring just
described ® without such elaborate work as that of Rodet, which, when

applied to 4/3, only gives the same results as the simpler method,

Lastly, with reference to the third class of solutions, it may be
mentioned
(1) that Oppermann used the formula

a+bd
2

- 2ab
>\/a1) >a_+b’

2 -

which gave successively 1> V3 >g s
12
7 ’
97 ~_ 168
567 V3> g7
but only led to one of the Archimedean approximations, and that by
combining the last two ratios, thus

971168 _ 265

56+97 163’
(2) that Schénborn came somewhat near to the formula successfully used
by Hunrath and Hultsch when he proved+ that

7 -
Z>‘\/3>

b b
+2 > /a2 +b A
a_2a>~/a + >ai2at«/b

* Cantor had already pointed this out in his first edition of 1880.
+ Zeitschrift fiir Math. u. Physik (Hust. litt. Abthelung) xxviir. (1883),
p. 169 8q.



CHAPTER V.
ON THE PROBLEMS KNOWN AS NETZEIZ.

TaE word veloiws, commonly inclinatio in Latin, is difficult to
translate satisfactorily, but its meaning will be gathered from some
general remarks by Pappus having reference to the two Books of
Apollonius entitled vedoers (now lost). Pappus says*, “A line is
said to verge (veew) towards a point if, being produced, it reach the
point,” and he gives, among particular cases of the general form of
the problem, the following.

“Two lines being given in position, to place between them a
straight line given in length and verging towards a given point.”

“If there be given in position (1) a semicircle and a straight
line at right angles to the base, or (2) two semicircles with their
bages in a straight line, to place between the two lines a straight
line given in length and verging towards a corner (ywviav) of a
semicircle.”

Thus a straight line has to be laid across two lines or curves so
that it passes through a given point and the intercept on it between
the lines or curves is equal to a given lengtht.

§ 1. The following allusions to particular vevoes are found in
Archimedes. The proofs of Props. 5, 6, 7 of the book On Spirals
use respectively three particular cases of the general theorem that,

* Pappus (ed. Hultsch) vi1. p. 670.

4+ In the German trapslation of Zeuthen’s work, Die Lehre von den
Regelscknitten im Altertum, vebos is translated by ¢ Einschiebung,’” or as we
might say * insertion,” but this fails to express the condition that the required
line must pass through a given point, just as inclinatio (and for that matter the
Greek term itself) fails to express the other requirement that the intercept on
the line must be of given length.
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if A be any point on a circle and BC any diameter, it i possible to
draw through 4 a straight line, meeting the circle again in P and
BC produced in R, such that the intercept PR is equal to any given

length. In each particular case the fact is merely stated as true
without any explanation or proof, and

(1) Prop. 5 assumes the case where the tangent at 4 is parallel
to BC,

(2) Prop. 6 the case where the points 4, 7 in the figure are
interchanged,

(3) Prop. 7 the case where 4, P are in the relative positions
shown in the figure.

Again, (4) Props. 8 and 9 each assume (as before, without proof,
and without giving any solution of the
implied problem) that, if A&, BC' be two
chords of a circle intersecting at right
angles in a point D suck that BD > DC,
then it i8 possible to draw through A
another line ARP, neeting BC in R and
the circle again in P, such that PR = DE.

Lastly, with the assumptions in Props.
5, 6, 7 should be compared Prop. 8 of the
Liber Assumptorum, which may well be
due to Archimedes, whatever may be said of the composition of the
whole book. This proposition proves that, if in the first figure
APR i3 g0 drawn that PR is equal to the radius OP, then the arc
AB s three times the arc PC. In other words, if an arc 4B of a
circle be taken subtending any angle at the centre 0, an arc equal
to one-third of the given arc can be found, <.e, the given angle can be
trisected, of only APR can be drawn through A in such a manner

E
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that the intercept PR between the circle and BO produced is equal to
the radius of the circle. Thus the trisection of an angle is reduced to
a vebots exactly similar to those assumed as possible in Props. 6, 7
of the book On Spirals.

The veloes so referred to by Archimedes are not, in general,
capable of solution by means of the straight line and circle alone,
as may be easily shown. Suppose in the first figure that x
represents the unknown length OR, where O is the middle point
of BC, and that % is the given length to which P2 is to be equal;
also let 0D =a, AD =5, BC = 2¢c. Then, whether BC be a diameter
or (more generally) any chord of the circle, we have

AR.RP=BR. RC,
and therefore kbt (z—a)=at-c

The resulting equation, after rationalisation, is an equation of the
fourth degree in z; or, if we denote the length of 4R by y, we have,
for the determination of x and y, the two equations

y=(@-a)}+¥

ky=x*~-¢c* }
In other words, if we have a rectangular system of coordinate
axes, the values of x and y satisfying the conditions of the problem
can be determined as the coordinates of the points of intersection of
a certain rectangular hyperbola and a certain parabola.

In one particular case, that namely in which D coincides with O
the middle point of BC, or in which 4 is one extremity of the
diameter bisecting BC at right angles, a =0, -and the equations
reduce to the single equation

Y -ky=6+7,
which is a quadratic and can be geometrically solved by the

traditional method of application of areas: for, if » be substituted
for y — £, so that u = AP, the equation becomes
wu (k+u)=b"+c,
and we have simply “to apply to a straight “live of length % a
rectangle exceeding by a square figure and equal to a given
area (6°+c%).”
The other vetos referred to in Props. 8 and 9 can be solved in

the more general form where %, the given length to which PR
is to be equal, has any value within a certain maximum and is not
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necessarily equal to DE, in exactly the same manner; and the two
equations corresponding to (a) will be for the second figure

¥ o (a—x)+8"

kyzig_ ¥ } ........................ (B).

Here, again, the problem can be solved by the ordinary method
of application of areas in the particular case where AZ is the
diameter bisecting BC at right angles; and it is interesting to note
that this particular case appears to be assumed in a fragment
of Hippocrates’ Quadrature of lumes preserved in a quotation
by Simplicius* from Eudemus’ History of Geometry, while Hippo-
crates flourished probably as early as 450 m.c.

Accordingly we find that Pappus distinguishes different classes
of vejoes corresponding to his classification of geometrical problems
in general. According to him, the Greeks distinguished three kinds
of problems, some being plane, others solid, and others linear. He
proceeds thus: ‘“ Those which can be solved by means of a straight
line and a circumference of a circle may properly be called plane
(éwimeda); for the lines by means of which such problems are
solved have their origin in a plane. Those however which are
solved by using for their discovery (efpesw) one or more of the
sections of the cone have been called solid (oreped); for the
construction requires the use of surfaces of solid figures, namely,
those of cones, There remains a third kind of problem, that
which is called linear (ypappuxdv); for other lines [curves] besides
those mentioned are assumed for the construction whose origin
is more complicated and less natural, as they are generated from
more irregular surfaces and intricate movements.” Among other
instances of the linear class of curves Pappus mentions spirals, the
curves known as quadratrices, conchoids and cissoids. He adds
that “it seems to be a grave error which geometers fall into
whenever any one discovers the solution of a plane problem by
weans of conics or linear curves, or generally solves it by means of
a foreign kind, as is the case, for example, (1) with the problem in
the fifth Book of the Conics of Apollonius relating to the parabolat,

* Simplicius, Comment. in Aristot. Phys. pp. 61—68 (ed. Diels). The whole
quotation is reproduced by Bretachneider, Die Geometrie und die Geometer vor
Eukldes, pp. 109—121. As regards the assumed construction see particularly
p. 64 and p. xxiv of Diels’ edition; cf. Bretschneider, pp. 114, 115, and Zeuthen,
Die Lekre von den Kegelschnitten v Altertum, pp. 269, 270.

+ Pappus 1v. pp. 270—272.
1 Cf. Apollomus of Perga, pp. cxxviii. exxix.



civ INTRODUCTION.,

and (2) when Archimedes assumes in his work on the spiral a
vevois of a solid character with reference to a circle; for it is
possible without calling in the aid of anything solid to find the
[proof of the] theorem given by the latter [ Archimedes], that is, to
prove that the circumference of the circle arrived at in the first
revolution is equal to the straight line drawn at right angles to the
initial line to meet the tangent to the spiral.”

The “solid vebous ” referred to in this passage is that assumed to
be possible in Props. 8 and 9 of the book On Spirals, and is mentioned
again by Pappus in another place where he shows how to solve the
problem by means of conics®. This solution will be given later, but,
when Pappus objects to the procedure of Archimedes as unorthodox,
the objection appears strained if we consider what precisely it is that
Archimedes assumes. It is not the actual solution which is assumed,
but only its posstbility ; and its possibility can be perceived without
any use of conics. For in the particular case it is only necessary,
as & condition of possibility, that DE in the second figure above
should not be the maximum length which the intercept PR could
have a8 APR revolves about A4 from the position ADF in the
direction of the centre of the circle; and that DE is not the
maximum length which PR can have is almost self-evident. In
fact, if P, instead of moving along the circle, moved along the
straight line through £ parallel to BC, and if A RP moved from the
position ADE in the direction of the centre, the length of R would
continually increase, and a fortiori, so long as P is on the arc of the
circle cut off by the parallel through £ to BC, R must be greater
in length than DE; and on the other hand, as ARP moves further
in the direction of B, it must sometime intercept a length PR
equal to DE before I reaches B, when PR vanishes. Since, then,
Archimedes’ method merely depends upon the theoretical possibility
of a solution of the velois, and this possibility could be inferred
from quite elementary considerations, he had no occasion to use
conic sections for the purpose immediately in view, and he cannot
fairly be said to have solved a plane problem by the use of conics.

At the same time we may safely assume that Archimedes
was in possession of a solution of the vebous referred to. But there
18 no evidence to show how he solved it, whether by means of conics,
or otherwise, That he would have been able to effect the solution,

* Pappus 1v. p. 298 &q.
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as Pappus does, by the use of conics cannot be doubted. A precedent
for the introduction of conics where a “solid problem” had to be
solved was at hand in the determination of two mean proportionals
between two unequal straight lines by Menaechmus, the inventor of
the conic sections, who used for the purpose the intersections of a
parabola and a rectangular hyperbola. The solution of the cubic
equation on which the proposition On the Sphere and Cylinder 11. 4
depends is also effected by means of the intersections of a parabola
with a rectangular hyperbola in the fragment given by Eutocius
and by him assumed to be the work of Archimedes himself*,

‘Whenever a problem did not admit of solution by means of the
straight line and circle, its solution, where possible, by means of
conics was of the greatest theoretical importance. First, the
possibility of such a solution enabled the problem to be classified
as a “solid problem ”; hence the importance attached by Pappus
to solution by means of conics. But, secondly, the method had
other great advantages, particularly in view of the requirement that
the solution of a problem should be accompanied by a biopiouds
giving the criterion for the possibility of a real solution. Often too
the Sioprrpds involved (as frequently in Apollonius) the determination
of the number of solutions as well as the limits for their possibility.
Thus, in any case where the solution of a problem depended on the
intersections of two conics, the theory of conics afforded an effective
means of investigating Siopiopol.

§ 2. But though the solution of “solid problems” by means of
conics had such advantages, it was not the only method open to
Archimedes. An alternative would be the use of some mechanical
construction such as was often used by the Greek geometers and is
recognised by Pappus himself as a legitimate substitute for conics,
which are not easy to draw in a planef. Thus in Apollonius’
solution of the problem of the two mean proportionals as given by
Eutocius a ruler is supposed to be moved about a point until the
points at which the ruler crosses two given straight lines at right
angles are equidistant from a certain other fixed point; and the
same construction is also given under Heron’s name. Another
version of Apollonius’ solution is that given by Ioannes Philoponus,
which assumes that, given a circle with diameter OC and two

* See note to On the Sphere and Cylinder, 11. 4.
+ Pappus 1. p. 54.
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straight lines 0D, OF through O and at right angles to one
another, a line can be drawn through C, meeting the circle again
in F and the two lines in D, F respectively, such that the in-
tercepts CD, FE are equal. This solution was no doubt discovered
by means of the intersection of the circle with a rectangular hyper-
bola drawn with 0D, OF as asymptotes and passing through C;
and this supposition accords with Pappus’ statement that Apollonius
solved the problem by means of the sections of the cone®. The
equivalent mechanical construction is given by Eutocius as that
of Philo Byzantinus, who turns a ruler about C until CD, FE are
equal f.

Now clearly a similar method could be used for the purpose of
effecting a vebois. We have only to suppose a ruler (or any object
with a straight edge) with two marks made on it at a distance
cqual to the given length which the problem requires to be
intercepted between two curves by a line passing through the
fixed point; then, if the ruler be so moved that it always passes
through the fixed point, while one of the marked points on it follows
the course of one of the curves, it is only necessary to move the
ruler until the second marked point falls on the other curve. Some
such operation as this may have led Nicomedes to the discovery of
his curve, the conchoid, which he introduced (according to Pappus)
into his doubling of the cube, and by which he also trisected an
angle (according to the same authority). From the fact that
Nicomedes is said to have spoken disrespectfully of Eratosthenes’
mechanical solution of the duplication problem, and therefore must
have lived later than Eratosthenes, it is concluded that his date
must have been subsequent to 200 B.c., while on the other hand
he must have written earlier than 70 B.c., since Geminus knew the
name of the curve about that date; Tannery places him between
Archimedes and Apollonius{. While therefore there appears to
be no evidence of the use, before the time of Nicomedes, of such
a mechanical method of solving a veioes, the interval between
Archimedes and the discovery of the conchoid can hardly have
been very long. As a matter of fact, the conchoid of Nicomedes
can be used to solve not only all the vedoeis mentioned in Archimedes
but any case of such a problem where one of the curves is a straight

* Pappus 111. p. 56.
1 For fuller details see Apollonius of Perga, pp. cxxv—cxxvii.
T Bulletin des Sciences Mathématiques, 2° série vir. p. 284,
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line. Both Pappus and Eutocius attribute to Nicomedes the inven-
tion of a machine for drawing his conchoid. 42 is supposed to be

a ruler with a slot in it parallel to its length, #E a second ruler at
right angles to the tirst with a fixed peg in it, C. This peg moves
in & slot made in a third ruler parallel to its length, while this
ruler has a fixed peg on it, D, in a straight line with the slot in
which € moves ; and the peg D can move along the slot in 48. 1f
then the ruler PD moves so that the peg D describes the length of
the slot in A8 on each side of F, the extremity of the ruler, P,
describes the curve which is called a conchoid. Nicomedes called
the straight line 4B the ruler (xavdy), the fixed point C the pole
(méXos), and the length PD the distance (Sudoryua); and the
fundamental property of the curve, which in polar coordinates
would now be denoted by the equation r=a +bsec§, is that, if
any radius vector be drawn from C to the curve, as C'P, the length
intercepted on the radius vector between the curve and the straight
line AR is constant. Thus any vetois in which one of the two
given lines is a straight line can be solved by means of the
intersection of the other line with a certain conchoid whose pole
is the fixed point to which the required straight line must verge
(vevew). In practice Pappus tells us that the conchoid was not
always actually drawn, but that “some,” for greater convenience,
moved the ruler about the fixed point until by trial the intercept
was made equal to the given length*.

§ 8. The following is the way in which Pappus applies
conic sections to the solution of the vedos referred to in Props. 8, 9
of the book On Spirals. He begins with two lemmas.

* Pappus 1v, p. 246.
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(1) If from a given point 4 any straight line be drawn meeting
a straight line BC given in position in R, and if RQ be drawn
perpendicular to BC and bearing a given ratio to AR, the locus of
@ is a hyperbola.

For draw 4D perpendicular to BC, and on 47 produced take 4’
such that
QF : RA = A'D : D.t = (the given ratio).
Measure DA” along DA equal to DA’
Then, if QN be perpendicular to AN,
(AR*— AD?) : (QR® - A'D?) = (const.),
or QN®*: A'N. A"N = (const.)

(2) If BC be given in length, and if RQ, a straight line drawn
at right angles to BC from any point R on it, be such that
BR.RC=k.RQ,
where % is a straight line of given length, then the locus of @ isa
parabola.
Let O be the middle point of BC, and let OK be drawn at right
angles to it and of such length that

0C*=k. KO.
Draw QN' perpendicular to OX.
Then QN'*=0R*_0C*-BR. RC

=k.(KO — RQ), by hypothesis,
=k. KN
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In the particular case referred to by Archimedes (with the slight
generalisation that the given length % to which PR is to be equal is
not necessarily equal to DE) we have

(1) the given ratio RQ : AR is unity, or RQ = AR, whence A"
coincides with 4, and, by the first, lemma,
QN*=AN . A'N,
so that @ lies on a rectangular hyperbola,

(2) BR. RC=AR . RP=k. AR _k. RQ, and, by the second
lemma, @ lies on a certain parabola.

If now we take O as origin, OC as axis of .« and OK as axis of ,
and if we put 0D =a, AD =05, BC = 2¢, the hyperbola and parabola
determining the position of ¢ are respectively denoted by the
equations

(e —xP =y -5

¢ - - ky,
which correspond exactly to the equations (8) above obtained by
purely algebraical methods.

Pappus says nothing of the Siwopwruds which is necessary to the
complete solution of the generalised problem, the Siwpwuds namely
which determines the maximum value of % for which the solution is
possible. This maximum value would of course correspond to the
case in which the rectangular hyperbola and the parabola touch one
another. Zeuthen has shown* that the corresponding value of £ can
be determined by means of the intersection of two other hyperbolas or
of a hyperbola and a parabola, and there is no doubt that Apollonius,
with his knowledge of conics, and in accordance with his avowed
object in giving the properties useful and necessary for Sopiruoi,
would have been able to work out this particular 8wopiouss by means
of conies; but there is no evidence to show that Archimedes investi-
gated it by the aid of conics, or indeed at all, it being clear, as shown
above, that it was not necessary for his immediate purpose.

This chapter may fitly conclude with a description of (1) some
important applications of velcas given by Pappus, and (2) certain
particular cases of the same class of problems which are plane, that
is, can be solved by the aid of the straight line and circle only, and
which were (according to Pappus) shown by the Greek geometers to
be of that character.

* Zeuthen, Die Lehre von den Kegelschnitten im Altertum, pp. 273—5.
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§4. One of the two important applications of ‘solid’ vevoeis was
discovered by Nicomedes, the inventor of the conchoid, who intro-
duced that curve for solving a vebos to which he reduced the problem
of doubling the cube* or (what amounts to the same thing) the finding
of two mean proportionals between two given unequal straight lines.

Let the given unequal straight lines be placed at right angles as
CL, LA. Complete the parallelogram 4 BCL, and bisect 4B at D,
and BC at E. Join LD and produce it to meet CB produced in #.
From E draw EF at right angles to BC, and take a point ¥ on EF
such that CF is equal to 4D. Join HF, and through C draw CG
parallel to H¥. If we produce BC to A&, the straight lines C@, CA

™

i

form an angle, and we now draw from the given point F a straight
line FGK, meeting CG, CK in G, K respectively, such that the
intercept GX is equal to AD or FC. (This is the vebous to which
the problem is reduced, and it can be solved by means of a conchoid
with F as pole.)
Join KL and produce it to meet B4 produced in M.
Then shall CK, 4} be the required mean proportionals between
CL, LA, or
CL:CK=CK:AM=AM : AL
‘We have, by Eucl. 11. 6,
BK . KC+CE*=EK*.
If we add EF? to each side,
BK . KC + CF*=FEK®*

Now, by parallels,
MA : AB=ML : LK

=BC :CK;
* Pappus Iv. p. 242 8q. and 11, p. 58 sq. ; Eutocius on Archimedes, On the
Sphere and Cylinder, 11. 1 (Vol. m. p. 114 8q.)
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and, since AB=24D, and BC = 1HC,
M4 :AD=HC :CK
= FG : GK, by parallels,
MD:AD=FK : GK.
But GK = AD ; therefore MD = FK, and MD*® = FK,

whence, componendo,

Again, MD*- BM . M4 + AD?,
and FK*=BK . KC + CF? from above,
while MD* = FK* and AD*_ CF*;
therefore BM . MA=DBK . KC.
Hence CK : MA=BM:BK
=MA: AL

=LC:CK
that is, LC :CK=CK : MA=MA : AL

§ 5. The second important problem which can be reduced to
a ‘solid’ vedous is the trisection of any angle. One method of
reducing it to & vetous has been mentioned above as following from
Prop. 8 of the Liber Assumptorum. This method is not mentioned
by Pappus, who describes (1v. p. 272 sq.) another way of effecting
the reduction, introducing it with the words, ‘“The earlier
geometers, when they sought to solve the aforesaid problem about
the [trisection of the] angle, a problem by nature ‘solid,’ by
‘plane’ methods, were unable to discover the solution; for they
were not yet accustomed to the use of the sections of the cone,
and were for that reason at a loss. Later, however, they trisected
an angle by means of conics, having used for the discovery of it
the following vevois.”

The vebaus is thus enunciated : Given a rectangle ABCD, let it
be required to draw through 4 a straight line 4QX, meeting CD in
@ and BC produced in R, such that the intercept Q& is equal to a
given length, £ suppose.

Suppose the problem solved, QR being equal to k. Draw DP
parallel to QR and RP parallel to CD, meeting in 2. Then, in the
parallelogram DR, DP = QR =k.

Hence P lies on a circle with centre D and radius £.

Again, by Eucl. 1. 43 relating to the complements of the
parallelograms about the diagonal of the complete parallelogram,

BC.CD=BR. @D
=PR. RB;

} , by parallels,



exil INTRODUCTION.

and, since BC.CD is given, it follows that P lies on a rectangular
hyperbola with BR, BA as asymptotes and passing through D.

B C R

AN
A / C /f

Therefore, to effect the construction, we have only to draw this
rectangular hyperbola and the circle with centre D and radius equal
to &.  The intersection of the two curves gives the point P, and R
is determined by drawing PR parallel to DC. Thus 4AQR is found.

[Though Pappus makes ABCD a rectangle, the construction
applies equally if ABCD is any parallelogram.]

Now suppose 4 BC to be any acute angle which it is required to
trisect. Let AC be perpendicular to BC. Complete the parallelo-
gram ADBC, and produce DA.

Suppose the problem solved, and let the angle CBE be one-third
of the angle ABC. Let BE meet AC in £ and DA produced in F.
Bisect EF in H, and join 4 H.

Then, since the angle ABE is equal to twice the angle £BC and,
by parallels, the angles EBC, EFA are equal,

_ABE=2 . AFH=: AHB.

Therefore AB=AH=HF,
and EF=2HF
= 24B.
D
) c

Hence, in order to trisect the angle ABC, we have only to solve
the following vebows: Given the rectongle ADBC whose diagonal
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13 A B, to draw through B a straight line BEF, meeting AC in & and
DA produced tn F, such that EF may be equal to twice AB ; and this
veboes i8 solved in the manner just shown.

These methods of doubling the cube and trisecting any acute
angle are seen to depend upon the application of one and the same
vevaws, which may be stated in its most general form thus. Given
any two straight lines forming an angle and any fized point
which 18 mot on either line, it is required to draw through the
Jized point a straight line such that the portion of it intercepted
between the fixed lines is equal to a given length. If AE, AC be

the fixed lines and & the fixed point, let the parallelogram ACED
be completed, and suppose that B@R, meeting CA in @ and AX in
R, satisfies the conditions of the problem, so that @R is equal to
the given length. If then the parallelogram CQRP is completed,
we may regard I’ as an auxiliary point to be determined in order
that the problem may be solved ; and we have seen that P can be
found as one of the points of intersection of (1) a circle with centre
C and radius equal to %, the given length, and (2) the hyperbola
which passes through C' and has DE, DB for its asymptotes.

It remains only to consider some particular cases of the problem
which do not require conics for their solution, but are ¢plane’
problems requiring only the use of the straight line and circle.

§ 6. We know from Pappus that Apollonius occupied him-
self, in his two Books of velcess, with problems of that type
which were capable of solution by ¢plane’ methods. As a matter
of fact, the above vebois reduces to a ‘plane’ problem in the
particular case where B lies on one of the bisectors of the angle
hetween the two given straight lines, or (in other words) where the
parallelogram ACBD is a rhombus or a square. Accordingly we
find Pappus enunciating, as one of the ¢plane’ cases which had

H. A. h
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been singled out for proof on account of their greater utility for
many purposes, the following®: Given a rhombus with one side
produced, to fit into the exterior angle a straight line given in
length and verging to the opposite angle ; and he gives later on, in
hig lemmas to Apollonius’ work, a theorem bearing on the problem
with regard to the rhombus, and (after a preliminary lemma)
a solution of the vebows with reference to a square.

The question therefore arises, how did the Greek geometers
discover these and other particular cases, where a problem which
is in general ‘solid,’ and therefore requires the use of conics (or a
mechanical equivalent), becomes ‘plane’? Zeuthen is of opinion that
they were probably discovered as the result of a study of the general
solution by means of conicst. I do not feel convinced of this, for
the following reasons.

(1) The authenticated instances appear to be very rare in
which we should be justified in assuming that the Greeks used
the properties of conics, in the same way as we should combine
and transform two Cartesian equations of the second degree, for
the purpose of proving that the intersections of two conics also
lie on certain circles or straight lines. It is true that we may
reasonably infer that Apollonius discovered by a method of this sort
his solution of the problem of doubling the cube where, in place
of the parabola and rectangular hyperbola used by Menaechmus,
he employs the same hyperbola along with the circle which passes
through the points common to the hyperbola and parabola? ; but
in the only propositions contained in his conics which offer an
opportunity for making a similar reduction§, Apollonius does not
make it, and is blamed by Pappus for not doing so. In the pro-
positions referred to the feet of the normals to a parabola drawn
from a given point are determined as the intersections of the
parabola with a certain rectangular hyperbola, and Pappus objects

* Pappus vu. p. 670.

t ‘Mit dieser selben Aufgabe ist namlich ein wichtiges Beispiel dafur
verknupft, dass man bemiht war solche Fille zu entdecken, in denen Aufgaben,
zu deren Losung im allgemeinen Kegelschnitte erforderlich sind, sich mittels
Zirkel und Linesl losen lassen. Da nun das Studium der allgemeinen Losung
durch Kegelschnitte das beste Mittel gewihrt solche Fille zu entdecken, so ist
es ziemlich wahracheinlich, dass man wirklich diesen Weg eingeschlagen hat.”
Zeuthen, op. cit. p. 280.

1 Apolonius of Perga, p. 6xxv, cxxvi.

§ Ibid. p. cxxviii and pp. 182, 186 (Conics, v. 58, 62
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to this method as an instance of discovering the solution of a
‘plane’ problem by means of conics*, the objection having reference
to the use of a Ayperbola where the same points could be obtained
as the intersections of the parabola with a certain circle. Now the
proof of this latter fact would present no difficulty to Apollonius,
and Pappus must have been aware that it would not; if therefore
he objects in the circumstances to the use of the hyperbola, it is at
least arguable that he would equally have objected had Apollonius
brought in the hyperbola and used its properties for the purpose
of proving the problem to be ‘plane’ in the particular case.

(2) The solution of the general problem by means of conics
brings in the auxiliary point P and the straight line CP. We
should therefore naturally expect to find some trace of these in the
particular solutions of the velois for a rhombus and square; but
they do not appear in the corresponding demonstrations and figures
given by Pappus.

Zeuthen considers that the vetois with reference to a square was
probably shown to be ‘plane’ by means of the same investigation
which showed that the more general case of the rhombus was also
capable of solution with the help of the straight line and circle
only, i.e. by a systematic study of the general solution by means of
conics. This supposition seems to him more probable than the view
that the discovery of the plane construction for the square may have
been accidental ; for (he says) if the same problem is treated solely
by the aid of elementary geometrical expedients, the discovery that
it is ‘plane’ is by no means a simple mattert. Here, again, I am
not convinced by Zeuthen's argument, as it seems to me that a
simpler explanation is possible of the way in which the Greeks were
led to the discovery that the particular veboes were plane. They
knew in the first place that the trisection of a right angle was a
‘plane’ problem, and therefore that kalf a right angle could be
trisected by means of the straight line and circle. It followed

* Pappus 1v. p. 270, Cf. p. ciii above.

+  Die Ausfiihrbarkeit kann dann auf die zuerst angedentete Weise gefunden
sein, die den allgemeinen Fall, wo der Winkel zwischen den gegebenen Geraden
beliebig ist, in sich begreift. Dies scheint mir viel wahrscheinlicher als die
Annahme, dass die Entdeckung dieser ebenen Konstruction zufallig sein sollte ;
denn wenn man dieselbe Aufgabe nur mittels rein elementar-geometrischer
Hiilfsmittel behandelt, so liegt die Entdeckung, dass sie eben ist, ziemlich fern.”
Zeuthen, op. cit. p. 282.

Az
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therefore that the corresponding vebots, ie. that for a square, was
a ‘plane’ problem in the particular case where the given length
to which the required intercept was to be equal was double of
the diagonal of the square. This fact would naturally suggest
the question whether the problem was still plane if & had
any other value; and, when once this question was thoroughly
investigated, the proof that the problem was ‘plane,’ and the
solution of it, could hardly have evaded for long the pursuit of
geometers so ingenious as the Greeks. This willy I think, be
clear when the solution given by Pappus and reproduced below
is examined. Again, after it had been proved that the vedois with
reference to a square was ‘plane,” what more natural than the further
inquiry as to whether the intermediate case between that of the
square and parallelogram, that of the rhombus, might perhaps be a
‘plane’ problem ?

As regards the actual solution of the plane vedoeis with respect
to the rhombus and square, i.e. the cases in general where the fixed
point B lies on one of the bisectors of the angles between the two
given straight lines, Zeuthen says that only in one of the cases have
we a positive statement that the Greeks solved the vebois by means
of the circle and ruler, the case, namely, where ACBD is a square*.
This appears to be a misapprehension, for not only does Pappus
mention the case of the rhombus as one of the plane vejoes which
the Greeks had solved, but it is clear, from a proposition given by
him later, how it was actually solved. The proposition is stated
by Pappus to be “involved ” (rapafewpovpuevor, meaning presumably
“the subject of concurrent investigation”) in the 8th problem of
Apollonius’ first Book of vedoes, and is enunciated in the following
formt. Giwen a rhombus AD with diameter BC produced to E, if EF
be a mean proportional between BE, EC, and if a circle be described
with centre E and radius EF cutting CD in K and AC produced in
H, BKH shall be a straight line. The proof is as follows.

Let the circle cut AC in L, and join HE, KE, LE. Let LK
meet BC in M.

* “Indeesen besitzen wir doch nur in einem einzelnen hierher gehdrigen
Falle eine positive Angabe dariiber, dass die Griechen die Einschiebung mittels
Zirkel und Lineal ausgefiihrt haben, wenn nsmlich die gegebenen Geraden
zugleich rechte Winkel bilden, 41BC also ein Quadrat wird.” Zeuthen, op. cit.
p. 281.

+ Pappus vi1. p. 778.
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Since, from the property of the rhombus, the angles LCM, KCM
are equal, and therefore C'Z, CK make equal angles with the diameter
FG of the circle, it follows that CL = CK,

Also EK = EL, and CE is common to the triangles ECK, ECL.
Therefore the said triangles are equal in all respects, and

tCKE=_CLE=_CHE.
Now, by hypothesis,
EB: EF=EF; EC,
or EB:. EK=EK: EC (since EF = EK),
and the angle CEX is common to the triangles BEK, KEC ; there-
fore the triangles BEX, KEC are similar, and

-CBK=:_CKE
=+ CHE, from above.
Again, LHCE=:.ACB=.BCK
Thus in the triangles CBK, CHE two angles are equal re-
spectively ;
therefore - CEH=/,CKB.

But, since - CKE =, CHE, from above, the points X, C,E H
are concyclic.
Hence - CEH + . CKH = (two right angles).
Accordingly, since LCEH=_.CKB,
¢ CKH + . CKB = (two right angles),
and BKH is a straight line.
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Now the form of the proposition at once suggests that, in the
8th problem referred to, Apollonius had simply given a construction
involving the drawing of a circle cutting CD and AC produced in
the points X, H respectively, and Pappus’ proof that BKH is a
straight line is intended to prove that HK wverges towards B, or (in
other words) to verify that the construction given by Apollonius
solves a certain vebors requiring BKH to be drawn so that KH is
equal to a guen length.

The analysis leading to the construction must have been worked
out somewhat as follows.

Suppose BKI drawn so that KH is equal to the given length £.
Bisect KH at N, and draw NE at right angles to KH meeting BC
produced in £.

Draw KM perpendicular to BC and produce it to meet C4 in L.
Then, from the property of the rhombus, the triangles KCM, LCM
are equal in all respects.

Therefore KM = ML ; and accordingly, if MN be joined, MN,
LH are parallel.

Now, since the angles at M, ¥ are right, a circle can be described
about ZMKN.

Therefore . CEK = . MNK, in the same segment,
=2 CHK, by parallels.
Hence a circle can be described about CEI/K. Tt follows that
LBCD=_CEK + . CKE

=+ CHK+.CHE
= EHK=/ EKH.
Therefore the triangles EAH, DBC are similar.
Lastly, tCKN=CBK+.BCK;

and, subtracting from these equals the equal angles EKN, BCK

respectively, we have
L EKC =. EBK.

Hence the triangles £BK, EXC are similar, and
BE : EK = EK : EC,
or BE.EC=EK:
But, by similar triangles, £K : KH = DC : CB,
and the ratio DC : CB is given, while X/ is also given (= k).
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Therefore EX is given, and, in order to find £, we have only, in
the Greek phrase, to ‘“‘apply to BC a rectangle exceeding by a square
figure and equal to the given area K="

Thus the construction given by Apollonius was clearly the
following *.

If k be the given length, take a straight line p such that

p:k=4B:BC.

Apply to BC a rectangle exceeding by a square figure and equal to
the area p*. Let BE . EC be this rectangle, and with E as centre and
radius equal to p describe a circle cutting AC produced in H and
CDin K.

HK is then equal to %, and verges towards B, as proved by
Pappus; the problem is therefore solved.

The construction used by Apollonius for the ‘plane’ vevoiws with
reference to the rhombus having been thus restored by means of the
theorem given by Pappus, we are enabled to understand the purpose

* This construction was suggested to me by a careful examination of
Pappus’ proposition without other aid; but it is no new discovery.
Samuel Horsley gives the same construction in his restoration of Apollonii
Pergaei Inclinationum libri duo (Oxford, 1770); he explains, however, that
he went sstray in consequence of a mistake in the figure given in the mss.,
and was unable to deduce the construction from Pappus’s proposition until he
was recalled to the right track by a solution of the same problem by Hugo
d’Omerique. This solution appears in a work entitled, dnalysis geometrica, sive
nova et vera methodus resolvendi tam problemata geometrica quam arithmeticas
quaestiones, published at Cadiz in 1698. D’Omerique’s construction, which is
practically identical with that of Apollonius, appesrs to have been evolved by
means of an independent analysis of his own, since he makes no reference to
Pappus, as he does in other cases where Pappus is drawn upon (e.g. when giving
the construction for the case of the square attributed by Pappus to one
Heraclitus). The construction differs from that given above only in the fact
that the circle is merely used to determine the point K, after which BK is joined
and produced to meet AC in H. Of other solutions of the same problem two
may here be mentioned. (1) The solution contained in Marino Ghetaldi's
posthumous work De Resolutione et Compositione Mathematica Libri quingue
(Rome, 1630), and included among the solutions of other problems all purporting
to be solved * methodo qua antiqui utebantur,” is, though geometrical, entirely
different from that above given, being effected by means of & reduction of the
problem to a simpler plane »ejois of the same character as that assumed by
Hippocrates in his Quadrature of lunes. (2) Christian Huygens (De circuli
magmitudine inventa; accedunt problematum quorundam ilustrium conatructiones,
Lugduni Batavorum, 1654) gave a rather complicated solution, which may be
described as a generalisation of Heraclitus’ solution in the case of a square.
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for which Pappus, while still on the subject of the “8th problem ”
of Apollonius, adds a solution for the particular case of the square
(which he calls a “problem after Heraclitus”) with an introductory
lemma. It seems clear that Apollonius did not treat the case of the
square separately from the rhombus becsuse the solution for the
rhombus wuas equally applicable to the square, and this supposition
is confirmed by the fact that, in setting out the main problems
discussed in the vejoess, Pappus only mentions the rhombus and not
the square. Being however acquainted with a solution by one
Heraclitus of the vevows relating to a square which was not on the
same lines as that of Apollonius, while it was not applicable to the
case of the rhombus, Pappus adds it as an alternative method for
the square which is worth noting®. This is no doubt the explanation
of the heading to the lemma prefixed to Heraclitus’ problem which
Hultsch found so much difficulty in explaining and put in brackets
as an interpolation by a writer who misunderstood the figure
and the object of the theorem. The words mean ‘Lemma useful
for the [problem] with reference to squares taking the place
of the rhombus” (literally “having the same property as the
rhombus”), ie. a lemma useful for Heraclitus’ solution of the

* This view of the matter receives strong support from the following
facts. In Pappus’ summary (p. 670) of the contents of the vedoeis of Apollonius
“two cages” of the pefiois with reference to the rhombus are mentioned last
among the particular problems given in the first of the two Books. As we have
seen, one case (that given above) was the subjeot of the ¢ 8th problem” of
Apollonius, and it is equally clear that the other case was dealt with in the
“9th problem.” The other case is clearly that in which
the line to be drawn through B, instead of crossing the A c
exterior angle of the rhombus at C, lies across the angle
C itself, i.e. meets C4, CD both produced. In the former
case the solution of the problem is always possible what-

ever be the length of k; but in the second case clearly B o
the problem is not capable of solntion if %, the given

lengtb, is less than a certain minimum. Hence the

problem requires & Siopirubds to determine the minimum K

length of k. Accordingly we find Pappus giving, after

the interposition of the case of the square, & * lemma useful for the Swopauds of
the 9th problem,” which proves that, if CH=CK and B be the middle point of
HK, then HK is the least straight line which can be drawn through B to meet
CH, CK. Pappus adds that the Swpmouds for the rhombus is then evident; if
HK be the line drawn throngh B perpendicular to CB and meeting C4, CD
produced in H, K, then, in order that the problem may admit of solution, the
given length k must be not less than HK.
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vebous in the particular case of a square*. The lemma is as
follows.

ABCD being a square, suppose BHE drawn so as to meet CD in
H and AD produced in E, and let EF be drawn perpendicular to BE
meeting BC produced in F. To prove that

CF*= BC? + HE"

Suppose £G drawn parallel to DC meeting CF in G. Then

since BEF is a right angle, the angles //BC, FEG are equal.

B c G F

Therefore the triangles BCH, EGF are equal in all respects, and

EF= BH.
Now BFt— BE*+ EF?®,
or BC.BF+BF.FC=RBH.BE+ BE.EH+ EF°.

But, the angles HCF, HEF being right, the points C, H, E, F
are concyclic, and therefore
BC.BF=BH.BE.
Subtracting these equals, we have
BF.FC - BE.EH + EF*
= BE.EH + BH*
~BH.HE + EH* + BI*
=EB.BH + EH?®
-FB.BC + EH*

* Hultsch tranelates the words Auua xphowor els 70 éxl rerpaydrvwy rowlvrTwy
T alra 7@ pouBy (p. 780) thus, * Lemma utile ad problema de quadratis quorum
summa rhombo aequalis est,” and has a note in his Appendix (p. 1260) explaining
what he supposes to be meant. The *squares’ he takes to Le the given square
and the square on the given length of the intercept, and the rhombus to be one
for which he indicates a construction but which is not shown in Pappus’ figure.
Thus he is obliged to translate 7§ pouS¢ a8 * @ rhombus,” which is one objec-
tion to hie interpretation, while *“whose squares are equal” scarcely seems a
possible rendering of xowotrrww T8 avrd.
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Take away the common part BC'. CF, and
CF = BC"+ EH".
Heraclitus’ analysis and construction are now as follows.
Suppose that we have drawn BHE so that HE has a given
length .

Since CF*=BC*+ EH’, or BC* + ¥,
and BC and k are both given,
CF is given, and therefore BF is given.

Thus the semicircle on BF as diameter is given, and therefore
also Z, its intersection with the given line ADZ; hence BX is
given.

To effect the comstruction, we first find a square equal to the
sum of the given square and the square on & We then produce
BC to F so that C'F is equal to the side of the square so found. If
a semicircle be now described on BF as diameter, it will pass above
D (since CF > CD, and therefore BC . CF > CD?), and will therefore
meet 4.0 produced in some point E.

Join BE meeting CD in H.

Then HE =k, and the problem is solved.



CHAPTER VI

CUBIC EQUATIONS.

IT has often been explained how the Greek geometers were able
to solve geometrically all forms of the quadratic equation which give
positive roots; while they could take no account of others because
the conception of a negative quantity was unknown to them. The
quadratic equation was regarded as a simple equation connecting
areas, and its geometrical expression was facilitated by the methods
which they possessed of transforming any rectilineal areas whatever
into parallelograms, rectangles, and ultimately squares, of equal
area ; its solution then depended on the principle of application of
areas, the discovery of which is attributed to the Pythagoreans.
Thus any plane problem which could be reduced to the geometrical
equivalent of a quadratic equation with a positive root was at once
solved. A particular form of the equation was the pure quadratic,
which meant for the Greeks the problem of finding a square equal
to a given rectilineal area. This area could be transformed into a
rectangle, and the general form of the equation thus became 2* - ad,
so that it was only necessary to find a mean proportional between a
and b In the particular case where the ares was given as the
sum of two or more squares, or as the difference of two squares,
an alternative method depended on the Pythagorean theorem of
Eucl. 1. 47 (applied, if necessary, any number of times successively).
The connexion between the two methods is seen by comparing
Eucl. v1. 13, where the mean proportional between a and b is
found, and Eucl. 11. 14, where the same problem is solved without
the use of proportions by means of 1. 47, and where in fact the

formula used is
s —b\*
s () (5
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The choice between the two methods was equally patent when the
equation to be solved was a? = pa*, where p is any integer; hence
the ‘multiplication’ of squares was seen to be dependent on the
finding of a mean proportional. The equation z° =2q° was the
simplest equation of the kind, and the discovery of a geometrical
construction for the side of a square equal to twice a given square
was specially important, as it was the beginning of the theory of
incommensurables or ‘irrationals’ (éAdywv mpayparela) which was
invented by Pythagoras. There is every reason to believe that this
successful doubling of the square was what suggested the question
whether a construction could not be found for the doubling of the
cube, and the stories of the tomb erected by Minos for his son and
of the oracle bidding the Delians to double a cubical altar were no
doubt intended to invest the purely mathematical problem with an
element of romance. It may then have been the connexion between
the doubling of the square and the finding of one mean proportional
which suggested the reduction of the doubling of the cube to the
problem of finding two mean proportionals hetween two unequal
straight lines. This reduction, attributed to Hippocrates of Chios,
showed at the same time the possibility of multiplying the cube
by any ratio. Thus, if 2, y are two mean proportionals between
a, b, we have
arx=x:y=y:bh,
and we derive at once
a:b=a®: P,

whence a cube (2°) is obtained which hears to «® the ratio b : a,

while any fraction g can be transformed into a ratio between lines

of which one (the consequent) is equal to the side a of the given
cube. Thus the finding of two mean proportionals gives the solution
of any pure cubic equation, or the equivalent of extracting the cube
root, just as the single mean proportional is equivalent to extracting
the square root. For suppose the given equation to be &* = bed.
We have then only to find a mean proportional @ between ¢ and d,

and the equation becomes x’:a’.b:a"’.;b; which is exactly the

multiplication of a cube by a ratio between lines which the two
mean proportionals enable us to effect.

As a matter of fact, we do not find that the great geometers
were in the habit of reducing problems to the multiplication of the
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cube eo nomine, but to the equivalent problem of the two mean
proportionals ; and the cubic equation 2° = a% is not usually stated
in that form but as a proportion. Thus in the two propositions On
the Sphere and Cylinder 1. 1, 5, where Archimedes uses the two
mean proportionals, it is required to find = where
a’:af=x:b;

he does not speak of finding the side of a cube equal to a certain
parallelepiped, as the analogy of finding a square equal to a given
rectangle might have suggested. So far therefore we do not find
any evidence of a general system of adding and subtracting solids
by transforming parallelepipeds into cubes and cubes into parallel-
epipeds which we should have expected to see in operation if the
Greeks had systematically investigated the solution of the general
form of the cubic equation by a method analogous to that of the
application of areas employed in dealing with quadratic equations.

The question then arises, did the Greek geometers deal thus
generally with the cubic equation

r+ar'+ Be+ =0,

which, on the supposition that it was regarded as an independent
problem in solid geometry, would be for them a simple equation
between solid figures, z and a both representing linear magnitudes,
B an area (a rectangle), and I' a volume (a parallelepiped)? And
was the reduction of a problem of an order higher than that which
could be solved by means of a quadratic equation to the solution of
a cubic equation in the form shown above a regular and recognised
method of dealing with such a problem? The only direct evidence
pointing to such a supposition is found in Archimedes, who reduces
the problem of dividing a sphere by a plane into two segments
whose volumes are in a given ratio (On the Sphere and Cylinder 1. 1)
to the solution of a cubic equation which he states in a form
equivalent to

40 : 2 = (3a — ) :1_"7'-‘- @ e i (1),

where a is the radius of the sphere, m : # the given ratio (being a
ratio between straight lines of which m > n), and x the height of the
greater of the required segments. Archimedes explains that this is
a particular case of a more general problem, to divide a straight
line (@) into two parts (x, @ — z) such that one part (a—=z) is to an-
other given straight line (c) as a given area (which for convenience’
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sake we suppose transformed into a square, 5°) is to the square on
the other part ('), i.e. so that

(a—x)te=b":a" .o (2).

He further explains that the equation (2) stated thus generally
requires a Swpiouds, i.e. that the limits for the possibility of a real
solution, etc., require to be investigated, but that the particular case
(with the conditions obtaining in the particular proposition) requires
no Swpwrpss, i.e. the equation (1) will always give a real solution.
He adds that “the analysis and synthesis of both these problems
will be given at the end.” That is, he promises to give separately &
complete investigation of the equation (2), which is equivalent to the
cubic equation

and to apply it to the particular case (1).

Wherever the solution was given, it was temporarily lost, having
apparently disappeared even before the time of Dionysodorus and
Diocles (the latter of whom lived, according to Cantor, not later
than about 100 B.c.); but Eutocius describes how he found an
old fragment which appeared to contain the original solution of
Archimedes, and gives it in full. It will be seen on reference to
Eutocius’ note (which I have reproduced immediately after the
proposition to which it relates, On the Sphere and Cylinder 1. 4)
that the solution (the genuineness of which there seems to be no
reason to doubt) was effected by means of the intersection of a
parabola and a rectangular hyperbola whose equations may re-
spectively be written thus,

b2
a:
= %
(a-x)y=ac.

The Swpiopss takes the form of investigating the maximum
possible value of «’(a—=2), and it is proved that this maximum

2
value for a real solution is that corresponding to the value = 30

This is established by showing that, if b’ =—24—:z a®, the curves touch

at the point for which z= ; a. If on the other hand &% <‘)i7 a’, it
is proved that there are two real solutions. In the particular case
(1) it is clear that the condition for a real solution is satisfied, for
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the expression in (1) corresponding to 8% in (2) is ——
m+n

4a°, and it
is only necessary that

= 40 b %(3«;)3, or 4,
which is obviously true.

Hence it is clear that not only did Archimedes solve the cubic
equation (3) by means of the intersections of two conics, but he also
discussed completely the conditions under which there are 0, 1 or 2
roots lying between 0 and a. It is to be noted further that the
Swopiopss is similar in character to that by which Apollonius
investigates the number of possible normals that can be drawn
to a conic from a given point*. Lastly, Archimedes’ method is
seen to be an extension of that used by Menaechmus for the solution
of the pure cubic equation. This can be put in the form

a:=a:b,
which can again be put in Archimedes’ form thus,

a*:af=x: b,
and the conics used by Menaechmus are respectively

o = ay, xy = ab,
which were of course suggested by the two mean proportionals
satisfying the equations
a:x=z:y=¥y:b.

The case above described is not the only one where we may
assume Archimedes to have solved a problem by first reducing it
to a cubic equation and then solving that. At the end of the
preface to the book On Conoids and Spheroids he says that the
results therein obtained may be used for discovering many theorems
and problems, and, as instances of the latter, he mentions the
following, “from a given spheroidal figure or conoid to cut off,
by & plane drawn parallel to a given plane, a segment which shall
be equal to & given cone or cylinder, or to a given sphere.” Though
Archimedes does not give the solutions, the following considerations
may satisfy us as to his method.

(1) The case of the ‘right-angled conoid’ (the paraboloid of
revolution) is a ‘plane’ problem and therefore does not concern us
here.

* Cf. Apollonius of Perga, p. 168 8qq.
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(2) In the case of the spheroid, the volume of the whole
spheroid could be easily ascertained, and, by means of that, the
ratio between the required segment and the remaining segment ;
after which the problem could be solved in exactly the same way
as the similar one in the case of the sphere above described,
since the results in On Conoids and Spheroids, Props. 29—32,
correspond to those of On the Sphere and Cylinder 1. 2. Or
Archimedes may have proceeded in this case by a more direct
method, which we may represent thus. Let a plane be drawn
through the axis of the spheroid perpendicular to the given
plane (and therefore to the base of the required segment). This
plane will cut the elliptical base of the segment in one of its
axes, which we will call 2y. Let x be the length of the axis
of the segment (or the length intercepted within the segment
of the diameter of the spheroid passing through the centre of the
base of the segment). Then the area of the base of the segment will
vary as y* (since all sections of the spheroid parallel to the given
plane must be similar), and therefore the volume of the cone which
has the same vertex and base as the required segment will vary as
o’z. And the ratio of the volume of the segment to that of the
cone is (On Conoids and Spheroids, Props. 29—32) the ratio
(3a — ) : (2a — x), where 2a is the length of the diameter of the
spheroid which passes through the vertex of the segment. There-
fore 3

a-x

yx. S c,
where C is a known volume. Further, since z, y are the coordinates
of a point on the elliptical section of the spheroid made by the plane
through the axis perpendicular to the cutting plane, referred to a
diameter of that ellipse and the tangent at the extremity of the
diameter, the ratio y*:x(2a¢ —2) is given. Hence the equation
can be put in the form

a? (3a ~—x) = b'c,
and this again is the same equation as that solved in the fragment
given by Eutocius. A 8iopiopds is formally necessary in this case,
though it only requires the constants to be such that the volume
to which the segment is to be equal must be less than that of the

whole spheroid.

(3) For the ‘obtuse-angled conoid’ (hyperboloid of revolution)
it would be necessary to use the direct method just described for
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the spheroid, and, if the notation be the same, the corresponding

equations will be found, with the help of On Conoids and Spheroids,

Props. 25, 26, to be

3a+z

Ve ey a

and, since the ratio 3* : x (22 + z) is constant,
x® (3a + x) = b%.

If this equation is written in the form of a proportion like the
similar one above, it becomes
F¥:f=CBa+a):ec
There can be no doubt that Archimedes solved this equation as

well as the similar one with a negative sign, i.e. he solved the two
equations

- O,

z* + ax’ F b%c =0,
obtaining all their positive real roots. In other words, he solved
completely, so far as the real roots are concerned, a cubic equation
in which the term in x is absent, although the determination of the
positive and negative roots of one and the same equation meant for
him two separate problems. And it is clear that all cubic equations
can be easily reduced to the type which Archimedes solved.

We possess one other solution of the cubic equation to which
the division of a sphere into segments bearing a given ratio to one
another is reduced by Archimedes. This solution is by Dionysodorus,
and is given in the same note of Eutocius¥. Dionysodorus does not
generalise the equation, however, as is done in the fragment quoted
above ; he merely addresses himself to the particular case,

m

LIRSS — P
4a® : 2’ = (3a x).m+n

a’
thereby avoiding the necessity for a Swpwpds. The curves which he
uses are the parabola
m
m+n
and the rectangular hyperbola

a(3a—-z)=y*

__m,;.__ 2 = zy.
m+n

When we turn to Apollonius, we find him emphasising in his

* On the Sphere and Cylinder 11. 4 (note at end).
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preface to Book tv. of the Conics* the usefulness of investigations
of the possible number of points in which conics may intersect one
another or circles, because “they at all events afford a more ready
means of observing some things, e.g. that several solutions are
possible, or that they are so many in number, and again that no
solution is possible”; and he shows his mastery of this method
of investigation in Book v., where he determines the number of
pormals that can be drawn to a conic through any given point, the
condition that two normals through it coincide, or (in other words)
that the point lies on the evolute of the conic, and so on. For these
purposes he uses the points of intersection of a certain rectangular
hyperbola with the conic in question, and among the cases we find
(v. 51, 58, 62) some which can be reduced to cubic equations, those
namely in which the conic is a parabola and the axis of the parabola
is parallel to one of the asymptotes of the hyperbola. Apollonius
however does not bring in the cubic equation, he addresses himself
to the direct geometrical solution of the problem in hand without
reducing it to another. This is after all only natural, because the
solution necessitated the drawing of the rectangular hyperbola in
the actual figure containing the conic in question; thus, e.g. in the
case of the problem leading to a cubic equation, Apollonius can, so
to speak, compress two steps into one, and the introduction of the
cubic as such would be mere surplusage. The case was different
with Archimedes, when he had no conic in his original figure ; and
the fact that he set himself to solve a cubic somewhat more general
than that actually involved in the problem made separate treatment
with a number of new figures necessary. Moreover Apollonius was
at the same time dealing, in other propositions, with cases which did
not reduce to cubics, but would, if put in an algebraical form, lead
to biquadratic equations, and these, expressed as such, would have
bad no meaping for the Greeks ; there was therefore the less reason
in the simpler case to introduce a subsidiary problem.

As already indicated, the cubic equation, as a subject of syste-
matic and independent study, appears to have been lost sight of
within a century or so after the death of Archimedes. Thus Diocles,
the discoverer of the cissoid, speaks of the problem of the division of
the sphere into segments in a given ratio as having been reduced
by Archimedes “to another problem, which he does not solve in
his work on the sphere and cylinder”; and he then proceeds to

* Apollonius of Perga, p. Ixxiii.
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solve the original problem directly, without in any way bringing
in the cubic. This circumstance does not argue any want of
geometrical ability in Diocles; on the contrary, his solution of the
original problem is a remarkable instance of dexterity in the use of
conics for the solution of a somewhat complicated problem, and it
proceeds on independent lines in that it depends on the intersection
of an ellipse and a rectangular hyperbola, whereas the solutions of
the cubic equation have accustomed us to the use of the parabola
and the rectangular hyperbola. I have reproduced Diocles’ solution
in its proper place as part of the note of Eutocius on Archimedes’
proposition ; but it will, I think, be conveunient to give here its
equivalent in the ordinary notation of analytical geometry, in
accordance with the plan of this chapter. Archimedes had proved
[On the Sphere and Cylinder 11. 2] that, if & be the height of a
segment cut off by a plane from a sphere of radius a, and if 4 be
the height of the cone standing on the same base as that of the
segment and equal in volume to the segment, then

(Ba—k): 2a-k)=h:k

Also, if % be the height of the cone similarly related to the

remaining segment of the sphere,
(a+k): k=V":(2a-k)
From these equations we derive
(h~k):k=a:(2a—k),

and W-2a+k):(2a-k)—a:k

Slightly generalising these equations by substituting for a in the
third term of cach proportion another length 4, and adding the
condition that the segments (and therefore the cones) are to bear to
each other the ratio m : n, Diocles sets himself to solve the three
equations

(b—k):k=b:(2a—-4k)
W —2a+k): (Qa~k)=b:k [ oo (4).

and h:h=m:n

Suppose m > n, so that k>a. The problem then is to divide a
straight line of length 2a into two parts k and (2a — %) of which kis
the greater, and which are such that the three given equations are
all simultaneously satisfied. .

Tmagine two coordinate axes such that the origin is the mxdd'le
point of the given straight line, the axis of y is at right angles to it,

12
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and « is positive when measured along that half of the given straight
line which is to contain the required point of division. Then the
conics drawn by Diocles are

(1) the ellipse represented by the equation
(y+a—2a) = —:; {(a +b)* -,

and (2) the rectangular hyperbola
(z+a)(y + b) = 2ab.

One intersection between these conics gives a value of 2 between 0
and a, and leads to the solution required. Treating the equations
algebraically, and eliminating y by means of the second equation
which gives

y=""%b

V=32 "
we obtain from the first equation

2
(a—zy (1 + L) = 2@~ by- o,

a+x
that is, (a+x)2(a+b—m):%"(a—x)’(a+b+x) ......... (B).

In other words Diocles’ method is the equivalent of solving a
complete cubic equation containing all the three powers of = and a
constant, though no mention is made of such an equation.

To verify the correctness of the result we have only to remember
that, > being the distance of the point of division from the middle
point of the given straight line,

k=za+2, 2a-k=a-=zx.
Thus, from the first two of the given equations (A) we obtain
respectively

a+zx
h=a+z+— .5
a—z
a—zx
K=a-z+ ----.b
a+x

whence, by means of the third equation, we derive
(a+x)*(a+b—z)=%‘(a—x)’(a+ b +x),

which is the same equation as that found by elimination above (B).
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I have purposely postponed, until the evidence respecting the
Greek treatment of the cubic equation was complete, any allusion
to an interesting hypothesis of Zeuthen’s* which, if it could be
accepted as proved, would explain some difficulties involved in
Pappus’ account of the orthodox classification of problems and loci.
I have already quoted the passage in which Pappus distinguishes
the problems which are plane (éximeda), those which are solid (oreped)
and those which are linear (ypapund)t. Parallel to this division of
problems into three orders or classes is the distinction between three
classes of locif. The first class consists of plane loci (7émot émimedor)
which are exclusively straight lines and circles, the second of solid
locy (romor orepeol) which are conic sections§, and the third of
linear locy (tomo ypappexol). Tt is at the same time clearly implied
by Pappus that problems were originally called plane, solid or linear
respectively for the specific reason that they required for their
solution the geometrical loci which bore the corresponding names.
But there are some logical defects in the classification hoth as
regards the problems and the loci.

(1) Pappus speaks of its being a serious error on the part of
geometers to solve a plane problem by means of conies (i.e. ¢solid
loci’) or ‘linear’ curves, and generally to solve a problem “ by means
of a foreign kind” (& dvowelov yévovs). If this principle were
applied strictly, the objection would surely apply equally to the
solution of a ‘solid’ problem by means of a ‘linear’ curve. Yet,
though e.g. Pappus mentions the conchoid and the cissoid as being
‘linear’ curves, he does not object to their employment in the
solution of the problem of the two mean proportionals, which is a
“solid’ problem.

(2) The application of the term ‘solid loci’ to the three conic
sections must have reference simply to the definition of the curves
as sections of a solid figure, viz. the cone, and it was no doubt in
contrast to the ‘solid locus’ that the ‘plane locus’ was so called.
This agrees with the statement of Pappus that ¢ plane’ problems may

* Die Lehre von den Kegelschnitten, p. 226 sqq.

1 p. ciii.

T Pappus vir. pp. 652, 662.

§ It1s true that Proclus (p. 394, ed. Friedlein) gives a wider definition of
‘* golid lines” as those which arise ¢ from some section of & solid figure, a8 the
cyhndrical helix and the conic carves”; but the reference to the cylindrical
helix would seem to be due to some confusion.
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properly be so called because the lines by means of which they are
solved “have their origin in a plane.” But, though this may be
regarded as a satisfactory distinction when ‘plane’ and ‘solid’ loci
are merely considered in relation to one another, it becomes at once
logically defective when the third or ‘linear’ class is also brought
in, For, on the one hand, Pappus shows how the ‘quadratrix’ (a
‘linear’ curve) can be produced by a construction in three
dimensions (“by means of surfaceloci,” 8@ rdv wpds emipaveins
rémwwv); and, on the other hand, other ‘linear’ loci, the conchoid
and cissoid, have their origin in a plane. If then Pappus’ account
of the origin of the terms ¢plane’ and ¢solid’ as applied to problems
and loci is literally correct, it would seem necessary to assume that
the third name of ¢linear’ problems and loci was not invented until
a period when the terms ‘plane’ and ‘solid loci’ had been so long
recognised and used that their origin was forgotten.

To get rid of these difficulties, Zeuthen suggests that the terms
‘plane’ and ‘solid’ were first applied to problems, and that they
came afterwards to be applied to the geometrical loci which were
used for the purpose of solving them. On this interpretation, when
problems which could be solved by means of the straight line and
circle were called ‘plane,’ the term is supposed to have had reference,
not to any particular property of the straight line or circle, but to
the fact that the problems were such as depend on an equation of a
degree not higher than the second. The solution of a quadratic
equation took the geometrical form of application of areas, and the
term ¢ plane’ became a natural one to apply to the class of problems
80 soon as the Greeks found themselves confronted with a new class
of problems to which, in contrast, the term ‘solid’ could be applied.
This would happen when the operations by which problems were
reduced to applications of areas were tried upon problems which
depend on the solution of a cubic equation. Zeuthen, then,
supposes that the Greeks sought to give this equation a similar
shape to that which the reduced ‘plane’ problem took, that is, to
form a simple equation between solids corresponding to the cubic
equation

L rar+ Br+T'=0;
the term ‘solid’ or ‘plane’ being then applied according as it had
been reduced, in the manner indicated, to the geometrical equivalent
of a cubic or a quadratic equation.

Zeuthen further explains the term ‘linear problem’ as having
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been invented afterwards to describe the cases which, being
equivalent to algebraical equations of an order higher than the
third, would not admit of reduction to a simple relation between
lengths, areas and volumes, and either could not be reduced to an
equation at all or could only be represented as such by the use of
compound ratios. The term ‘linear’ may perhaps have been applied
because, in such cases, recourse was had to new classes of curves,
directly and without any intermediate step in the shape of an
equation. Or, possibly, the term may not have been used at all
until a time when the original source of the names ¢plane’ and
‘solid’ problems had been forgotten.

On these assumptions, it would still be necessary to explain how
Pappus came to give a more extended meaning to the term *solid
problem,” which according to him equally includes those problems
which, though solved by the same method of conics as was used to
solve the equivalent of cubics, do not reduce to cubic equations but
to biquadratics. This is explained by the supposition that, the
cubic equation having by the time of Apollonius been obscured
from view owing to the attention given to the method of solution
by means of conics and the discovery that the latter method was
one admitting of wider application, the possibility of solution by
means of conics came itself to be regarded as the criterion deter-
mining the class of problem, and the name ‘solid problem’ came
to be used in the sense given to it by Pappus through a natural
misapprehension. A similar supposition would account, in Zeuthen’s
view, for a circumstance which would otherwise seem strange, viz.
that Apollonius does not use the expression ‘solid problem,” though
it might have been looked for in the preface to the fourth Book
of the Conics. The term may have been avoided by Apollonius
because it then had the more restricted meaning attributed to it by
Zeuthen and therefore would not have been applicable to all the
problems which Apollonius had in view.

It must be admitted that Zeuthen’s hypothesis is in several
respects attractive. I cannot however feel satisfied that the
positive evidence in favour of it is sufficiently strong to outweigh
the authority of Pappus where his statements tell the other way.
To make the position clear, we have to remember that Menaechmus,
the discoverer of the conic sections, was a pupil of Eudoxus who
flourished about 365 B.c.; probably therefore we may place the
discovery of conics at about 350 B.c. Now Aristaeus ‘the elder’
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wrote a book on solid loci (orepeoi rémor) the date of which Cantor
concludes to have been about 320 B.c. Thus, on Zeuthen’s hypo-
thesis, the ‘solid problems’ the solution of which by means of conics
caused the latter to be called ¢solid loci’ must have been such as
had been already investigated and recognised as solid problems
before 320 s.c., while the definite appropriation, so to speak, of the
newly discovered curves to the service of the class of problems must
have come about in the short period between their discovery and
the date of Aristaeus’ work. It is thereforc important to consider
what particular problems leading to cubic equations appear to have
been the subject of speculation before 320 B.c. We have certainly
no ground for assuming that the cubic equation used by Archimedes
(On the Sphere and Cylinder 11. 4) wus one of these problems ; for
the problem of cutting a sphere into segments bearing a given ratio
to one another could not have been investigated by geometers who
had not succeeded in finding the volume of a sphere and a segment
of a sphere, and we know that Archimedes was the first to discover
this. On the other hand there was the duplication of the cube, or
the solution of a pure cubic equation, which was a problem dating
from very early times. Also it is certain that the trisection of an
angle had long exercised the minds of the Greek geometers. Pappus
says that *the ancient geometers” considered this problem and first
tried to solve it, though it was by nature a solid problem (wpofAnua
1} $voe orepedv Vwdpxov), by means of plane considerations (8w v
érerédwv) but failed ; and we know that Hippias of Elis invented,
about 420 B.c., a transcendental curve which was capable of being
used for two purposes, the trisection of an angle, and the quadrature
of a circle®. This curve came to be called the Quadratrixt, but, as
Deinostratus, a brother of Menaechmus, was apparently the first to
apply the curve to the quadrature of the circlef, we may no doubt
conclude that it was originally intended for the purpose of trisecting

¢ Proclus (ed. Friedlein), p. 272.

+ The character of the curve may be described as follows. Buppose there
are two rectangular axes Oy, Oz and that a straight line OP of a certain length
(a) revolves uniformly from a position along Oy to a position along Oz, while a
straight line remaining alwsys parallel to Oz and passing through P in its
original position also moves uniformly and reaches Oz in the same time as the
moving radius OP. The point of intersection of this line and OP describes the
Quadratrix, which may therefore be represented by the equation

yla=20]x.
4 Pappus 1v. pp. 250—2.
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an angle. Seeing therefore that the Greek geometers had used their
best efforts to solve this problem before the invention of conics, it
may easily be that they had succeeded in reducing it to the geo-
metrical equivalent of a cubic equation. They would not have been
unequal to effecting this reduction by means of the figure of the
vebos given above on p. exii. with a few lines added. The proof
would of course be the equivalent of eliminating x between the two
equations

xy =ab

(z—a)3+(y-b)2~—-4(a’+b'-’)} ............ (a)
where 2= DF, y=FP =EC, a- DA, b=DB.
The second equation gives

(x+a) (x~3a) - (y+b) (36— y).
From the first equation it is easily seen that

(z+a): (y+d)=a:y,

and that (z-3a)y=a(b—3y);
we have therefore @b -3y)=9"Bb—-¥). ... ... ceeeie i (B)
[or ¥ — 3by* - 3a’y + a® = 0].

If then the trisection of an angle had been reduced to the geo-
metrical equivalent of this cubic equation, it would be natural for
the Greeks to speak of it as a solid problem. In this respect it
would be seen to be similar in character to the simpler problem of
the duplication of the cube or the equivalent of a pure cubic
equation; and it would be natural to see whether the transformation
of volumes would enable the mixed cubic to be reduced to the form
of the pure cubic, in the same way as the transformation of arcas
enabled the mixed quadratic to be reduced to the pure quadratic.
The reduction to the pure cubic would soon be seen to be impossible,
and the stereometric line of investigation would prove unfruitful
and be abandoned accordingly.

The two problems of the duplication of the cube and the
trisection of an angle, leading in one case to a pure cubic equation
and in the other to a mixed cubic, are then the only problems
leading to cubic equations which we can be certain that the Greeks
had occupied themselves with up to the time of the discovery of the
conic sections. Menaechwus, who discovered these, showed that
they could be successfully used for finding the two mean propor-
tionals and therefore for solving the pure cubic equation, and the
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next question is whether it had been proved before the date of
Aristacus’ Solid Loci that the trisection of an angle could be
effected by means of the same conics, either in the form of the
vevows above described directly and without the reduction to a cubic
equation, or in the form of the subsidiary cubic (8). Now (1) the
solution of the cubic would be somewhat difficult in the days when
conics were still a new thing. The solution of the equation (8) as
such would involve the drawing of the conics which we should
represent by the equations
zy = a’,
bx = 3a® + 3by — ¥,

and the construction would be decidedly more difficult than that
used by Archimedes in connexion with his cubic, which only requires
the construction of the conics

e _ 2
z _a Y,
(a~2)y=ac;

hence we can hardly assume that the trisection of an angle in the
form of the subsidiary cubic equation was solved by means of conics
before 320 B.c. (2) The angle may have been trisected by means
of conics in the sense that the vedows referred to was effected by
drawing the curves (a), ie. a rectangular hyperbola and a circle.
This could easily have been done before the date of Aristaeus; but
if the assignment of the name ‘solid loci’ to conics had in view their
applicability to the direct solution of the problem in this manner
without any reference to the cubic equation, or simply because
the problem had been before proved to be ‘solid’ by means of the
reduction to that cubic, then there does not appear to be any
reason why the Quadratrix, which had been used for the same
purpose, should not at the time have been also regarded as a ‘solid
locus,” in which case Aristaeus could hardly have appropriated the
latter term, in his work, to conics alone. (3) The only remaining
alternative consistent with Zeuthen's view of the origin of the
name ‘solid locus’ appears to be to suppose that conics were so
called simply because they gave a means of solving one *solid
problem,’ viz. the doubling of the cube, and not a problem of the
more general character corresponding to a mixed cubic equation, in
which case the justification for the general name ‘solid locus’ could
only be admitted on the assumption that it was adopted at a time
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when the Grecks were still hoping to be able to reduce the general
cubic equation to the pure form. I think however that the
traditional explanation of the term is more natural than this
would be. Conics were the first curves of general interest for
the description of which recourse to solid figures was necessary as
distinet from the ordinary construction of plane figures in a plane*;
hence the use of the term ‘solid locus’ for conics on the mere ground
of their solid origin would be a natural way of describing the new
class of curves in the first instance, and the term would be likely
to remain in use, even when the solid origin was no longer thought
of, just as the individual conics continued to be called *sections of
a right-angled, obtuse-angled, and acute-angled” cone respectively.
While therefore, as I have said, the two problems mentioned
maght naturally have been called ¢solid problems’ before the dis-
covery of ‘solid loci,” 1 do not think there is sufficient evidence
to show that ‘solid problem’ was then or later a technical term
for a problem capable of reduction to a cubic equation in the sense
of implying that the geometrical equivalent of the general cubic
equation was investigated for its own sake, independently of its
applications, and that it ever occupied such a recognised position
in Greek geometry that a problem would be considered solved so
soon as it was reduced to a cubic equation. 1f this had been so,
and if the technical term for such a cubic was ‘solid problem,” I
find it hard to sece how Archimedes could have failed to imply some-
thing of the kind when arriving at his cubic equation. Instead of
this, his words rather suggest that he had attacked it as res integra.
Again, if the general cubic had been regarded over any length of
time as a problem of independent interest which was solved by
means of the intersections of conics, the fact could hardly have been
unknown to Nicoteles who is mentioned in the preface to Book Iv.
of the Conics of Apollonius as having had a controversy with Conon
respecting the investigations in which the latter discussed the maxi-
mum number of points of intersection between two conics. Now
Nicoteles is stated by Apollonius to have maintained that no use

* It is true that Archytas’ solution of the problem of the two mean propor-
tionals used a curve of double curvature drawn on a cylinder ; but this was not
such a curve a8 was likely to be investigated for itself or even to be regarded as
& locus, strictly speaking; hence the solid origin of this isolated curve would
not be likely to suggest objections to the appropriation of the term “solid locus’
to conics.
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could be made of the discoveries of Conon for diopiopol; but it seems
incredible that Nicoteles could have made such a statement, even for
controversial purposes, if cubic equations then formed a recognised
class of problems for the discussion of which the intersections of
conics were necessarily all-important.

I think therefore that the positive evidence available will not
Jjustify us in accepting the conclusions of Zeuthen except to the
following extent.

1. Pappus’ explanation of the meaning of the term ‘plane
problem’ (érireSov mpdBAnua) as used by the ancients can hardly
be right. Pappus says, namely, that “problems which can be
solved by means of the straight line and circle may properly be
called plane (Aéyorr’ dv elxdrws érimeda); for the lines by means of
which such problems are solved have their origin in a plane.” The
words ‘““may properly be called” suggest that, so far as plane
problems were concerned, Pappus was not giving the ancient
definition of them, but his own inference as to why they were
called ‘plane.” The true significance of the term is no doubt, as
Zeuthen says, not that straight lines and circles have their origin
in a plane (which would be equally true of some other curves), but
that the problems in question admitted of solution by the ordinary
plane methods of transformation of areas, manipulation of simple
equations between areas, and in particular the application of areas.
In other words, plane problems were those which, if expressed
algebraically, depend on equations of a degree not higher than the
second.

2. When further problems were attacked which proved to be
beyond the scope of the plane methods referred to, it would be
found that some of such problems, in particular the duplication
of the cube and the trisection of an angle, were reducible to simple
equations between volumes instead of equations between areas; and
it is quite possible that, following the analogy of the distinction
existing in nature between plane figures and solid figures (an analogy
which was also followed in the distinction between numbers as ‘plane’
and ‘solid’ expressly drawn by Euclid), the Greeks applied the term
‘golid problem’ to such a problem as they could reduce to an
equation between volumes, as distinct from a ‘plane problem’
reducible to a simple equation between areas.

3. The first ‘solid problem’ in this sense which they succeeded
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in solving was the multiplication of the cube, corresponding to the
solution of a pure cubic equation in algebra, and it was found that
this could be effected by means of curves obtained by making plane
sections of a solid figure, namely the cone. Thus curves having a
solid origin were found to solve one particular solid problem, which
could not but seem an appropriate result; and hence the conic, as
being the simplest curve so connected with a solid problem, was
considered to be properly termed a ‘solid locus,” whether because of
its application or (more probably) because of its origin.

4. Further investigation showed that the general cubic equation
could not be reduced, by means of stereometric methods, to the
simpler form, the pure cubic; and it was found necessary to try
the method of conics directly either (1) upon the derivative cubic
equation or (2) upon the original problem which led to it. In
practice, as e.g. in the case of the trisection of an angle, it was
found that the cubic was often more difficult to solve in that
manner than the original problem was. Hence the reduction of
it to a cubic was dropped as an unnecessary complication, and
the geometrical equivalent of a cubic equation stated as an in-
dependent problem never obtained a permanent footing as the
‘solid problem’ par excellence.

5. It followed that solution by conics came to be regarded as
the criterion for distinguishing a certain class of problem, and, as
conics had retained their old name of ¢solid loci,’ the corresponding
term ‘solid problem’ came to be used in the wider sense in which
Pappus interprets it, according to which it includes a problem
depending on a biquadratic as well as a problem reducible to a
cubic equation.

6. The terms ‘linear problem’ and ‘linear locus’ were then
invented on the analogy of the other terms to describe respectively
a problem which could not be solved by means of straight lines,
circles, or conics, and a curve which could be used for solving such
a problem, as explained by Pappus.



CHAPTER VIL
ANTICIPATIONS BY ARCHIMEDES OF THE INTEGRAL CALCULUS.

IT has been often remarked that, though the method of exhaustion
exemplified in Euclid x11. 2 really brought the Greek geometers face
to face with thc infinitely great and the infinitely small, they
never allowed themselves to use such conceptions. Tt is true that
Antiphon, a sophist who is said to have often had disputes with
Socrates, had stated* that, if one inscribed any regular polygon,
say a square, in a circle, then inscribed an octagon by constructing
isosceles triangles in the four segments, then inscribed isosceles
triangles in the remaining eight segments, and so on, “until the
whole area of the circle was by this means exhausted, a polygon
would thus be inscribed whose sides, in consequence of their small-
ness, would coincide with the circumnference of the circle.” But as
against this Simplicius remarks, and quotes Eudemus to the same
effect, that the inscribed polygon will never coincide with the
circumference of the circle, even though it be possible to carry
the division of the area to infinity, and to suppose that it would
is to set aside a geometrical principle which lays down that magni-
tudes are divisible ad infinitum{. The time had, in fact, not come
for the acceptance of Antiphon's idea, and, perhaps as the result of
the dialectic disputes to which the notion of the infinite gave rise,
the Greek geometers shrank from the use of such expressions as
iufinitely great and infinitely small and substituted the idea of things
greater or less than any assigned magnitude. Thus, as Hankel says?,
they never said that a circle 4s a polygon with an infinite number of

* Bretschneider, p. 101.

+ Bretschoeider, p. 102.

$ Hankel, Zur Geschichte der Mathematik im Alterthum und Mittelalter,
p- 128.
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infinitely small sides ; they always stood still before the abyss of the
infinite and never ventured to overstep the bounds of clear con-
ceptions. They never spoke of an infinitely close approximation or
a limiting value of the sum of a series extending to an infinite
number of terms. Yet they must have arrived practically at such
a conception, e.g., in the case of the proposition that circles are to
one another as the squares on their diameters, they must have been
in the first instance led to infer the truth of the proposition by the
idea that the circle -could be regarded as the limit of an inscribed
regular polygon with an indefinitely increased number of corre-
spondingly small sides. They did not, however, rest satisfied with
such an inference ; they strove after an irrefragable proof, and this,
from the naturc of the case, could only be an indirect one. Ac-
cordingly we always find, in proofs by the method of exhaustion,
a demonstration that an impossibility is involved by any other
assumption than that which the proposition maintains. Moreover
this stringent verification, by means of a double reductio ad ab-
surdum, is repeated in every individual instance of the use of the
method of exhaustion ; there is no attempt to establish, in lieu of
this part of the proof, any gencral propositions which could be
simply quoted in any particular case.

The above general characteristics of the Greek method of
exhaustion are equally present in the extensions of the method
found in Archimedes, To illustrate this, it will be convenient,
before passing to the cases where he performs genuine integrations,
to mention his geometrical proof of the property that the area of a
parabolic segment is four-thirds of the triangle with the same base
and vertex. Here Archimedes exhausts the parabola by continually
drawing, in each segment left over, a triangle with the same base
and vertex as the segment. If A be the area of the triangle so
inscribed in the original segment, the process gives u series of areas

A, j4, (4, ..
and the area of the segment is really the sum of the infinite series
A g (@Pe@rs )

But Archimedes does not express it in this way. He first proves
that, if 4,, 4,,...4, be any number of terms of such a series, 50 that
A,=44,, 4,=44, ..., then

A+ A, + A+ ...+ A, + 34, =34,
or AL+ + @I =34
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Having obtained this result, we should nowadays suppose n to
increase indefinitely and should infer at once that ()"~ becomes
indefinitely small, and that the limit of the sum on the left-hand side
is the area of the parabolic segment, which must therefore be equal
to $4. Archimedes does not avow that he inferred the result in
this way; he merely states that the area of the segment is equal
to 44, and then verifies it in the orthodox manner by proving that
it cannot be either greater or less than $4.

I pass now to the extensions by Archimedes of the method
of exhaustion which are the immediate subject of this chapter. Tt
will be noticed, as an essential feature of all of them, that
Archimedes takes both an inscribed figure and a circumscribed
figure in relation to the curve or surface of which he is investigating
the area or the solid content, and then, as it were, compresses the
two figures into one so that they coincide with one another and
with the curvilinear figure to be measured; but again it must
be understood that he does not describe his method in this way or
say at any time that the given curve or surface is the limiting form
of the circumscribed or inscribed figure. I will take the cases
in the order in which they come in the text of this book.

1. Surface of a sphere or spherical segment.

The first step is to prove (On the Sphere and Cylinder 1. 21, 22)
that, if in a circle or a segment of a circle there be inscribed
polygons, whose sides 4B, BC, CD, ... are all equal, as shown
in the respective figures, then

(a) for the circle
(BB'+CC'+...): A4'= A'B : BA,
(6) for the segment
(BB'+CC'+ ...+ KK'+ LM) : AM=A'B : BA.

Next it is proved that, if the polygons revolve about the
diameter AA’, the surface described by the equal sides of the
polygon in a complete revolution is [1. 24, 35]

(@) equal to a circle with radius JAB (BB +CC’ + ...+ YY)
or (b) equal to a circle with radius JAB (BB +CC + ... + LM).

Therefore, by means of the above proportions, the surfaces
described by the equal sides are seen to be equal to




ARCHIMEDES  ANTICIPATIONS OF THE INTEGRAL CALCULUS. cxlv

(@) a circle with radius /44" A'B,

and (b) a circle with radius /AWM. 4B ;

they are therefore respectively [1. 25, 37] less than
(¢) a circle with radius 44’
(b) a circle with radius 4 L.

Archimedes now proceeds to take polygons circumscribed to the
circle or segment of a circle (supposed in this case to be less than a
semicircle) so that their sides are parallel to thosc of the inscribed
polygons before mentioned (cf. the figures on pp. 38, 51), and he
proves by like steps [1. 30, 40] that, if the polygons revolve about the
diameter as before, the surfaces described by the equal sides during
a complete revolution are greater than the same circles respectively.

Lastly, having proved these results for the inscribed and
circuwmseribed figures respectively, Archimedes concludes and proves
[1. 33, 42, 43] that the surface of the sphere or the segment of the
sphere is equal to the first or the second of the circles respectively.

In order to see the effect of the successive steps, let us express
the several results by means of trigonometry. If, in the figures on
pp- 33, 47 respectively, we suppose 4n to be the number of sides in
the polygon inscribed in the circle and 2n the number of the equal
sides in the polygon inscribed in the segment, while in the latter
case the angle 40L is denoted by a, the proportions given above
are respectively equivalent to the formulae*

2

7T T k3
— 4+ ... +s8in(2n—1) - - cot —~
+ ... +sin(2n )2n

. ki .
sin — + sin ,
2n 2n 4n

. a . 2a . a .
2{sin—+sin” + ... +sin{n—1)—1 +sina
n n n a
and =cot 5.
1-cosa In

Thus the two proportions give in fact a summation of the series
sin @ +sin 20+ ... +sin(n—-1) 40

both generally where 58 is cqual to any angle a less than =, and in
the particular casc where n is even and 6 =w/n.

Again, the areas of the circles which are equal to the surfaces
described by the revolution of the equal sides of the inscribed

* These formulae are taken, with a shight modification, from Loris, Il periodo
aureo della geometria greca, p. 108,

H. A. k
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polygons are respectively (if « be the radius of the great circle
of the sphere)

*sin 7 {sin 7 +sin " '0_”} 2 cos
4m7a® sin n {sm gy Iy + ... +sin (Zn-1) o OF 4ma’ cos W
and

f)
. a . a . P43 . a .
wa®. 2sino— | 2 4sin~+s8in — + ... +sin(n~1) -} +sina |,
2n n n n

or na’. 2 cos % (1-cosa).

The areas of the circles which are equal to the surfaces described
by the equal sides of the circumscribed polygons are obtained from
the areas of the circles just given by dividing them by cos® #/4n and
cos® a/2n respectively.

Thus the results obtained by Archimedes are the same as would
be obtained by taking the limiting value of the above trigonometri-
cal expressions when % is indefinitely increased, and when therefore
cos w/4n and cos a/2n are both unity

But the first expressions for the areas of the circles are (when n
is indefinitely increased) exactly what we represent by the
integrals

4ma’. } Lﬂ sin 6 df, or 4wa’,

and Ta’ ./a 2 sin §db, or 2ma’ (1 — cos a).
0

Thus Archimedes’ procedure is the equivalent of a genuine
integration in each case.

2. Volume of a sphere or & sector of a sphere,

The method does not need to be separately set out in detail here,
because it depends directly on the preceding case. The investiga-
tion proceeds concurrently with that of the surface of a sphere or a
segment of a sphere. The same inscribed and circumseribed figures
are used, the sector of a sphere being of course compared with the
solid figure made up of the figure inscribed or circumscribed to the
segment and of the cone which has the same base as that figure and
has its vertex at the centre of the sphere. It is then proved,
(1) for the figure inscribed or circumscribed to the sphere, that its
volume is equal to that of a cone with base equal to the surface of
the figure and height equal to the perpendicular from the centre of
the sphere on any one of the equal sides of the revolving polygon,
(2) for the figure inscribed or circumscribed to the sector, that the
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volume is equal to that of a cone with base equal to the surface of
the portion of the figure which is inscribed or circumscribed to the
segment of the sphere included in the sector and whose height is the
perpendicular from the centre on one of the equal sides of the
polygon.

Thus, when the inscribed and circumscribed figures are, so
to speak, compressed into one, the taking of the limit is practically
the same thing in this case as in the case of the surfaces, the
resulting volumes being simply the before-mentioned surfaces
multiplied in each case by la.

3. Adrea of an ellipse.

This case again is not strictly in point here, because it does
not exhibit any of the peculianties of Archimedes’ extensions of
the method of exhaustion. That method is, in fact, applied in
the same manner, mufatis mutandis, as in Eucl. x1u1. 2. There
is no simultaneous use of inscribed and circumscribed figures, but
only the simple exhaustion of the ellipse and auxiliary circle by
increasing to any desired exteut the number of sides in polygons
inscribed to each (On Conoids and Spheroids, Prop. 4).

4. Volume of a segment of a paraboloid of revolution

Archimedes first states, as a Lemina, a result proved incidentally
in a proposition of another treatise (On Spirals, Prop. 11), viz. that,

if there be » terms of an arithmetical progression %, 24, 3%, ..., then
h42h-3h+ ... +nh>inth (o)
and h+2h+3h+ .+(n=1)h<gnth) T ’

Next he inscribes and circumscribes to the segment of the
paraboloid figures made up of small cylinders (as shown in the figure
of On Conoids and Spheroids, Props. 21, 22) whose axes lie along
the axis of the segment and divide it into any number of equal
parts. If ¢ is the length of the axis AD of the segment, and if
there are n cylinders in the circumscribed figure and their axes are
each of length %, so that ¢=nh, Archimedes proves that

1 cylinder Cfi o n3h
) inscribed g, A+ 2h+3h+ .. +(n-1)h
> 2, by the Lemma,
; cylinder CE.~ nh_
and (2) circumscribed fig. A+ 2k + 3k + ... +nk
<2,

k2
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Meantime it has been proved [Props. 19, 20] that, by increasing
n sufficiently, the inscribed and circumscribed figure can be made
to differ by less than any assignable volume. It is accordingly
concluded and proved by the usual rigorous method thatv

(cylinder CE) = 2 (segment),
so that (segment ABC') =3 (cone 4BC).

The proof is therefore equivalent to the assertion, that if 4 is
indefinitely diminished and » indefinitely increased, while n/ remains

equal to ¢,
limit of A{Ah + 2h ~ 3h + ... + (= 1) A} = }c*;

that is, in our notation,

B
/ xdr — 32
0

Thus the method is essentially the same as ours when we
express the volume of the segment of the paraboloid in the form

¢
x/ ydz,
Jo

where « is a constant, which does not appear in Archimedes’ result
for the reason that he does not give the actual content of the
segment of the paraboloid but only the ratio which it bears to the
circumscribed cylinder.

5. Volume of a segment of a hyperboloid of revolution.

The first step in this case is to prove [On Conoids and Spheroids,
Prop. 2] that, if there be a series of » terms,

ah + 7, a.2h+ (2h), a.3k+ (BL), ... a.nk+ (nh),
and if (ah + A%+ {a.2h + (2h)% + ... + {w. nh + (Wh)?} = S,

then n{a. nh + (nh)}/S, < (a + nk) / (g + 7—?—")1
......... (B).
and nia. nk + (nkh)?}/S,., > (@ + nlz)// (g + 'f;k>)

Next [Props. 25, 26] Archimedes draws inscribed and circum-
scribed figures made up of cylinders as before (figure on p. 137), and
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proves that, if 4D is divided into n equal parts of length %, so that
nh=AD, and if 44" =a, then

cylinder EB'  n{a.nh+ (nh)
inscribed tigure Sacy

>(u+ nh)l/ (‘51 + n?h) ,

-

cylinder £B"  n{a.nh+(nh)"
circumscribed fig. ~ S,

< (@ +nh) (g_%c)

The conclusion, arrived at in the same manner as before, is that

_(izlinder EB /(@ 7_1&
segment ABB’~ (@ +nk)/ <§ *3 )

This is the same as saying that, if nk =5, and if . be indefinitely
diminished while » is indefinitely increased,

and

limit of n (ab + 0?)/S, = (a+b)/ <§ + g) ,

.. b a b
or limit of - S, =8 (§ + 3> .

Now S,=a(l+2h+ ... +uh)~ 22+ (2k) +... +(nk)},
50 that Sy =ah(h+2h ...+ nk) =1 A2+ (2R) + .. +(nh)%.
The limit of the last expression is what we should write as

b
, (ax + «*) da,
0

v

which is equal to b? (% + g) ;

and Archimedes has given the equivalent of this integration.

6. Volume of a segment of a spheroid.

Archimedes does not here give the equivalent of the integration

b

}0 (az - 2%),

presumably because, with his method, it would have required yet
another lemma correspouding to that in which the results (B) above
are established.
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Suppose that, in the case of a segment less than half the spheroid
(figure on p. 142), 44’'=a, CD=}¢c, AD=b; and let 4D be divided
into » equal parts of length A.

The gnomons mentioned in Props. 29, 30 are then the dlﬂ'erences
between the rectangle cb + % and the successive rectangles

ch+h% ¢.2h+(2R), ... c.(n=1)h+{(n 1)E}
and in this case we have the conclusions that (if S, be the sum of
= terms of the series representing the latter rectangles)

_cylinder EB"  n(ch+b%)
inscribed figure  n (b + b)) = S,

/e 2b
>(c+b) <273),

_cyhnder £B"  n(ch+¥?)
circumscribed fig. = (cb + b°) - S,_,

<(c+ b)‘,'/ (% + 2;) ,

cylinder £B’ —(e+b / c 26)
segment 4BB’ ) (3 *3)

and

and in the limit

Accordingly we have the limit taken of the expression

n(ch+8°) -8, 1 S,
n(@b+ o) 7 T alch b’

and the integration performed is the same as that in the case of the
hyperboloid above, with ¢ substituted for .

Archimedes discusses, as a separate case, the volume of half a
spheroid [Props. 27, 28]. It differs from that just given in that ¢
vanishes and b = a, so that it is necessary to find the limit of

R+ (2R)° + (Bh)" + ... + (nh)*
n(nh)y ?
and this is done by means of a corollary to the lemma given on
pp- 107—9 [On Spirals, Prop. 10] which proves that
2+ (2R) + ... + (mR) > dn (nh)?,
and R+ (20) + ...+ {(n—1) A} < kn (nh)
The limit of course corresponds to the integral

b
/ ot = 3B,
0
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7. Area of a spiral.

(1) Archimedes finds the arca bounded by the first complete
turn of a spiral and the initial line by mecans of the proposition just
quoted, viz.

R+ (2R + ...+ (nh)' > dn(nhp
R+ 2Ry + ... = {(n=1)R2 < In(nk)

He proves [Props. 21, 22, 23] that a figure consisting of similar
sectors of circles can be circumscribed about any are of a spiral such
that the area of the circumscribed figure exceeds that of the spiral
by less than any assigned area, and also that a figure of the same
kind can be inscribed such that the area of the spiral exceeds that
of the inscribed figure by less than any assigned area. Then, lastly,
he circumseribes and inseribes figures of this kind [Prop. 24], thus
e.g. in the circumscribed figure, if there are = similar sectors, the
radii will be n lines forming an arithmetical progression, as k, 24,
3k, ... nh, and nh will be equal to @, where a is the length inter-
cepted on the initial line by the spiral at the end of the first turn.
Since, then, similar sectors are to one another as the square of their
radii, and n times the scctor of radius =k or « is equal ‘to the circle
with the same radius, the first of the above formulae proves that

(circumscribed fig.) > wa®.

A similar procedure for the inscribed figure leads, by the use of the
second formula, to the result that

(inscribed fig.) < Lwa’.
The conclusion, arrived at in the usual manner, is that
(area of spiral) = {za’;

and the proof is equivalent to taking the limit of
:_:[m + (2R + .+ (= 1) R

wh

or of (A5 + 2Ry + ... + {(n— 1) A}?),

a
which last limit we should express as

@€
I/ 2 de - na’
)

a
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[It is clear that this method of proof equally gives the area
bounded by the spiral and any radius vector of length & not being
greater than a; for we have only to substitute md/a for =, and to
remember that in this case nA=5b. 'We thus obtain for the area

[
~ [ a*dx, or }wb%a.]

ajo

(2) To find the area bounded by an arc on any turn of the
spiral (not being greater than a complete turn) and the radii
vectores to its extremities, of lengths & and ¢ say, where ¢>9,
Archimedes uses the proposition that, if there be an arithmetic
progression consisting of the terms

by b+hy b+2h, ... b+ (n-1)A,
and if S~ b+A2+GB+20) ...+ b+ (n-1)A)3

(-1 {b+(n-1)A}" {b+(71.—l)/L
then SamB T St (a—1yAT6+ } i(n = TYA
and (71._—1)_{_6_-{-(7&—11{1,}’ . {[)+(n—l)/¢}

b+ (n=1)}b+}{(n—1)k?"

nw—1

{On Spirals, Prop. 11 and note.]

Then in Prop. 26 he circumscribes and inscribes figures consisting
of similar sectors of circles, as before. There are n--1 sectors in
each figure and therefore n radii altogether, including both & and ¢,
so that we can take them to be the terms of the arithmetic progres-
sion given above, where {b+(n—1)A}=c. It is thus proved, by
means of the above inequalities, that

~_sector OB'C b+ (n-1)R0p . sector OBC
circumseribed fig. ~ b+ (n—1)hib+4 (n—1)A]  inscr. fig. ’

and it is concluded after the usual manner that

AP
T3 1) AP

n—1

sector 0B'C {6+
spiral OBC ~ {b+(n ‘TT}
S A
Tob+3(c-0)°

Remewbering that n—1=(c—5)/h, we see that the result is the
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same thing as proving that, in the limit, when » becomes indefinitely
great and % indefinitely small, while b+ (n — 1) A=,

limit of % [b*+ (b +2)° + ... ~ {b+ (n - 2)A}%)
=(c=b){chb+3}(c—b)"}

o . =3 -¥);
that is, with our notation,

[cx“’d.c=:}(c’~—b‘).
Jb

(3) Archimedes works out separately [Prop. 25], by exactly
the same method, the particular case where the area is that described
in any one complete turn of the spiral beginning from the initial
line. This is equivalent to substituting (= — 1)« for b and na for ¢,
where a is the radius vector to the end of the first complete turn of
the spiral

1t will be observed that Archimedes does not use the result
corresponding to

f 2 de— ’ ' e = ’I »Pdx,
0 Jb

Jo

8. Area of a parabolic segment.

Of the two solutions which Archimedes gives of the problem of
squaring a parabolic segment, it is the mechanical solution which
gives the equivalent of a genuine integration. In Props. 14, 15 of
the Quadrature of the Parabola it is proved that, of two figures
inscribed and circumscribed to the segment and consisting in each
case of trapezia whose parallel sides are dismmneters of the parabola,
the inscribed figure is less, and the circumscribed figure greater,
than one-third of a certain triangle (£¢¢ in the figure on p. 242).
Then in Prop. 16 we have the usual process which is equivalent to
taking the limit when the trapezia become infinite in number and
their breadth infinitely small, and it is proved that

(area of segment) — 3 A EqQ.

The result is the equivalent of using the equation of the parabola

referred to Qg as axis of x and the diameter through @ as axis of

Y, viz.
py=x(2a—x),

which can, as shown on p. 236, be obtained from Prop. 4, and finding

2
/ ydx,
0
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where y has the value in terms of = given by the equation ; and of
course

1 2 o o g, 4d*
.5/0 (2ax ~ %) dx = 3p°

The equivalence of the method to an integration can also be
seen thus. It is proved in Prop. 16 (see figure on p. 244) that, if
qF be divided into n equal parts and the construction of the
proposition be made, Qg is divided at O,, O,, ... into the same
number of equal parts. The area of the circumscribed figure is then
easily seen to be the sum of the areas of the triangles

QqF, QRF, QRF, ..
that is, of the areas of the triangles
Q9F, QOR,, Q0.D, ..

Suppose now that the area of the triangle Q¢4 is denoted by A, and
it follows that

2 — 9y
1)_+(_n_‘_)_+ 1}

. . N N (n—
(circumscribed fig.) = A {1 S 3 KR

Similarly we obtain

. . 1 o xe
(inscribed fig.) = a8 FAZL 22A%4 . 4 (n—1)°A%

Taking the limit we have, if A denote the area of the triangle £¢0),

80 that 4 = 24,

1 4
(area of segment)= 3 / A*dA
Ja

=14
If the conclusion be regarded in this manner, the integration is

the same as that which corresponds to Archimedes’ squaring of the
spiral.



CHAPTER VIIL
THE TERMINOLOGY OF ARCHIMEDES.

So far as the language of Archimedes is that of Greek geometry
in general, it must necessarily have much in common with that of
Euclid and Apollonius, and it is therefore inevitable that the
present chapter should repeat many of the explanations of terms of
general application which T have already given in the corresponding
chapter of my edition of Apollonius’ Conics*. But I think it will
be best to make this chapter so far as possible complete and self-
contained, even at the cost of some slight repetition, which will
however be relieved (1) by the fact that all the particular phrases
quoted by way of illustration will be taken from the text of
Archimedes instead of Apollonius, and (2) by the addition of a large
amount of entirely different matter corresponding to the great
variety of subjects dealt with by Archimedes as compared with the
limitation of the work of Apollonius to the one subject of conics.

One element of difficulty in the present case arises out of the
circumstance that, whereas Archimedes wrote in the Doric dialect,
the original language has been in some books completely, and in others
partially, transformed into the ordinary dialect of Greek. Uni-
formity of dialect cannot therefore be preserved in the quotations
about to be made; but I have thought it best, when explaining
single words, to use the ordinary form, and, when illustrating their
use by quoting phrases or sentences, to give the latter as they appear
in Heiberg’s text, whether in Doric or Attic in the particular case.
Lest the casual reader should imagine the paroxytone words evfeias,
Stapérpor, meoelrar, weaovvray, éooelral, Swvdvray, drrérar, xakelobou,
«elobas and the like to be misprints, I add that the quotations in
Doric from Heiberg’s text have the unfamiliar Doric accents.

I shall again follow the plan of grouping the various techuical

* Apollonius of Perga, pp. clvii—clxx.
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terms under certain general headings, which will enable the Greek
term corresponding to each expression in the ordinary mathematical
phraseology of the present day to be readily traced wherever such
a Greek equivalent exists.

Points and lines.

A point is onueiov, the point B 76 B onuelov or 0 B simply; «
point on (s line or curve) omueiov émw{ (with gen.) or év; a point
raised above (a plane) onueiov peréwpov; any two points whatever
being taken 8o onuelwv AapBavopévev omoiwvoiv.

At a point (e.g. of an angle) mpds (with dat.), kaving its vertex at
the centre of the sphere xopudny éxwv mpos 16 kévrpw Tis odaipas ; of
lines meeting iz a point, touching or dividing at a point, etc., xard
(with acc.), thus AE 1s bisected at Z is d AE 8ixa reuvéras kara 76 Z;
of a point falling or or being placed on another éx{ or xard (with
ace.), thus Z will fall on I, 70 pév Z éwi 70 T' mweoeirar, 80 that E lies
on A, dore 70 pev E xard 70 A kelobar.

Particular points are exiremity mépas, vertex xopvnj, centre
kévrpov, point of division Swaipeots, point of meeting oVpmrwos, point
of section Topy, point of bisection OSixorouia, the middle point 7o
péaov ; the points of division H, 1, K, 7d 7év Swpecivv capeio ma H,
I, K ; let B be its middle point pérov 8¢ avrds éoro 76 B; the point of
section in which (a circle) culs o Topd, ke’ dv Téuver.

A line is ypaupy, a curved line xapmidy ypapuy, a straight line
efeta with or without ypauuy. The straight line ®IKA, ¢ OIKA
evfeia ; but sometimes the older expression is used, the straight line
on which (éx{ with gen. or dat. of the pronoun) are placed certais
letters, thus let it be the straight line M, éorw ép’ ¢ 10 M, other
straight lines K, A, dAAat ypappal, é¢’ av 17a K, A. The straight
lines between the points al perald Tdv onpelvv ebbeiar, of the lines
which have the same extremities the straight line 18 the least vév Ta
avra mépata éxovodv ypauusy éxayicryy elvar Ty efeiav, straight lines
cutting one another elfelac repvovoar aArdAas.

For points in relation to lines we have such expressions as the
following : the points I', ®, M are on a straight line én’ edfelas éori
ra T, ®, M capeia, the point of bisection of the straight line contuining
the centres of the middle magnitudes d Suxoropia tds evfelas 7ds
éxovoas T& kévtpa OV péowy peyeféwy. A very characteristic phrase
for at a point whick divides the straight line in such a proportion
that... is émi 13s edfelas Swnpefeloas Gore...; similarly éri rés XE
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tualeloas ovrws, dore. A certain point will be on the straight line...
dwiding it so that... éooelrar &ri tas ebbelas ..Satpéov ovrws Tav
elpnuévay ebbeiav, @ore....

The middle point of a line is often elegantly denoted by an
adjective in agreement ; thus at the middle point of the segment émi
péaov Tod Tudparos, (a line) drawn from T to the middle point of
EB, dno Tob T émi péoav rav EB dxleioa, drawn to the middle point of
the base émt péoav Tov Bdow dyouéva.

A straight line produced is the (straight line) in the same stratght
line with it 4 éx’ edbelas alry. In the same straight line with the
arig &rt 1ds abras ebbelas 1@ afove. Of a straight line falling on
another line xard (with gen.) is used, e.g. wirrovor xar olris, émi
(with acc.) is also used of a straight line placed on another, thus if
EH be placed on BA, tefeicas vas EH éri rav BA.

For lines passing through points we find the following ex-
pressions : will pass throngh N, pée 8& Tot N ; will pass throwgh the
centre 8 100 kévrpov wopevaerar, will fall through @ mecelrar 8ia Tod
®, verging towards B vevovoa émt To B, pass through the same point
érl T alrd capeiov épxivrar, the diayonals of the parallelogram full
(i.e. meet) at ©, xari 8¢ 70 @ ai diapérpor Tod Tapalinploypdupov
wimrovre ; EZ (passes) through the points bisecting AB, TA, éxi 8¢ rav
dixorouiav rav AB, 'A & EZ. The verb eiud 15 also used of passing
througt, thus éooelrac &n abra St Tov ©.

For lines in relation to other lines we have perpendicular to
kdferos érl (with acc.), parallel to wapiAAnhos with dat. or wapd
(with acc.); let KA be (drawn) from K parallel to TA, dwo rot K
mapa tav A éorw a KA.

Lines meeting one another ovpmimrovoar dAAyhais; the pond in
whick ZH, MN produced meet one another and AT, 76 onpelov, xaf’ &
ovpBallovow ékfBaropevar ai ZH, MN dAdfjdais 7¢ xai 7 AT'; so0 as
to meet the tangent Gorte éumecev T¢ érupavovoq, let straight lines be
drawn parallel to AL to meet the section of the cone dxfuwv ebfeia
wapd rav AT éore morl Tdv Tob kwrov Topdv, fo draw a straight line to
meet s circumference worl tav mepipépetay adrod moriSBalety edfeiav,
the line drawn to meet & moruresovoa, let AE, AA be drawn from the
point A to meet the spiral and produced to meet the circumference of
the circle morururrévroy énd o A capelov wori Tav ke al AE, AA
kal éxmurroyTwy ToTt Tav TOU KUKAOU Tepidépetay ; until it meets OA in
0, éore xa ovpméoy 7¢ OA katd 16 O (of a circle).
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(The straight line) wili full outside (i.e. unll extend beyond) P,
éxtds Tov P meoeirar; will fall within the section of the figure évros
TegovyTar Tds TOU oxIHaTOS TOMAS.

The (perpendicular) distance between (two parallel lines) AZ, BH,
76 Stdoryua tav AZ, BH. Other ways of expressing distances are the
following : the magnitudes equidistant from the middle one & iocov
dréxovra dmd 70v péogov peyébea, are at equal distances from one
another loa am’ dMdAwv Siéoraxev; the segments (lengths) on AH
equal to N, ra év 7@ AH rudpara loopeyéfea ¢ N ; greater by one
segment évi Tudpare pellwv.

The word edfeia itself is also often used in the sense of distance ;
cf. the terms mpwry ebfeia etc. in the book On Spirals, also d edbeia
& peradd Tod kévrpov Tob dMlov kal Tov xévrpov Tds yas the distance
between the centre of the sun and the centre of the earth.

The word for join is émlevyvinw or émlevyvvue; the straight line
Joining the points of contact & tas das émlevywovaa edfeta, BA when
joined & BA émfevybeioa; let BZ join the points of bisection of AA,
BT, d 8¢ EZ émlevyvvére tas Siyoropias rav AA, BT. In one case
the word seems to be used in the sense of drawing simply, € xa
ebleio émdevyly ypappd év émumédo.

Angles.

An angle is ywvia, the three kinds of angles are right 3pf7, acute
0ela, obtuse dufAeia ; right-angled ete. dpfoyuvios, dfvydvios, duBAv-
yavios ;  equiangular looydvios; with an even number of angles
dpridywvos Or dpTioyuvios.

At right angles to dpbos mwpds (with ace.) or wpos dpfds (with dat.
following); thus if a line be erected at right angles to the plane ypapuas
aveoraxovoas ophas mort 16 érimedov, the planes are at right angles to
one another Spfd wor' dAlald évri Ta émimeda, being at right angles
to ABL, wpos dpbas dv ¢ ABIL; KT, EA are at right angles to one
another mwor 8pbds évre dAAdAais al KT, EA, fo cut at right angles
réuvew mpos opfds. The expression making right angles with is also
used, e.g. épbas wowodoa ywvias wori Tav AB.

The complete expression for the angle contained by the lines AH,
AT is d ywvia & weprexopéva Hmd 7av AH, AT ; but there are a great
variety of shorter expressions, ywvia itself being often understood ;
thus the angles A, E, A, B, ai A, E, A, B yuviai; the angle at ©, d wort
16 ®; the angle contained by AA, AZ, & ywvia 4 vwd Tdv AA, AZ; the
angle AHT, 3 ¥wo Tév AHT ywvia, 4 w6 AHT (with or without ywvia).
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Making the angle K equal to the angle ®, yoviav wowica tav K
loav 7¢ @ ; the angle into which the sun fits and which has its vertex
at the eye ywvia, els av 6 aAios évapudler Tav xopupav éxoveav wori T4
SYeu; of the sides subtending the right angle (hypotenuses) Tév dmd
1av dpbav ywviav vrorewovody, they subtend the same angle évri vmd
Tav abrav yoviay.

If a line through an angular pomnt of a polygon divides it
exactly symmetrically, the opposite angles of the polygon, ai arevavriov
yevia Tod moAvywrov, are those answering to each other on each side
of the bisecting line.

Planes and plane figures.

A plane érimedov; the plane through BA, 70 émimedov 10 xard
v BA, or 76 & mjs BA, plane of the base érimedov tijs Bdoews, plane
(i.e. base) of the cylinder émimedov 70 xvAivdpov; cutting plane émwi:
wedov Téuvoy, tangent plane émimedov émuwpavov; the intersection of
planes is their common section xowr} Topmy.

In the same plane as the circle &v 76 atrg émmédw T¢ kvkAw.

Let a plane be erected on I1Z at right angles to the plane in whick
AB, I'A are dwo 7as I1Z érimedov dveataxérw SpBov moti 70 émimedov 70,
év ¢ évte at AB, TA.

The plane surface v énimedos (émpdvea), @ plune segment ériredov
Tunpa, a plane figure oxjpa ériredo.

A rectilineal figure ed@iypappov (oxipa), a side whevpd, perimeter
7 mweplperpos, similar Spotos, similarly situated Spoiws xeijevos.

To coincide with (when one figure is applied to another),
épapudlew followed by the dative or émi (with acc.); one part
coincides with the other épopucler 0 Erepov uépos émi 1o Erepov; the
plane through NZ coincides with the plane through AT, 16 érimedov 10
xard 7av NZ épappdler 7¢ émmédy 76 kare 7av AL. The passive is
also used ; if equal and similar plane figures cotncide with one another
70y lowy kai dpolwv oxmpdrey émuréduy épappolopévey ér’ dAlala.

Triangles.

A triangle is mpiywvoy, the triangles bounded by (their three
sides) T8 mepexdpeva Tplywva vro Tév.... A rightangled triangle
piywvov Spfoydviov, one of the sides about the right angle pia Tév Tepi
v épbry. The triangle through the axis (of a cone) 16 dua To¥ aéovos

Ti pl"waOV.
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Quadrilaterals.

A quadrilateral is a four-sided figure (rerpamAevpov) as dis-
tinguished from a jfour-angled figure, rerpdywvov, which means a
square. A trapezium, tpaméliov, is in one place more precisely
described as a trapezium having its two sides parallel rpawéliov vas
8o whevpds Ixov mapadidAiovs dAAdAacs.

A parallelogram mwapoXyAoypappov; for a parallelogram on a
straight line as base éx{ (with gen.) is used, thus the parallelograms
on them are of equal height éoriv ioovym T mapaXdyAéypappa To ér’
adrév. A diagonal of a parallelogram is Suduerpos, the opposite sides
of the parallelogram al kat' &vavriov Tui mapadAnAoypoppov whevpai.

Rectangles.

The word generally used for a rectangle is xwpiov (space or area)
without any further description. As in the case of angles, the
rectangles contained by straight lines are generally expressed more
shortly than by the phrase ta mepiexdpeva xwpla vmd ; either xwpiov
may be omitted or both xwpiov and mwepiexduevoy, thus the rectangle
AT, TE may be any of the following, 76 vwd rév AT, TE, 76 vmd
AT, TE, 76 vmd ATE, and the rectangle under OK, AH is 16 vmo 79
@K «xai 7js AH. Rectangles ©, I, K, A, xwplu év ofs 7o (or ép’ o
éxagrov Tov) O, I, K, A.

To apply a rectangle to a straight line (in the technical sense) is
wapafaiew, and rapamwirrw is generally used in place of the passive,
the participle mapakeiuevos is also used in the sense of applied fo. In
each case applying to a straight line is expressed by wapd (with acc.).
Exawples are, areas which we can apply to a given straight line (i.e.
which we can transform into a rectangle of the same area) ywpla, &
Svvdpefa mapd Tav dofleivay ebbetav mapaBaleiv, let a rectangle be
applied to each of them maparemrtwxérw wap éxdorav alrav xwplov;
if there be applied to each of them a rectangle exceeding by a square
Sigure, and the sides of the excesses exceed each other by an equal
amount (ie. form an arithmetical progression) € xa wap’ éxdorav
atriv mapaméoy T xwplov UmepBdAlov €dec Terpaywvy, Ewvre 8¢ al
mAevpal Tav tmepBAnpdrav ¢ low dANdAav Urepexovoal.

The rectangle applied is TapdSinua.

Squares.

’
A square is rerpdywvov, a square on a straight line is a square
{erected) from it (dnc). The square on T'E, 16 &nd rds TE rerpdywrov,
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is shortened into 76 dmd ras I'E, or 76 dwd T'E simply. The square
next in order to it (when there are & number of squares in a row) is
70 Tap’ abr@ TETpaywYoV OF TO éxGuevov TeTpdywyov.

With reference to squares, & most important part is played by
the word 8vvapts and the various parts of the verb Stvapar Stvajues
expresses a square (literally a power) ; thus in Diophantus it is used
throughout as the technical term for the square of the unknown
quantity in an algebraical equation, i.c. for »*. In geometrical
language it is the dative singular dvvimer which is mostly used;
thus a straight line is said to be potentially equal, Swdpe: ira, to a
certain rectangle where the meaning is that the square on the straight
line is equal to the rectangle ; similarly for the square on BA s less
than double the square on AK we have 7 BA éXdoawy éoriv § Surdacior
dvvdper 7js AK. The verb ddvacfar (with or without {oov) has the
sense of being Swwduer {oa, and, when &tvacfac is used alone, it is
followed by the accusative; thus the square (on o straight line) is
equal to the rectangle contained by... is (ebbeia) loov &varar 7¢
mepiexopévy Imo...; let the square on the radius be equal to the
rectangle BA, AZ, 7 é Tob kévrpov SwvdobBw 16 vwo Tov BAZ, (the
difference) by which the square on ZT' is greater than the square on
half the other diameter ¢ peiov dvvdrar d ZI' tas nuicelas ras érépas
Swapérpov.

A gnomon is yvopwy, and its breadth (wAdros) is the breadth of
each end; a gnomon of breadth equal to BI, ywouwy whdros éxwy loov
7@ BI, (@ gnomon) whose breadth is greater by one segment than the
breadth of the gnomon last taken away ol mwAdros évi Tudpare pefov
700 mAdTeos Tob wpd adrol ddatpovpévov yrupmovos.

Polygons.

A polygon is woldywvov, an equilateral polygon is ilgémAevpov,
a polygon of an even number of sides or angles dpridwAevpov or
dpriywvor ; a polygon with all its sides equal except BA, AA, ioas
Ixov ras mAevpas xwpis Tév BAA ; a polygon with its sides, excluding
the base, equal and even in number ras whevpas éxov xwpis s Bdoews
{oas kal dpriovs ; an equilateral polygon the number of whose sides is
measured by four moAvywvov icémAevpov, ob ai wAevpal Vmd Terpddos
perpodvras, let the number of its sides be measured by four 1o wAjfos
6y TAevpdy perpelcBo vmd Terpddos. A chiliagon xhdywvov.,

The straight lines subtending two sides of the polygon (i.e. joining
angles next but one to each other) ai ¥mé 8to mAevpds Tob moAvywyov

H. A. 14



clxii INTRODUCTION.

Urorelvovaar, the straight line subtending one less than half the
number of the sides 1 vworelvovaa Tés pd Adoaovas Tdy Huicewy.

Circles.

A circle is xixhos, the circle W is 6 ¥ kixhos or 6 xixAos &v & 70 ¥,
let the given circle be that drawn below éorw 6 Sofeis xixhos 6
Vmrokedjuevos.

The centre is xévrpov, the circumference mepipépera, the former
word having doubtless been suggested by something stuck in and
the latter by something, e.g. a cord stretched tight, carried round
the centre as a fixed point and describing a circle with its other
extremity. Accordingly mepipépera is used for a circular arc as well
as for the whole circumference ; thus the arc BA is 7 BA mwepupépea,
the (part of the) circumference of the circle cut off by the same
(stratght line) § Tov x¥xhov mepipépeta 1) Vo TS QUTHS ATOTEUVOMEN).
Though the circumference of a circle is also sometimes called its
perimeter (1 weplperpos) in the treatises On the Sphere and Cylinder
and on the Measurement of a Circle, the word does not seem to have
been used by Archimedes himself in this sense ; he speaks, however,
in the Sand-reckoner of the perimeter of the earth (wepiperpos ris yis).

The radius is % éx Tod xévrpov simply, and this expression
without the article is used as a predicate as if 1t were one word ;
thus the circle whose radius is OE is 6 xvkAos ol ék Tod xévrpov d
@E; BE is a radius of the circle 8¢ BE éx Tod xévtpov éori Tob kixAov.

A diameter is Sudperpos, the circle on AE as diameter 6 wepi
Sudperpov Ty AE xixdos.

For drawing a chord of a circle there is no special technical
term, but we find such phrases as the following: édv eis Tov xvxhov
ebfeta ypapp) éumréon if in a circle a straight line be placed, and the
chord is then the straight line so placed 3 éuwecoloa, or quite
commonly 7 & 79 xikAe (edfeia) simply. For the chord subtending
one 656tk part of the circumference of a circle we have the following
interesting phrase, d vroreivovoa & Tuaua Siaipebelras tis 1ot ABT
xvxAov wepipepeias és xvs.

A segment of a circle is Tufua kvkhov ; sometimes, to distinguish
it from a segment of a sphere, it is called a plane segment
Tuqpue émimedov. A semicircle is quiwikhiov; a segment less than a
semicircle cut off by AB, Tpijpa E\acoov uxkvkhiov 8 dworéuves
7 AB. The segments on AE, EB (as bases) are 7a émi +dv
AE, EB 7usjpara; but the semicircle on ZH as diameter is o
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jukcvkdov 76 mepi Swdperpor Tav ZH or 15 puuikAiov 1o mept rav ZH
simply. The expression the angle of the semicircle, d Tov juxvcdiov
(ywvia), is used of the (right) angle contained by the diameter and
the arc (or tangent) at one extremity of it.

A sector of a circle is Tomeds or, when it is necessary to
distinguish it from what Archimedes calls a ¢solid sector,” ériredos
Topeds xikdov a plane sector of a circle. The sector including the
right angle (at the centre) is 6 Topevs & Tav dpfav ywviay mepiéxwr.
Either of the radii bounding a sector is called a side of it, whevpd ;
each of the sectors (is) equal to the sector which has a side common
(with it) €xagros TéV Topéwv loos TG xowvav Exovrt WA€vpav TOuel; B
sector is sometimes regarded as described on one of the bounding
radii as a side, thus similar sectors have been described on all (the
straight lines) dvayeypaddrar dmwo macdv ouolor Topées.

Of polygons inscribed in or circumscribed about a circle éyypadew
els or & and mepiypdpew wepl (with acc.) are used; we also find
mepryeypappévos used with the simple dative, thus 70 wepiye-
voopuévov axiue TG Topel is the figure circumscribed to the sector.
A polygon is said to be inseribed in a segment of @ circle when
the base of the segment is one side and the other sides subtend
arcs making up the circumference; thus let a polygon be inscribed
on AT in the segnent ABT, éri s AT moldywvov éyyeypadbn
els 70 ABD rujua. A regular polygon is said to be inscribed in
a sector when the two radii are two of the sides and the other sides
are all equal to one another, and a similar polygon is said to be
circumseribed about a sector when the equal sides are formed by the
tangents to the arc which are respectively parallel to the equal
sides of the inscribed polygon and the remaining two sides are the
bounding radii produced to meet the adjacent tangents. Of a
circle circumscribed to a polygon wepihapBdvew is also used ; thus
ToMywvov kikAos Tepryeypappévos mephapfavére mepl To atrd kévtpoy
ywimevos, as we might say let a circumscribed circle be drawn with
the same centre going round the polygon. Similarly the circle ABI'A
containing the polygon & ABTA xikhos éxwy 10 woAvywvor.

When a polygon is inscribed in a circle, the segments left over
between the sides of the polygon and the subtended arcs are
replhemdpeva Tujpara; when a polygon is circumscribed to the
circle, the spaces between the two are variously called 7a wep-
Aerdpeva Tis mepiypagis Tuipare, T& meplhamdpeva oxypata, Td
weplkelppare Or T& dmoleippara.

12
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Spheres, etc.

In connexion with a sphere (odafpa) a number of terms are
used on the analogy of the older and similar terms connected with
the circle. Thus the centre is xévrpov, the radius n éx 1od xérpov,
the diameter 3 Suduerpos. Two segments, tpjpara opalpas or
rujpara opapicd, are formed when a sphere is cut by a plane;
a hemisphere is quodaipiov ; the segment of the sphere at T, 70 kard 7o
T rpjpe s opaipas; the segment on the side of ABT, 76 dwo ABT
Tunpa; the segment including the circumference BAA, 16 kara vy BAA
mepipépeay tunpa. The curved surface of a sphere or segment
is émpdvera ; thus of spherical segments bounded by equal surfuces the
hemisphere is greatest is vév ) loy émipaveln meprexouévey odaipkdy
Tugpdrwy peldv éoTe 70 juopaipiov. The terms base (Bdots), vertex
(xopugf) and height (Vos) are also used with reference to a segment
of a sphere.

Another term borrowed from the geometry of the circle is the
word sector (topeds) qualified with the adjective orepeds (solid).
A solid sector (toueds orepess) is defined by Archimedes as the
figure bounded by a cone which has its vertex at the centre of
a sphere and the part of the surface of the sphere within the cone.
The seqment of the sphere included wn the sector is 70 Tujua mjs
aalpas 70 v T Topel OF 7O KaTd TOV Touéa,

A great circle of a sphere is & péyworos xikhos Tdv &v 1) opaipa
and often 6 uéytrros xukdos alone.

Let a sphere be cut by a plane not through the centre rerpjotw
opaipa py S Tob kévrpov émurédw ; a sphere cut by a plane through
the centre in the circle EZH®, odaipa émmédo terumuévy & 1od
xévrpov xare tov EZH® «kuxhov.

Prisms and pyramids.

A prism is wpiopa, a pyramid wvpapis. As usual, dvaypddew amrd
is used of describing a prism or pyramid on a rectilincal figure
as base; thus let a prism be described on the rectilineal figure
(as base) dvayeypidpbuw dmd Tob ebbvypappov mpiopa, on the polygon
circumscribed about the circle A let @ pyramid be set up dwo Tod mepi
Tov A xxAov Tepryeypappévov modvywrvov mupopls dveoTatw dvayeypapu-
pévy. A pyramid with an equilateral base ABT is mvpauis loorAevpor
&ovoa Baow 76 ABI.

The surface is, as usual, émpdvea and, when any particular face
or a base is excluded, some qualifying phrase has to be used.
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Thus the surface of the prism consisting of the parallelograms
(i.e. excluding the bases) 7 émpdvea Tob mpioparos 7 ék TV
wapalnhoypdpupwy ovykeyéry ; the surface (of a pyramid) excluding
the base or the triangle AET, 1 émpdven xwpis s Pacews or rod
AET 7prydvov.

The triangles bounding the pyramid o mepiéxovra Tplywva Tiv
mupapida (as distinct from the base, which may be polygonal).

Cones and solid rhombi.

The Elements of Euclid only introduce right cones, which are
simply called cones without the qualifying adjective. A cone is
there defined as the surface described by the revolution of a right-
angled triangle about one of the sides containing the right angle.
Archimedes does not define a cone, but generally describes a right
cone as an tsosceles cone (xGvos loookelsjs), though once he calls it
right (6pfds). J. H. T. Muller rightly observes that the term
isusceles applied to a cone was suggested by the analogy of the
isosceles triangle, but I doubt whether such a cone was thought of
(as he supposes) as one which could be described by making an
isosceles triangle revolve about the perpendicular from the vertex
on the base; it seems more natural to connect it with the use of
the word side (wAevpd) by which Archimedes designates a generator
of the cone, a right cone being thus directly regarded as a cone having
all its legs equal. The latter supposition would also accord better
with the term scaleme cone (x@vos oxalyvés) by which Apollonius
denotes an oblique circular cone; such a cone could not of course
be described by the revolution of a scalene t¢riangle. An oblique
circular cone is simply a cone for Archimedes, and he does not
define it; but, while he speaks of finding a cone with a given
vertex and passing through every point on a given ‘section of an
acute-angled cone’ [ellipse], he regards the finding of the cone as
being equivalent to finding the circular sections, and we may
therefore conclude that he would have defined the cone in
practically the same way as Apollonius does, namely as the surface
described by a straight line always passing through a fixed point
and moving round the circumference of any circle not in the same
plane with the point.

The vertex of a cone is, as usual, xopvey, the base Bdos, the awis
dfwv and the height Syos; the cones are of the same height elow ol
xGvor Imd 70 adrd Tyos. A generator is called a side (whevpd); if a
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cone be cut by o plane mecting all the generators of the cone € xa
xGvos émurédy Tpaby ovumimrovr: Tagals Tals Tob KWyov wAevpals.

The surface of the cone excluding the base 7 émpdveia Tol xuvov
Xwpis Tijs Bagews ; the conical surface between (two generators) AA, AB,
kwviky émipavea 1 perald Tov AAB.

There is no special name for what we call a frustum of a cone
or the portion intercepted between two planes parallel to the base;
the surface of such a frustum is simply the surface of the cone
between the parallel planes v émpdvea TV Kdvou perald ToV
rapaljloy émmébwy.

A curious term is segment of @ come (dmérpapa xwvov), which is
used of the portion of any circular cone, right or oblique, cut off
towards the vertex by any plane which makes an elliptic and not a
circular section. With reference to a segment of a cone the awxis
(6€wv) is defined as the straight line drawn from the vertex of the
cone to the centre of the elliptic base.

As usual, dvaypdew dmo is used of describing a cone on a circle
as base. Similarly, a very common phrase is dwo 700 kivklov x@vos
{orw let there be a cone on the circle (as base).

A soltd rhombus (poufos orepess) is the figure made up of two
cones having their base common, their vertices on opposite sides of
it, and their axes in one straight line. A rhombus made up of
isosceles cones popfos & loookeddy kwvwv ovykeipevos, and the two
cones are spoken of as the cones bounding the rhombus oi kdvor ol

wepiéxovres Tov pouSov.
Cylinders.

A right cylinder is xdAwdpos dplos, and the following terms
apply to the cylinder as to the cone: base Bdos, one base or the
other v érépa Bdats, of which the circle AB i o base and TA opposite
to it o Bdois pév & AB xixhos, arevavriov 8¢ 6 TA ; axis afwv, height
Uos, generator whevpd. The cylindrical surface cut off by (two
generators) AT, BA, 7 dmoreuvopévn xvhvdpuy émdavea vmd rév AT,
BA ; the surface of “the cylinder adjacent to the circumference ABT, 4
émpdveia Tov KvA(VSpov % xare vy ABT mepidépeav denotes the
surface of the cylinder between the two generators drawn through
the extremities of the arc.

A frustum of a cylinder téuos xvAivdpov is a portion of a
cylinder intercepted between two parallel sections which are elliptic
and not circular, and the axis (dfwv) of it is the straight line
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Joining the centres of the two sections, which is in the same straight
line with the axis of the cylinder.

Conic Sections,

General terms are kwvika oroixeia, elements of conics, 1o kwvixd
(the theory of) comics. Any comic section xdvov Towsy bmwowaotv.
Chords are simply ebfelar év 7 10V kuvov Topd dypévar.  Archimedes
never uses the word axis (dfwv) with reference to a conic; the axes
arec with him diameters (Sudperpor), and Sudperpos, when it has
reference to a complete conic, is used in this sense exclusively. A
tangent is émuyavovoa or épamropévy (with gen.).

The separate conic sections are still denoted by the old names;
a parabola is a section of a right-angled cone dpfoywviov xdvov Tou,
a hyperbola a section of an obtuse-angled cone dufAvywviov xdévov
Tout, and an ellipse a section of an acute-angled cone $fvywviov kdvov

ToMY].

The parabdola.

Only the axis of a complete parabola is called a diameter, and
the other diameters are simply lines parallel to the diameter. Thus
parallel to the diameter or itself the diameter is wapa rav Sidperpov %
atra Swdperpos; AZ 18 parallel to the diameter & AZ wapd Tav
daperpov éor. Once the term principal or original (diameter) is
used, apyiwd (3. Sudperpos).

A segment of a parabola is Tufpe, which is more fully described
as the segment bounded by a straight line and a section of a right-
angled cone Tpdpa 16 mepexopevor Yo Te ebbelns kai Spboywviov xuvou
touds. The word Sudperpos is again used with reference to a
segment of a parabola in the sense of our word axis; Archimedes
defines the diameter of any segment as the line bisecting all the
straight lines (chords) drawn parallel to its base tav 8ixa Téuvovoav
Tas edfelas wdoas Tas wapa Tav Sdow abrod dyopévas.

The part of a parabola included between two parallel chords is
called a frustum tduos (amd Spboywviov kuvou Topds aarpovpevos),
the two chords are its lesser and greater base (éAdoowy and pellwy
Bdots) respectively, and the line joining the middle points of the
two chords is the diameter (Sudperpos) of the frustum.

What we call the latus rectum of a parabola is in Archimedes
the line which is double of the line drawn as far as the axis & Surhaoia
7ds péxpe 700 dfovos. In this expression the axis (dfwv) is the axis
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of the right-angled cone from which the curve was originally derived
by means of a section perpendicular to a generator*. Or, again, the
equivalent of our word parameter (wap’ dv Svvdvrac al dmé T&s Touds)
is used by Archimedes as by Apollonius, meaning the straight line
to which the rectangle which has its breadth equal to the abscissa
of a point and is equal to the square of the ordinate must be
applied as base. The full phrase states that the ordinates hkave
their squares equal to the rectangles applied to the line equal to N (or
the parameter) which have as their breadih the lines which they (the
ordinates) cut off from AZ (the diameter) towards the extremity A,
Svvdvrar 74 mapd Tav igav 1@ N mepanirrovra whdros éxovra, ds airal
amolapfdvorre amd rds AZ wori 16 A wépas.

Ordinates are the lines drawn from the section to the diameter
(of the segment) parallel to the base (of the segment) ai dwd 7ds Topds
émt rav AZ dyopévar mapa rav AE, or simply ai amé 7ds Touds. Once
also the regular phrase drawn ordinate-wise Teraypévas xoernyuém is
used to describe an ordinate, as in Apollonius.

The hyperbola.

What we call the asymptotes (ai doduntwror in Apollonius) are
in Archimedes the lines (approacling) nearest to the section of the
obtuse-angled cone ai &ywrra tis Tob duBAvywviov xuvov Topds.

The centre is not described as such, but it is the point at which
the lines mearest (to the curve) meet 76 oapelov, xkaf & ai éyywora
ovpmirrovre.

This i8 a property of the sections of obtuse-angled cones Tovro ydp
éorwv év tais Tov duBAvywviov kdvov Topails ovpmETwua,

The ellipse.

The major and minor axes are the greater and lesser diameters
peilwy and édoocwv Oudperpos. Let the grealer diameter be AT,
Sidperpos 8¢ (adrds) d pév pellwv éorw éd’ ds 7o A, I.  The rectangle
contained by the diameters (axes) 16 mepiexdpevov vwd 1av Sapérpwy.
One axis is called conjugate (ovlvyjs) to the other: thus let the
straight line N be equal to half of the other diameter which is
conjugate to AB, d 8¢ N ebfeia loa éorw 7¢ fusely Tas érépas Buauérpov,
@ éore ovlvyys 7@ AB.

The centre is here xévrpov.

* Cf. Apollonius of Perga, pp. xxiv, xxv.
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Conoids and Spheroids,

There is a remarkable similarity between the language in which
Archimedes describes the genesis of his solids of revolution and that
used by Euclid in defining the sphere. Thus Euclid says: when, the
diameter of a semicircle remaining fixed, the semicircle revolves and
returns to the same position from which it began to move, the included
Sigure is a sphere ogalpd éoTw, Stav fuikvkdiov pevoians Ths Suanérpou
meprevexfev T fuixikhiov els 16 adro wéhw droxaraorady, Sfev Hpfaro
Pépeabfar, 10 Tepndbev axfua; and he proceeds to state that the
axis of the sphere is the fixed straight line about which the semicircle
turns déwv 8¢ Tjs oduipas éoriv 7 pévovaa edbeia, wepi Gy 7O PuikvxAiov
orpépera.  Compare with this e.g. Archimedes’ definition of the
right-angled conoid (paraboloid of revolution): 4f a section of a
right-angled cone, with its diameter (axis) remaining fived, revolves
and returns to the position from which it started, the figure included
by the section of the right-ungled cone is called a right-angled conoid,
and its axis is defined as the diameter which has remained fixed,
€ xa Spboywviov rwvov Toud pevovsas Tds Swauérpov mepievexfeioa
drwoxareoraly wddw, 6fev Gppacer, 10 Tephadbiv oxGpa o Tds Tob
dpboywriov kwvou Topds dpboyuviov xwvoedls kalelobar, xal Gfova
pev abrod tov pepevaxoioav Sidperpov kadelofar, and it will be seen
that the several phrases used are practically identical with those of
Euclid, except that dpuacer takes the place of ypfaro pépecfar; and
even the latter phrase occurs in Archimedes’ description of the
genesis of the spiral later on.

The words conoid xwvoadts (oxiue) and spheroid odapoedis
(ox7ipa) are simply adapted from xévos and ogaipa, meaning that
the respective figures have the appearance (eldos) of, or resemble,
cones and spheres ; and in this respect the names are perhaps more
satisfactory than paraboloid, hyperboloid and ellipsoid, which can
only be said to resemble the respective conics in & different sense.
But when xwvoedés is qualified by the adjective right-angled
Spboysviov to denote the paraboloid of revolution, and by dufBAv-
yéviov obtuse-angled to denote the hyperboloid of revolution, the
expressions are less logical, as the solids do not resemble right-
angled and obtuse-angled cones respectively; in fact, since the
angle between the asymptotes of the generating hyperbola may be
acute, a hyperboloid of revolution would in that case more resemble
an acute-angled cone. The terms right-angled and obtuse-angled
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were merely transferred to the conoids from the names for the
respective conics without any more thought of their meaning.

It is unnecessary to give separately the definition of each
conoid and spheroid ; the phraseology is in all cases the same
as that given above for the paraboloid. But it may be remarked
that Archimedes does not mention the conjugate axis of a hyperbola
or the figure obtained by causing a hyperbola to revolve about that
axis; the conjugate aais of a hyperbola first appears in Apollonius,
who was apparently the first to conceive of the two branches of a
hyperbola as one curve. Thus there is only one obtuse-angled
conotd in Archimedes, whereas there are two kinds of spheroids
according as the revolution takes place about the greater diameter
(axis) or lesser diameter of the generating section of an acute-
angled cone (ellipse); the spheroid is in the former case oblony
(rapapikes opapoedés) and in the latter case Aot (émmderv
odaipoetdés).

A special feature is, however, to be observed in the description
of the obtuse-angled conoid (hyperboloid of revolution), namely that
the asymptotes of the hyperbola are supposed to revelve about the
axis at the same time as the curve, and Archimedes explains that
they will include an tsosceles cone (xdvov loooxeléa mepiayovvrar),
which he thereupon defines as the cone enveloping the conoid
(wepiéxwv 10 kwvoeldés). Also in a spheroid the term diameter
(8idperpos) is appropriated to the straight line drawn through
the centre at right angles to the axis (d 81 Tob kévrpov wor dpbas
dyopuéva 7§ dfove). The centre of a spheroid is the middle point of
the axis 16 péoov Tov dfovos.

The following terms are used of all the conoids and spheroids.
The vertex (xopuen) is the pornt at which the axis meets the surface o
aapeiov, xaf’ § dwrérac 6 déwv 7ds émaveias, the spheroid having of
course two vertices. A segment (Tpudua) is a part cut off by a plane,
and the base (Bdos) of the segment is defined as the plane (figure)
included by the section of the conoid (or spheroid) in the cutting
plane 16 éniwedov 16 wepthadBév Hmd Tds Tob kwvoedéos (Or oParpoedéos)
Topuds év 76 dmoréuvovrt émmédp. The vertex of a segment is the point
at whick the tangent plane parallel to the base of the segment meets
the surface, 76 capeiov, xaf’ & amrérar 10 érimedov 10 érujavov (Tov
xwvoadéos). The axis (dfwv) of a segment is differently defined for
the three surfaces ; (@) in the paraboloid it is the straight line cut off”
within the segment from the line drawn through the vertex of the
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segment parallel to the axis of the conoid & évaroradfeioa edbeia é&v 76
Tudpate dwd Tds dybeloas 8k Tds xopupds Tob TudmaTos wapa TOV
dfova Tob kwroedéos, (b) in the hyperboloid it is the straight line cut
off within the segmert from the line drawn through the vertex of the
segment and the vertex of the cone enveloping the conoid é&mwo rds
axfeloas dua Tas kopvepas Tob Tudparos kal Tds xopudds TV kwvov Tob
mepiéxovtos 10 kwvoedés, (c) in the spheroid it is the part similarly
cut off from the straight line joininy the vertices of the two segments
into which the base divides the spheroid, dmo 7ds elfelas tas rds
kopupis adrGy (tadv Tpapdtwy) émilevyvvovoas.

Archimedes does not use the word centre with respect to the
hyperboloid of revolution, but calls the centre the vertex of the
enveloping cone. Also the axis of a hyperboloid or a segment is
only that part of it which is within the surface. The distance
between the vertex of the hyperboloid or segment and the vertex
of the enveloping cone is the line adjucent to the axis & moreovora
16 dfove.

The following are miscellaneous expressions. The part inter-
cepted within the conoid of the intersection of the planes d& évaro-
Aadleioa év 76 xwvoedel Tds yevopévas Touds Tév émimédwy, (the plane)
will have cut the spheroid through its axis terpaxds éooeitar 70
odpapoedés 8ia Tob dfovos, so that the section it makes will be a
conic section GoTe Tav Toudv TomjoeL KGvov Toudy, let two segments be
cut off in any manner drorerpdobw o Tudpare ws érvxer or by
planes drawn in any manner émumédoss dbrwooty dypmévors.

Half the spheroid t6 dpioeov Tob cpapoadéos, half the line.
Joining the vertices of the segments (of a spheroid), i.e. what we should
call a semi-diameter, d juoéa alrds 7as émlevyvvoluas Tas Kopvdas

TGOV THARATWLV,

The spiral.

‘We have already had, in the conoids and spheroids, instances of
the evolution of figures by the motion of curves about an axis. The
same sort of motion is used for the construction of solid figures
inscribed in and circumscribed about a sphere, a circle and an
inscribed or circumscribed polygon being made to revolve about
a diameter passing through an angular point of the polygon and
dividing it and the circle symmetrically, In this case, in Archimedes’
phrase, the angular points of the polygon will move along the circum-
Serences of circles, ol ywviar xatd xikAwv Tepipepedy dvexrioovrac (or
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oloBjoovrar) and the sides will move on certain cones, or on the surface
of a cone xard Twvwy kwvev évexiioovrat or xar' émupavelas kovov ; and
sometimes the angular points or the points of contact of the sides of
a circumscribed polygon are said to describe circles ypdgovet kixAovs.
The solid figure s0 formed is 16 yamBev orepedv axjma, and let the
sphere by its revolution make a figure wepevexfetoa 11 opaipa Toteitw
TXTRE TL.

For the construction of the spiral, however, we have a new
element introduced, that of ¢ime, and we have two different uniform
motions combined ; if a straight line in a plane turn wniformly
about one extremity which remains fired, and return to the position
JSrom which it started and if, at the same time as the line is revolving,
a point move at a uniform rate along the line starting jfrom the fixed
extremity, the point will describe a spiral in the plane, & xo ebfeia...év
ériméBy...uévovros 7Tob érépov wépatos alrds lsotaxéws wepievexfeica
drokatacrabf) wdlw, 8ev dppacev, duo 8¢ T3 ypaupa meplayouéva
bepiitar Tt oapciov ioorayéws abrd éavrg katd Tas edlelas dplapevov dmd
T0D pévovros méparos, 70 capelor Elwa ypaer dv TG émumrédy.

The spiral (described) in the first, second, or any turn is & éxf d év
Td mpurg, Sevrépg, or Smougodv meppopd yeypappéva, and the turns
other than any particular ones are the other spirals al dAAar éAexes.

The distance traversed by the point along the line in any time is
& edfela ¢ Swawvobeioa, and the times in which the point moved over the
distances ol xpdvor, év ols T6 caueiov Tas ypaupds éropeily ; in the time
in which the revolving line reaches AT from AB, év & xpive d meplayopéva
ypapus dwo tds AB émi Tav AT ddukvelrar,

The origin of the spiral is dpxa Tas E\wos, the tnitial line dpxa 7ds
wepipopas. The distance described by the point along the line in
the first complete revolution is ebfeia mpdra (first distance), that
described during the second revolution the second distance ebbeia
Sevrépa, and so on, the distances being called by the number of the
revolutions Spwvipws tats wepidopats. The first area, xwpiov mwparov,
is the area bounded by the spiral described in the first revolution and
by the * first distance’ 16 xwplov 10 mepihadfev 1o Te Tds éAixos Tds &v
T¢ TpuTq Tepupopd ypadeicas xai Tds ebfelas, & éorw mwpwra; the second
area is that bounded by the spiral in the second turn and the ‘second
distance,” and so on. The area added by the spiral in any turn is 7o
Xwplov 70 morthagbév T 1ds E\ukos & Tvi mepupopq.

The first circle, xixdos mpéros, is the circle described with the
‘first distance’ as radius and the origin as centre, the second circle
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that with the origin as centre and twice the ‘first distance’ as
radius, and so on.

Together with as many times the whole of the circumference of the
circle as (i8 represented by) the number less by ome than (that of)
the revolutions ped clas tds Tob kixkAov wepiupepelas Tooavrdkis Aap-
Bavopévas, Guos éoriv & évi €\dogwr dplbpos Tdv mepipopdy, the circle
called by the number corresponding to that of the revolutions 6 xixhos
6 xaTd ToV adrov dplfpdv Aeyopevos Tals mepiopais.

With reference to any radius vector, the side which is in the
direction of the revolution is forward ra mpoayoimeva, the other
backward T émdpeva.

Tangents, ete.

Though the word dnropar is sometimes used in Archimedes of a
line fouching a curve, its general meaning is not to fouch but simply
to meet; e.g. the axis of a conoid or spheroid mwcets (dwrerar) the
surface in the vertex. (The word is also often used elsewhere than
in Archimedes of points lying on a locus ; e.g. in Pappus, p. 664, the
point will lie on a straight line given in position derar 16 onpelov
Oéoer Bedopévns elfelas.)

To touch a curve or surface is generally épdmrrecfur or érupavew
(with gen.). A tangent is épanronérn or émyarovsa (sc. ebfeia) and
a tangent plane érupabov érimedov. Let tangents be drawn to the circle
ABT, 100 ABT xikdov épamrrduevar fxbwoar; of straight lines be drawn
touching the circles éav dx8Goilv Twves drufadovoar Tév kixkAwv. The
full phrase of touching without cutting is sometimes found in
Archimedes; if a plane touch (any of) the conotdal figures
without cutting the conoid € ka TGV kwvoedéwy oynudrev émimedov
épamrmirar wy réuvov 16 «wvoedés. The simple word yadew is
occasionally used (participially), the tangent planes Ta émimeda Ta
Yyadorvra.

To touch at a point is expressed by xard (with acc.); the points
at which the sides...touch (or meet) the circle onueia, ka6’ & drrovrar
T0b kvkhov ai wAevpal. .. Let them touch the circle at the middle
points of the circumferences cut off by the sides of the inscribed
polygon émwpavérwgay Tob kikhov Kkatd péoa TEv Tweprpepedy TGV
drotepvopévay $mo Tob éyyeypappévov wolvywrov whevpoy.

The distinction between érupadew and drropar is well brought
out in the following sentence; but that the planes touching the
spheroid meet ils surface at ome point only we shall prove ot 8
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16 émuparovra émimeda Tob adatpoedéos xal’ & udvov dmwrévrar cauetov
Tds émupavelas adrod Sefovues.

The point of contact v depaj.

Tangents drawn from (a point) dyuévar dmdé; we find also the
elliptical expression dmo 700 E éparrécbu v OET, let OZI be the
tangent from E, where, in the particular case, = is on the circle.

Constructions.

The richness of the Greck language in expressions for con-
structions is forcibly illustrated by the variety of words which
may be used (with different shades of meaning) for drawing a
line. Thus we have in the first place dyw and the compounds
Sulyw (of drawing a line through a figure, with eis or é& following,
of producing a plane beyond a figure, or of drawing a line iz a
plane), karayw (used of drawing an ordinate down from a point on
a conic), mpordyw (of drawing a line to meet another). As an
alternative to mpoosdyw, mpoofBalle is also used; and wpoemwirre
may take the place of the passive of either verb. To produce is
éxBdAAw, and the same word is also used of a plane drawn through a
point or through a straight line; an alternative for the passive is
supplied by éxmimrw. Moreover wpdokeypar is an alternative word
for leing produced (literally being added).

In the vast majority of cases constructions are expressed by the
elegant use of the perfect imperative passive (with which may be
classed such forms as yeyovérw from ylyvopar, éorw from eiui, and
xeloOw from xeipar), or occasionally the aorist imperative passive.
The great variety of the forms used will be understood from the
following specimens. Let BI' be made (or supposed) equal to A,
xeloBo 7§ A loov 70 BT ; let it be drawn jxfo, let a straight line be
drawn in it (a cbord of a circle) duvjxfw 7is eis adrov ebfeia, let KM be
drawn equal to... lon karjxfw 7 KM, let it be joined émelesxbw, let
KA be drawn to meet mpooBeBiiafn 5 KA, let them be produced
éxBefBrjobfuwoay, suppose them found edprobuoay, let a circle be set out
éxxelofw xixdos, let it be taken elljpbu, let K, H be taken éorwoav
edqupévac ai K, H, let a circle ¥ be taken Aeddpfw xvxos év & 7o W, let
1t be cut rerpnobo, let it be divided Suapriefo (Siypriobo) ; let one cone be
cut by a plane parallel to the base and produce the section EZ, pnbirw 6
Erepos xGvos émmédw wapaddijly 1 Bdoe xal woweito Topnv v EZ, let
TZ be cut off drorerddpbuw & TZ ; let (such an angle) be left and let it
be NHT, Aeheipbo xal éore 73 vro NHT, let a figure be made yeyerjobu
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axipa, let the sector be made éorw yeyernuévos & Toueds, let cones be
described on the circles (as bases) avayeypipbwoay amd 7dv xixdwv
x@vol, dnd Tob KUkAov kovos éorw, let it be inscribed or circumscribed
éyyeypddpluw (or éyyeypappévov &orw), wepiyeypadbu ; let an area (equal
to that) of AB be applied to AH, mapaBeSiiobw rapd rav AH 76 xwpiov
Tob AB; let a segment of a circle be described on OK, éri mijs OK
xUkAov Tpiua épearaabu, let the circle be completed avamerAnpuobo 6
xtxhos, let NE (a parallelogram) be completed ovurerAnpdiofw 16 NE,
let it be made weromalw, let the rest of the construction be the same as
before & dAAa karesxevdofw TOV avTov Tpdwov Tols mpdTepov. Suppose
it done yeyovérw,

Another method is to use the passive imperative of voéw (let it be
conceived). Let straight lines be conceived to be drawn voelobworay
edfetar qypévar, let the sphere be conceived to be cut voelafw 7 adaipa
rerpuquévy, lt a figure (generated) frowm the inscribed polygon be
concetved as inscribed in the sphere amd Tob moAvywvov 7ol éyypado-
pévov voeloBw T els ™y odatpay éyypadéy oxiua. Sometimes the
participle for’ drawn is left out; thus dn’ avrod voelrbo érpdvea let
« surface be concetved (generated) from it.

The active is much more rarely used ; but we find (1) éav with
subjunctive, if we cut éav Tépope, if we draw édv dydywper, if you
produce éav éBalys ; (2) the participle, it is possible to inscribe. .and
(ultimately) to lewve Suvardy éarw éyypidovra...Aelmew, if we con-
tinually circumscribe polygons, bisecting the remaining circumferences
and drawing tangents, we shall (ultimately) leave del &) weprypdpovres
wolbywva dixa Tepvoudvoy Tav Tepthamopévor Tepupepardy Kal ayouévwy
ipamrrouévov Aeifopev, it is possible, of we take the area.. , to tnserthe
Aaf3dvra (or AapBdvovra) 76 xwplov...8vvatdy doTw.. eyypdiyar; (3) the
first person singular, J take two straight lines AepBdve vo ebfeias,
I took a straight line éxafBov rwa eddeiav ; I draw OM from ® parallel
to AZ, dyw dmd Tot @ rdv OM mepddAylov 7d AZ, having drawn TK
perpendicular, I cut off AK equal to TK dyayov xdferov rav T'K ra
TK {oav awéafBov 7av AK, I inscribed a solid figure...and circum-
scribed another dvéypaja oxijpa oTepedv. .xal GAlo wepéypaya.

The genitive of the passive participle is used absolutely,
edpefévros 8y it being supposed found, éyypadévros &y (the figure)
being inscribed.

To make a figure similar to one (and equal to another) dpodcoa,
to find experimentally dpyavicds Aafeiv, to cut into unequal parts els
dvioa Tépvew.
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Operations (addition, subtraction, ete.).

1. Addition, and sums, of magnitudes.

To add is mpoarifyus, for the passive of which mpdoxeipac is often
used ; thus one segment being added é&vos Tudparos worredévros, the
added (straight line) & morwkepéva, let the common HA, ZT be added
xowai mpooxelcfuwoav ai HA, ZI'; the words are generally followed
by mpos (with acc. of the thing added o), but sometimes by the
dative, that to which the addition was made & moreréfy.

For being added together we have auvrifesbac; thus being added
to itself cvvriépevov aimo éavrd, added together és 6 adrd ovvredévra,
added to itself (continually) émavvrilbépevov éavrdg.

Sums are commonly expressed for two magnitudes by cuvappd-
Tepos used in the following different ways; the sum of BA, AA
agvvapdorepos 1 BAA, the sum of AT, T'B ovvauddrepos 7 AT, I'B, the
sum of the area and the circle 16 ovvaudorepov & Te xixhos xal 70
xwplov. Again for sums in general we have such expressions as the
line which is equal to both the radit v lonm dudorépass Tals ék Tod
kévrpov, the line equal to (the sum of) all the lines joining % ioy
wdoats Tals émilevyvvovoars. Also all the circles oi wdvres xixdor
means the sum of all the circles; and ovykeirar ék is used for s
equal to the sum of (two other magnitudes).

To denote plus uerd (with gen.) and odv are used ; together with
the bases pera rav PBdoewv, together with half the base of the segment
v 1 jueoeia Tjs Tod Tupatos Bdoews; e and kal also express the
same thing, and the participle of wpoocAaufBdve gives another way of
describing kaving something added to it; thus the squares on (all)
the lines equal to the greatest together weth the square on the greatest...
is 18 Terpdywva 14 dro Tdv lodv 7@ peylore morhapfavovta T4 Te dwd
7ds peyloTas Terpdywvov....

2. Subtraction and differences.

To subtract from is dawpeiv amd ; if (the rhombus) be concetved as
taken oway éav vonl dadmpnpéves, let the segments le subtracted
dpapefévrov 76 Twijpara. Terms common to each side in an
equation are xowd ; the squares are common to both (sides) xowd évr
éxarépwy 7a terpdywva. Then let the common area be subtracted
is xowov dgypijofw 76 xwpiov, and so on; the remainder is denoted
by the adjective Aowrds, e.g. the conical surface remaining loury %
Kkwyiky) émpdveia.

The difference or excess is tmepoxy, or more fully the excess by
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which (one magnitude) exceeds (amother) mepoxsy, 1§} vmepéxa... or
vrepoxa, & pelfwy éori.... The excess is also expressed by means of
the verb vrrepéxew alone ; let the difference by which the said triangles
exceed the triangle AAT be @, ¢ 83 vmepéxet 78 elppuéva Tplywva Tod
AAT rprywvov dore 16 @, to exceed by less than the excess of the cone
¥ over the half of the spherowd vmepéxew éddooovt % ¢ (or dhike)
Umepéxet 6 W kidvos Tob Hpiceos Tob opaipoedéos (where ¢ vrepéxer may
also be omiited). Again the excess may be ¢ pellwv éorl. The
opposite to vmepéxer is Aewerar (with gen.).

Equal to twice a certain excess loa Svolv vrepoxats, with which
equal to one excess, {va pud vrepoxd, is contrasted.

The following sentence practically states the equivalent of an
algebraical equation; the rectangle under ZH, 2A exceeds the rect-
angle under ZE, EA by the (sum of’) the rectangle contained by EA,
EH and the rectangle under ZE, ZE, vwepéyer 70 vwro rav ZH, BA rod
vwo rav ZE, EA 7§ e vwo rav BA, EH mepeyopéve xai ¢ vwro rav ZE,
ZE. Similarly twice PH together with 113 1s (equal to) the sum of
SP, PII, 8vo pév ai PH perd 7as IIS ocwapgdrepos éorw & SPIL

3. Multiplication.

To multiply is mohhamdacwdlw; multiply one another (of numbers)
moAardacwdfev aAhdrovs ; to multiply by a number is expressed by
the dative; let A be multiplied by @ rerolrardacuicfo 6 A 7§ @.

Multiplied info is sometimes éx{ (with acc.); thus the rectangle
H®, @A into ®A (i.e. a solid figure) is 70 vwo rév HO, OA éml
vy OA.

4. Division.

To divide Siaipeiv ; let it be divided into three equal parts at the
points K, ®, Sipriofo es 7pia (oa kara 76 K, @ caucia ; to be drvisible
by perpeiobor vwo.

Proportions.

A ratio is Adyos, proportional is expressed by the phrase in
proportion. dvdloyov, and & proportion is dvakoyla. We find in
Archimedes some uses of the verb Aéyw which seem to throw light
on the definition found in Euclid of the relation or ratio between
two magnitudes. One passage (On Conoids and Spheroids, Prop. 1)
says if the terms similarly placed have, two and two, the same ratio
and the first magnitudes are taken in relation to some other mag-
nitudes in any ratios whatever € xka xatd Svo tov alrov Adyov éxwwri

H. A, m
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70 Spoilws Teraypéva, Aepfrar 8¢ T& wpdra peyéfea wori Twa EAla
peyébea...&v Adyois mooiaoiv, if A, B... be in relation to N, E... but
Z be not in relation to anything (i.e. has no term corresponding to
it) e xa... & pev A, B,... Aeydvrac mori ¢ N, EB,... 70 8¢ Z undt
woff & Aeyrjrac.

A mean proportional between is péon avddoyov Tév..., 18 @ mean
proportional between uéoov Adyov éxer Tis...xai Ts..., Lwo mean pro-
portionals 8o péoar dvdloyov with or without xava 70 cuvexés in
continued proportion.

If three straight lines be proportional éav Tpeis evfetar dvaAoyov
dat, a fourth proportional rerdpra avidoyov, if four straight lines be
proportional in continued proportion €l xa réoaapes ypappal dvdAoyov
éovre &v 1§ ovvexel avaloyia, at the point dividing (the line) in the
said proportion katd Tav dvdloyov Topav T elpypmévg.

The ratio of one straight line to another is e.g. ¢ mjs PA wpos AX
Adyos or ¢ (Aoyos), ov e 77 PA wpos miy AX ; the ratio of the bases &
1év Baciwv Adyos; has the ratio of b to 2 Adyov éxer, v wévre wpos
Svo.

For having the same ratio as we find the following constructions.
Have the same ratio to one another as the bases tov adrév Eovre Aoyov
mor’ dA\Adovs rals Bdoeow, as the squares on the radii dv ai éx Tdv
xévrpwy Suvdpe; TA has to PZ the (linear) ratio which the square on
TA has to the square on H, & éet Aéyov 7 TA mpos v H Suvdpuer,
robrov &e Tov Adyov 1 TA mpds PZ prjxer. Is divided in the same
ratio eis Tov adrov Aoyov Térumros, OT simply duoiws ; will divide the
diameter in the proportion of the successive odd numbers, unity
corresponding to the (part) adjacent to the vertex of the segment rav
Sudperpov Tepotvre €ls Tovs Thv éLjjs mepwady dpbudy Adyovs, évos
Aeyopévov mori 7¢ Kkopud TOD TUApATOS.

To have a less (or greater) ratio tham is xew Aoyov Adooova (or
pellova) with the genitive of the second ratio or a phrase introduced
by 7 ; to have a less ratio than the greater magnitude has to the less,
Ixew AMyov éxdaaova %) 70 petlov uéyefos mpos 16 Eagaov.

For duplicate, triplicate etc. ratios we have the following
expressions : has the triplicate ratio of the same ratio rpurdaciova
Adyor v Tob abrod Adyov, has the duplicate ratio of EA to AK
Surhaciova Adyov Ixet mep 7 EA mpos AK, are in the triplicate ratio
of the diameters in the bases &v rpurdaciont Aéyw eol Tgv & Tals
Bdoeot Sapérpwy, sesquialterate ratio fpchwos Adyos. With these
expressions must be contrasted the use of double, quadruple etc.
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ratio in the sense of a simple multiple by 2, 4 etc, e.g. if any
number of areas be placed in order, each being four times the next €
xa ywpla Tebéwvre éfjs droaaolv &v & TerpamAadiove Xoyw.

The ordinary expression for a proportion is @s A s fo B s0 48 T
to A, ws 7 A mpos v B, ovrws 4 T wpos v A.  Let AE be made so
that AE is to TE as the sum of ®A, AE s to AE, weromobo, us
guvapdorepos 7 @A, AE mpos v AE, ovres 7 AE mpos TE. The
antecedents are Ta ryyobpeva, the consequents 1o émdpeva.

For reciprocally proportional the parts of dvrurémovfa are used ;
the bases are reciprocally proportional to the heights avruremdvBaov
al Bdoes Tals dpeow, fo be reciprocally in the same proportion
dvriremov@épey kard Tov airov Adyor.

A ratio compounded of is Aoyos ourmuuévos (or ovykelpevos) i Te
T0V...xal Tov...; the ratio of PA to AX is equal to that compounded of
6 s PA mpos AX Adyos cvwjrrac éx.... Two other-expressions for
compounded ratios are 6 Tot dmwé A® wpos To dmo BO® xai 6 (or
mpooAafov Tov) Tis A® wpos OB, the ratio of the square on A® (o
the square on BO® multipled by the ratio of A® to ®B.

The technical terms for transforming such a proportion as
a:b=c:d are as follows:

1. évalAd{ alternately (usually called permutando or alternando)
means transforming the proportion into @ : ¢= 4 : d.

2. dvdwakw reversely (usually invertendo), b : a=d : c.

3. ovvbeais Aoyov is composition of a rafio by which the ratio
@ :b becomes a + b :5 The corresponding Greek term to com-
ponendo is ovwbévry, which means no doubt literally “to one who
has compounded,” i.e. “if we compound,” the ratios. Thus cvvférr
denotes the inference that @ + b : b=c +d : d. «xara owleow is also
used in the same sense by Archimedes.

4. Swipeqis Adyov signifies the division of a ratio in the sense of
separation or sublraction by which a : b becomes @ — b : . Similarly
dieAdvre (or xara Buipeocw) denotes the inference that a—b:b=
¢~d:d. The translation dividendo is therefore somewhat mis-
leading.

5. dvacrpody Adyov conversion of a ratio and avaoTpéavre
correspond respectively to the ratio @ : @ — b and to the inference
thata :@a —bd=c:c—d.
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6. & lsov ex aequali (sc. distantia) is applied e.g. to the

inference from the proportions
a:b:c:detc.=4:8:C: D ete

that a:d—=4:D.
When this dividing-out of ratios takes place between proportions
with corresponding terms placed crosswise, it is described as 8 {oov
év 1) Terapaypévy dvaloyly, ex acquali in disturbed proportion or
avopoiws TGV ASywv Terayuévwv the ratios being disstmalarly placed ;
this is the case e.g. when we have two proportions

a:5=B:C,
b:c=4: B,
and we infer that a:c=4:C.

Arithmetical terms.

Whole multiples of any magnitude are generally described as the
double of, the triple of etc., 6 durhdoos, 6 TpurAdcios .7\, following
the gender of the particular magnitude; thus the (surface which is)
Jour times the greatest circle vn the sphere 4 Terpamlacia 100 peyiorov
xikAov TGV &v ) opaipa ; five times the sum of AB, BE together with
ten times the sum of I'B, BA, & mevramhacia owapdorépov ras AB, BE
pera Tas Sexawhaoias owapporépov ras I'B, BA.  The same multiple
as rocavramAagiov...dcardacioy éoti, or lodkis moAlamAadiwy . xal.
The general word for a multiple of is roAawAdaios or moAraraciwy,
which may be qualified by any expression denoting the number of
times multiplied ; thus multiplied by the same nwmber woldamwAdaios
16 avrg dplbud, multiples according to the successive numbers
wolarAdoia ket ToUs é€ns apfpovs.

Another method is to use the adverbial forms twice 8is, thrice
7pés, ete., which are either followed by the nominative, e.g. fwice EA
8is % EA, or constructed with a participle, e.g. twice taken 8is Aap-
Bayvduevos or dis elpnuévos ; together with twice the whole circumference
of the circle peB Shas rds Tob xixhov mepipepelas Sis AauBavouévas.
Similarly the same number of times (the said circumference) as is
expressed by the number one less than (that of’) the revolutions
tocavrdxis Aaufavopédvas, dgos éoriv & & éAdoowv dplfuds Tdv
mwepupopdv. An interesting phrase is the following, as many times as
the line I'A s contained (literally added together) in AA, 8o many times
let the time ZH be contained in the time AH, éodxis ovyxeirar ¢ TA
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ypoppa &v 7@ AA, Tooavrdkis ovykeiocfw 6 xpdvos 6 ZH & 16 xpovw 16
AH.

Submultiples are denoted by the ordinal number followed by
pépos ; one-seventh is éB38opov puépos and so on, one-half being however
fuovs.  When the denominator is a large number, a circumlocutory
phrase is used ; thus less than 13, th part of a right angle i\drrov ¥
Suupeleioas Tas dpfas els p£d Toivrwv & uépos.

When the numerator of a fraction is not unity, it is expressed
by the ordinal number, and the denominator by a compound
substantive denoting such and such a submultiple; c.g. two-thirds
8vo Tpirapdpia, threefifths tpla weumrraudpia.

There are two improper fractions which have special names,
thus one-and-ahalf of is rfuwbhos, oneand-a-third of émirpiros.
‘Where a number is partly integral and partly fractional, the integer
is first stated and the fraction follows introduced by «at érc or kal
and besides. The phrases used to express the fact that the cir-
cumference of a circle is less than 3} but greater than 33$ times its
diameter deserve special notice ; (1) wavrds xvkdov 3 mepiperpos Ts
Stapérpov Tpurdacivy éoti, kal ére brepéxel ENdaaore piv % éBSopw pépe
s Otapérpov, pellove 8¢ ) Séxa éB3ounxooropdvos, and (2) rpurdacivwv
éori kal é\doaove pev ¥ B80py péper, pellove 8¢ 3 ¢ oa” pellwr. We
also have the phrase for the first part éAdogwv 3 Tpurdecivv «ai
éB8onw pépe pellwy.

To measure perpeiv, commmon measure kowov pérpov, commensurable,
incommensurable ovpuerpos, davuperpos.

Mechanical terms.

Mechanics ra uyxavied, weight Bdpos; centre of gravity xévrpov
100 Bapeos with another genitive of the body or magnitude; in the
plural we have either & xévrpa adrdv Tob Pdpeos or 1o xévrpa TV
Bopéwy.  «kévrpov is also used alone.

A lever Lvyds or Lbywov, the horizon & spilwv ; in @ vertical Iine is
represented by perpendicularly kara xalerov, thus the point of
suspension and the centre of gravity of the body suspended are in a
vertical line xara xdBerdy éori 10 Te capelov ToD KpepaoTod xai TO
xévrpov oy Bdpeos ol kpepopévov. Of suspension from or at éx or
xard (with acc.) is used. Let the triangle be suspended from the
points B, T, xpeudofu 156 rplywvov ék 1év B, T ocapelwv; if the
suspenston of the triangle BAT at B, T be set free, and it be suspended
at E, the triangle remains tn its position e xa rob BATL mpiyuvov &
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ptv xara 1a B, T xpéuacis Avby, xard 8¢ 10 E kpepachj, pévee 18
Tplywvoy, ws viv e

To incline towards pémev éwi (acc.); fo be in equilibrium
iocopporeiv, they will be in equilibrium with A held fast xarexopévov
100 A loopporijoes, they will be in equilibrium at A (ie. will balance
about A) xard 16 A lgoppomwnoovvri; AB is foo great to balance T
pelov éore 70 AB 4 dore loopporetv 7¢ I'. The adjective for in
equilibrium is looppemys ; let 1t be in equilibrium with the triangle
TAH, ioopperes éorw 7¢ T'AH rpydve. To balance at certain
distances (from the point of support or the centre of gravity of a
system) is dmd Twwy paxéwy icoppomery.

Theorems, problems, etc.

A theorem Oevpypa (from Bewpeiv to investigate); a problem
wpoBAnua, with which the following expressions may be compared,
the (questions) propounded concerning the figures ta mpoBeSAnuéva
wept Tav oxnpdrwy, these things are propounded for investigation
wpofadiérar Tdde fewprioar; also wpokeipar takes the place of the
passive, which it was proposed (or required) to find Swep wpoéxetro
etpev.

Another similar word is émirayma, direction or regquirement ;
thus the theorems and directions necessary jfor the proofs of them ra
Oewpripara xai ta émrdypata T Xpelav €xovra els Tas dwodelias airdy,
tn order that the requirement may be fulfilled omws yérprar 76 émi-
raxfév (or énlrayua). To satisfy the requirement is woiely 76 émirayua
(either e.g. of lines in a figure, or of the person solving the
problem).

After the setting out (éxfeais) in any proposition there follows
the short statement of what it is required to prove or to do. In
the former case (that of a theorem) Archimedes uses one of three
expressions Sewréov it is required to prove, Aéyw or ¢auli 8 I assert
or say; and in the second case (that of a problem) 8¢ &y it is
required (to do so and so).

In a problem the analysis dvdAvais and synthesis ovvfeos are
distinguished, the latter being generally introduced with the words
the synthesis of the problem will be as follows cwvrebpoerar 7o
wpofAnua ovtws. The parts of the verb dvaddew are similarly
used ; thus the analysis and synthesis of each of these ( problems) unll
be given at the end éxdrepa 8¢ Tafra émi Téher dvaiviroeral Te xai

owreboerac.
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A notable term in connexion with problems is the 3wpiopds
(determination), which means the determination of the limits within
which a solution is possible*. 1If a solution is always possible, the
problem does not involve a 8copiopds, odk éxe Sopiopdy ; otherwise
it does involve it, éxer Sropiopuov.

Data and hypotheses.

For given some part of the verb 8{0wu: is used, generally the
participle 8ofels, but sometimes Sedopévos and once or twice 8u8duevos.
Let a circle be given 8e8dobuw xixhos, given two unequal magnitudes
Svo peyeldv avicwy Sobevtwy, each of the two lines TA, EZ iz given
¢oriv dofeiga éxarépa tdv T'A, EZ, the same ratio as the given one
Adyos 6 adras 7¢ Soflévre. Similar expressions are the assigned ratio
& TaxBeis Aoyos, the given area to wporefiv (or mpoxeinevor) xwpiov.

Given in position Géoe simply (sc. Sedopéry).

Of hypotheses the parts of the verb vmorifeua: and (for the
passive) vwokeipar are used; with the same suppositions rav adrav
vroxepéva, let the said suppositions be made vroxelofw To elpypéva,
we make these suppositions vrorifépeda Tade.

Where in a reductio ad absurdum the original hypothesis is
referred to, and generally where an earlier step is quoted, the past
tense of the verb is used ; but it was not (s0) ol v 8¢, for it was less
A yap Edoowv, they were proved equal dredeixfnoav igoy, for this has
been proved to be possible dedeixrar yap Tovro dvvardy ébv. Where a
hypothesis is thus quoted, the past tense of vmokewpar has various
constructions after it, (1) an adjective or participle, AZ, BH were
supposed equal lvar vréxewro ai AZ, BH, it 18 by hypothesis a tungent
Ymékeiro érwfadovoa, (2) an infinitive, for by hypothesis it does not
cut vréxero ydp py Téuvew, the axis 18 by hypothesis not at right
angles to the parallel planes vmékerro & dfwy py) eluev 8pfos mori ra
mapdAlada éwineda, (3) the plane is supposed to have been drawn
through the centre o émimeSov vmdxeTar dud Tob kévrpov dxfac

Supposing it found evpedévros absolutely. Suppose it done
yeyovérw.

The usual idiomatic use of el 8¢ py after a negative statement
may be mentioned ; it will not meet the surface in another point,
otherwise .. ob ydp dyérar kar’ dAho capelov Tds émupavelas: e ¢
e

* Cf. Apollonius of Perga, p. 1xx, pote.
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Inferences, and adaptation to different cases.

The usual equivalent for therefore is dpa; obv and rofvvv are
generally used in a somewhat weaker sense to mark the starting-
point of an argument, thus érei odv may be translated as since, then.
Stmce is émel, because dudre.

woANG pdXdov much more then is apparently not used in Archi-
medes, who has woAAg alone ; thus much less then is the ratio of the
circumscribed figure to the inscribed tham that of K to H modAg
dpa 10 meprypadev mpds 10 éyypadiv éxdaaova Adyov Exe Tob, v éxe %
K mpos H.

8ud with the accusative is a common way of expressing the
reason why; because the cone is 1sosceles 8o 16 ioookels) elvar Tov
xGvov, for the saume reason dui Tavrd.

Sud with the genitive expresses the means by which a proposition
is proved ; by means of the construction 815 Tis xataccevis, by the
same means 8 Tdv adrav, by the same method dus Tov alrod Tpémov,

Whenever this is the case, the surfuce is greater Srav Tovro 7,
pellwv ylveraw 3 émdvea..., if this is the case, the angle BAO 1s
equal..., e 8¢ robro, iva éoriv & ¥md BA® ywvia.. , which 18 the same
thing as showing that... § Tabréy éore v6 deifar, ote....

Stmilarly for the sector bpolws 8¢ xai éml Tob Topéws, the proof
18 the same as (that used to show) that & atra dmédeis dmep ral o,
the proof that...is the same & alrd dmdédetis ére xai 8idme .., the same
argument holds for all rectilineal figures inscribed in the segments in
the recognised manner (see p. 204) éml wditwv ebfvypappwr TV
yypaopévey és T Tpdpate yvepipws 6 adrds Ayos ; it will be possible,
having proved it for a circle, to transfer the same argument in
the case of the sector éorar émi xixdov Seifavra perayayelv Tov Suowv
Adyov xai éri Tob Topéws ; the rest will be the same, but it wnll be the
lesser of the diameters which will be wntercepted within the spheroid
(instead of the greater) T& piv dN\Aa 18 adrd éogeirar, Tdv 8¢ Swpérpov
& e\doowv éoaeitar & évamoladleica & 76 opapoedel; it will make
no difference whether...or.. . dwive 8¢ obdév, eire.. €iTe....

Conclusions.

The proposition is therefore obvious, or 18 proved 8ijdov ody éore
(or dédextar) 1o mporefév ; similarly pavepdv oty éoTw, & Be deitay,
and e 8¢ rodro deifar.  Which is absurd, or impossible Smwep dromov,
or abvarov.

A curious use of two negatives is contained in the following:
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otk apa ok éore kévtpov T0b Bdpeos 70 AEZ rprywvov 16 N gapeiov.
iorwv dpa, therefore it is not possible that the point N should not be the
centre of gravity of the triangle AEZ. It must therefore be so.

Thus a rhombus utll have been formed éorac 81\9 yeyovis pouos ;
two unequal straight lines have been found satisfying the requirement
elpnuévar elaly dpa Svo edfeiar dvioor Torodoar TO érirayua.

Direction, concavity, convexity.

In the same direction émi to. adrd, tn the other direction émi
78 &repa, concave in the same direction émi v adrd xoiky ; in the same
direction as éxi ¢ adrd with the dative or é¢’ d, thus in the same
direction as the verter of the cone éri & adré T& TOV KWYOV KOPVOF,
drawn in the same direction as (that of ) the convex side of it émi 1a
alra dyopévar, ép’ @ vt 7d kvprd atrov. For on the same side of émi
ra adrd is followed by the genitive, they fall on the same side of the
line éri Ta adrd wimTovoe TS Ypaupns.

On each side of ép’ éxdrepa (With gen.); on each side of the plane
of the base é¢’ éxdrepa Tov émumédov s Ldoews.

Miscellaneous.

Property ovpuwrepa.  DProceeding thus continually, ael rovro
mwoLouyTes, Gel TovTOoU yevouévov, Or tovTov &S ywouévov. In the
elements év ™) oTotyewsoee.

One special difference between our terminology and the Greek is
that whereas we speak of any circle, any straight line and the like,
the Greeks say every circle, cvery straight line, etc. Thus any
pyramid is one third part of the prism with the same base as the
pyramid and equal height ndoa mvpapis Tpirov pépos éorl Tod mploparos
Tod Tav abrdy Bdow éxovros 7@ wypauidi xai Vos loov. I define the
diameter of any segment as didperpov xaréw wavros Tpdpartos. To
excoed any assigned (magnitude) of those which are compurable with
one another tmepéxew wavros Tob mporebévros Tav wpds dAAyAa
Aeyouévor.

Another noteworthy difference is illustrated in the last sentence.
The Greeks did not speak as we do of a given area, a given ratio
ete., but of the given area, the given ratio, and the like. Thus 7¢ 4s
possible...to leave certain segments less than a given area Svvardy
éorw... Aelmev Twa Tpqpara, dmwep éorar éldooova TOU TPOKEuévoy
xwplov; to divide a given sphere by a plane so that the segments have
to one another an assigned ratio tav Soleigav opatpay émimédw Tepelv,
@oTe & Tudpara adrds wor dAAada To¥ raxfévra Adyov éxew.

H. A. n
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Magnitudes in arithmetical progression are said fo exceed each
other by an equal (amount) ; if there be any number of magnitudes in
arithmetical progression €l xa éwvr peyéfea dmocaoty 7¢ ire dAAdAwy
vmepéyovra. The common difference is the excess vmrepoyd, and the
terms collectively are spoken of as the magnitudes exceeding by the
equal (difference) Ta 16 low vrepéxovra. The least term is 16 éNdyiorov,
the greatest term v péypiorov. The sum of the terms is expressed by
wavra T8 TG (0@ VTepéyovTa.

Terms of a geometrical progression are simply in (continued)
proportion dvdloyov, the series is then 7 dvaloyia, the proportion,
and a term of the series is 1is Tov év v@ adrd dvaloyla. Numbers in
geometrical progression beginning from wunity are dpfpol avadoyov
axo povddos. Let the term A of the progression be taken which
s distant the same number of terms from © as A 13 distant from
unity Aehdpfo é 1ds dvadoylas 6 A dréxwv dmd Tob ® TooovTovs, Soovs

S5 A dno povados améxed.
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ON THE SPHERE AND CYLINDER.
BOOK 1

“ ARCHIMEDES to Dositheus greeting.

On a former occasion I sent you the investigations which
I had up to that time completed, including the proofs, showing
that any segment bounded by a straight line and a section of a
right-angled cone [a parabola] is four-thirds of the triangle
which has the same base with the segment and equal height.
Since then certain theorems not hitherto demonstrated (dve-
MéyeTwr) have occurred to me, and I have worked out the proofs
of them. They are these: first, that the surface of any sphere
is four times its greatest circle (Tof peyiorov xdxAov); next,
that the surface of any segment of a sphere is equal to a circle
whose radius (1 éx Tob wévrpov) is equal to the straight line
drawn from the vertex (xopuver) of the segment to the circum-
ference of the circle which is the base of the segment, and,
further, that any cylinder having its base equal to the greatest
circle of those in the sphere, and height equal to the diameter
of the sphere, is itself [i.e. in content] half as large again as the
sphere, and its surface also [including its bases] is half as large
again as the surface of the sphere. Now these properties were
all along naturally inherent in the figures referred to (avrj 75
dvoer mpovmipyer mepi Ta elpnuéva oyrpara), but remained
unknown to those who were before my time engaged in the
study of geometry. Having, however, now discovered that the
properties are true of these figures, I cannot feel any hesitation

H. A, 1
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in setting them side by side both with my former investiga-
tions and with those of the theorems of Eudoxus on solids
which are held to be most irrefragably established, namely,
that any pyramid is one third part of the prism which has the
same base with the pyramid and equal height, and that any
cone is one third part of the cylinder which has the same
base with the cone and equal height. For, though these
properties also were naturally inherent in the figures all along,
yet they were in fact unknown to all the many able geometers
who lived before Eudoxus, and had not been observed by any
one. Now, however, it will be open to those who possess the
requisite ability to examine these discoveries of mine. They
ought to have been published while Conon was still alive,
for I should conceive that he would best have been able to
grasp them and to pronounce upon them the appropriate
verdict ; but, as I judge it well to communicate them to those
who are conversant with mathematics, I send them to you with
the proofs written out, which it will be open to mathematicians
to examine. Farewell.

I first set out the axioms* and the assumptions which I
have used for the proofs of my propositions.

DEFINITIONS.

1. There are in a plane certain terminated bent lines
(kapmilar ypapuai memepacuévar)i, which either lie wholly on
the same side of the straight lines joining their extremities, or
have no part of them on the other side.

2. T apply the term concave in the same direction
to a line such that, if any two points on it are taken, either
all the straight lines connecting the points fall on the same
side of the line, or some fall on one and the same side while
others fall on the line itself, but none on the other side.

* Though the word used is dfiduara, the ‘ axioms” are more of the nature
of definitions ; and in fact Eutocius in his notes speaks of them as such (Jpoc).

t Under tbe term bent line Archimedes includes not only curved lines of
continuous curvature, but lines made up of any number of lines which may be
either straight or curved.
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3. Similarly also there are certain teiminated surfaces, not
themselves being in a plane but having their extremities in a
plane, and such that they will either be wholly on the same
side of the plane containing their extremities, or have no part
of them on the other side.

4. I apply the term concave in the same direction
to surfaces such that, if any two points on them are taken, the
straight lines connecting the points either all fall on the same
side of the surface, or some fall on one and the same side of
it while some fall upon 1t, but none on the other side.

5. I use the term solid sector, when a cone cuts a sphere,
and has its apex at the centre of the sphere, to denote the
figure comprehended by the surface of the cone and the surface
of the sphere included within the cone.

6. I apply the term solid rhombus, when two cones with
the same base have their apices on opposite sides of the plane
of the basc in such a position that their axes lie in a straight
line, to denote the solid figure made up of both the cones.

ASSUMPTIONS

1. Of all lines which have the sume extremities the straight
line ts the least*.

* This well-known Archimedean assumption is scarcely, as it stands, a
defimition of a straight line, though Proclus says [p. 110 ed. Friedlein] ¢ Archi-
medes defined (wpicaTo) the straight line as the least of those [lines] which have
the same extremities. For because, as Euclid’s definition says, ¢f foov xeiras Tois
é¢ éavrsjs onuelos, it is in consequence the least of those which have the same
extremities.” Proclus had just before [p. 109] explained Euclid’s definition,
which, as will be seen, is different from the ordinary version given in our text-
books; a straight line is not *‘that which lies evenly between 1ts extreme points,”
but ““that which é¢ foov 7ois é¢ éauvrijs onueioes xeirar.” The words of Proclus
are, ¢ He [Euclid] shows by means of this that the straight line alone [of all
lines] occupies a distance (xaréxew Sidornua) equal to that between the points
onit, For, as far as one of its points is removed from another, so great is the
length (uéyefos) of the straight line of which the points are the extremities;
and this is the meaning of v é loov keiofas Tois ¢¢' éavriis onueios. But, if you
take two points on a circumference or any other line, the distance cut off
between them along the line is greater than the interval separating them; and
this is the case with every line except the straight line.”” It appears then from
this that Euclid’s definition should be understood in a sense very like that of

1—2
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2. Of other lines in a plane and having the same extremi-
ties, [any two] such are unequal whenever both are concave in
the same direction and one of them is either wholly included
between the other and the straight line which has the same
extremities with it, or is partly included by, and is partly
common with, the other; and that [line] which is included is
the lesser [of the two).

3. Similarly, of surfaces which have the same extremities,
if those extremities are in a plane, the plane is the least [in
area].

4. Of other surfaces with the same extremitics, the ex-
tremities being in a plane, [any two] such are unequal when-
ever both are concave in the same direction and one surface
is either wholly included between the other and the plane which
has the same extremities with it, or is partly included by, and
partly common with, the other; and that [surface] which is
included is the lesser [of the two in area)

5. Further, of unequal lines, unequal surfaces, and unequal
solids, the greater exceeds the less by such a magnitude as,
when added to itself, can be made to exceed any assigned
magnitude among those which are comparable with [it and
with] one another*.

These things being premised, if a polygon be inscribed in a
circle, it is plain that the perimeter of the inscribed polygon is
less than the circumference of the circle; for each of the sides
of the polygon is less than that part of the circumference of the
circle which 1s cut off by it.”

Archimedes’ assumption, and we might perhaps tranelate as follows, “ A straight
line is that which extends equally (¢¢ foov xeirai) with the points on it,” or, to
foliow Proclus’ interpretation more closely, “A straight line is that which
represents equal extension with [the distances separating] the points on it.”

* With regard to this assumption compare the Introduction, chapter 1. § 2.
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Proposition 1.

If a polygon be circumscribed about a circle, the perimeter
of the circumscribed polygon is greater A
than the pertmeter of the circle. Q

Let any two adjacent sides, meet-
ing in 4, touch the circle at P, @
respectively.

Then [Assumptions, 2]

PA + AQ > (arc PQ).

A similar inequality holds for each
angle of the polygon; and, by ad-
dition, the required result follows.

Proposition 2.

Given two unequal magnitudes, it 13 possible to find two un-
equal straight lines such that the greater straight line has to the
less a ratio less than the greater magnitude has to the less.

Let A B, D represent the two unequal magnitudes, 4B being
the greater,

Suppose BC measured along BA equal to D, and let GH be
any straight line.

Then, if CA be added to itself a sufficient A
number of times, the sum will exceed D. Let y
AF be this sum, and take E on GH produced

such that GH is the same multiple of HE that °
AF is of AC.
Thus EH:HG=AC: AF. °
But, since AF > D (or CB),
AC : AF < AC : CB. 8
Therefore, componendo, e F

EG:GH<AB: D
Hence EG, GH are two lines satisfying the given condition.
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Proposition 3.

Given two unequal magnitudes and a circle, it is possible to
tnscribe a polygon in the circle and to describe another about it
s0 that the side of the circumscribed polygon may have to the side
of the inscribed polygon a ratio less than that of the greater
magnitude to the less.

Let A, B represent the given magnitudes, 4 being the
greater.

Find [Prop. 2] two straight lines F, KL, of which F is the
greater, such that

F:EL<A :B oo, (1)
D

.

P

H K

oL N Ay R O
a . "

Draw LM perpendicular to LK and of such length that
KM=F.

In the given circle let CE, DG be two diameters at right
angles. Then, bisecting the angle DOC, bisecting the half
again, and so on, we shall arnve ultimately at an angle (as

NOC) less than twice the angle LKM.

Join XC, which (by the construction) will be the side of a
regular polygon inscribed in the circle. Let OP be the radius
of the circle bisecting the angle N¥OC (and therefore bisecting
XNC at right angles, in H, say), and let the tangent at P meet
00, OXN produced in 8, T vespectively.

Now, since LO00N<2/LKM,

£HOC<£LKM,
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and the angles at H, L are right;
therefore MK : LK >0C : OH
>O0P : OH.
Hence S8T:CN<MK:LK
<F:LK;
therefore, a fortiori, by (1),
ST:CN<A :B

Thus two polygons are found satisfying the given condition.

Proposition 4.

Agarn, given two unequal magnitudes and a sector, it s
possible to describe a polygon about the sector and to inscribe
another in it so that the side of the circumscribed polygon may
have to the side of the inscribed polygon a ratio less than the
greater magnitude has to the less.

[The “inscribed polygon” found in this proposition is one
which has for two sides the two radii bounding the sector, while
the remaining sides (the number of which is, by construction,
some power of 2) subtend equal parts of the arc of the sector;
the “circumscribed polygon” 1s formed by the tangents parallel
to the sides of the inscribed polygon and by the two bounding
radii produced.]

In this case we make the same construction as in the last
proposition except that we bisect the angle COD of the sector,
instead of the right angle between two diameters, then bisect
the half again, and so on. The proof is exactly similar to the
preceding one,
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Proposition 5.

Given a circle and two unequal magnitudes, to describe a
polygon about the circle and inscribe another in i, so that the
circumscribed polygon may have to the inscribed a ratio less than
the greater magnitude has to the less.

Let A be the given circle and B, C the given magnitudes, B
being the greater.

F

Take two unequal straight lines D, E, of which D is the
greater, such that D : £< B : C [Prop. 2], and let F be a mean
proportional boetween 1), &, so that D is algo greater than F.

Describe (in the manner of Prop. 3) one polygon about the
circle, and inscribe another in it, so that the side of the former
has to the side of the latter a ratio less than the ratio D : F.

Thus the duplicate ratio of the side of the former polygon
to the side of the latter is less than the ratio D*: F*.

But the said duplicate ratio of the sides is equal to the
ratio of the areas of the polygons, since they are similar;

therefore the area of the circumsecribed polygon has to the
area of the inscribed polygon a ratio less than the ratio D* : F*,
or D : E, and a jfortior: less than the ratio B: C.
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Proposition 6.

“Similarly we can show that, given two unequal magnitudes
and a sector, it is possible to circumscribe a polygon about the
sector and wnscribe in it another similar one so that the circum-
scribed may have to the tnscribed a ratio less than the greater
magnitude has to the less.

And it is likewise clear that, of a circle or a sector, as well
as o certarn area, be given, it i3 possible, by inscribing regular
polygons in the circle or sector, and by continually inscribing
such in the remaining segments, to leave segments of the circle or
sector which are [together] less than the given area. For this is
proved in the Elements [Eucl. x11. 2]

But it is yet to be proved that, given a circle or sector and
an area, it 1s possible to describe a polygon about the circle or
sector, such that the area remaining between the circumference
and the circumscribed figure is less than the given area.”

Ny

o
\v

The proof for the circle (which, as Archimedes says, can be
equally applied to a sector) is as follows.

Let A be the given circle and B the given area.

Now, there being two unequal magnitudes 4 + B and 4, let
a polygon (C) be circumscribed about the circle and a polygon
() inscribed in it [as in Prop. 5], so that

The circumscribed polygon (C) shall be that required.
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For the circle (4) is greater than the inscribed polygon (7).
Therefore, from (1), a fortiori,
C:A<A+B:A,
whence C<A4A+ B,
or C—-4<B

Proposition 7.

If in an isosceles cone [i.e. a right circular cone] a pyramid
be inscribed having an equilateral base, the surface of the
pyramid excluding the base is equal to a triangle having its
base equal to the perimeter of the base of the pyramid and its
kewght equal to the perpendicular drawn from the apex on one
side of the base.

Since the sides of the base of the pyramid arc equal, it
follows that the perpendiculars from the apex to all the sides
of the base are equal; and the proof of the proposition is
obvious.

Proposition 8.

If a pyramid be circumscribed about an tsosceles cone, the
surface of the pyramid excluding its buse is equal to a triangle
having its base equal to the perimeter of the base of the pyramid
and its height equal to the side [i.e. a generator] of the cone.

The base of the pyramid is a polygon circumscribed about
the circular base of the cone, and the line joining the apex of
the cone or pyramid to the point of contact of any side of the
polygon is perpendicular to that side. Also all these perpen-
diculars, being generators of the cone, are equal; whence the
proposition follows immediately.
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Proposition 9.

If in the circular base of an isosceles cone a chord be placed,
and from its extremities straight lines be drawn to the apex of
the cone, the triangle so formed will be less than the portion of
the surfuce of the cone intercepted between the lines drawn to the
apez.

Let A BC be the circular base of the cone, and O its apex.

Draw a chord 4B in the circle, and join 04, OB. Bisect
the arc ACB in C, and join A, BC, OC.

Then AOAC+AOBC> AOAB.

Let the excess of the sum of the first two triangles over the
third be equal to the area D.

Then D is either less than the sum of the scgments A £C,
CFB, or not less.

I. Let D be not less than the sum of the segments referred
to.

We have now two surfaces

(1) that consisting of the portion OAEC of the surface
of the cone together with the segment AEC, and

(2) the triangle 0A4C;
and, since the two surfaces have the same extremities (the

perimeter of the triangle OAC), the former surface is greater
than the latter, which is included by it [Assumptions, 3 or 4].
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Hence (surface OAEC)+ (segment AEC) > A OAC.
Similarly (surface OCFB) + (segment CFB) > A OBC.
Therefore, since D is not less than the sum of the segments,
we have, by addition,
(surface OAECFB)+ D >A OAC+ AOBC
> A OAB + D, by hypothesis.

Taking away the common part D, we have the required
result,

II. Let D be less than the sum of the segments AEC,
CFB.

If now we bisect the arcs AC, CB, then bisect the halves,
and so on, we shall ultimately leave segments which are
together less than D. [Prop. 6]

Let AGE, EHC, CKF, FLB be those segments, and join
OE, OF,

Then, as before,

(surface OAGE) + (segment AGE) > A OAE
and (surface OEHC) + (segment EHC) > A OEC.
Therefore (surface OAGHC) + (segments AGE, EHC)

>AOAE + AOEC
>AO0AC, a fortiors.

Similarly for the part of the surface of the cone bounded by
OC, OB and the arc CFB.

Hence, by addition,
(surface 0AGEHCKFLB)+(segments AGE, EHC, CKF, FLB)
>AOAC+AOBC
>AOAB + D, by hypothesis.

But the sum of the segments is less than D, and the re-
quired result follows.
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Proposition 10.

If in the plane of the circular base of an isosceles cone two
tangents be drawn to the circle meeting in a point, and the points
of contact and the point of concourse of the tangents be respectively
joined to the apex of the cone, the sum of the two triangles
Sformed by the joining lines and the two tangents are together
greater than the included portion of the surface of the cone.

Let ABC be the circular base of the cone, O its apex, 4D,
BD the two tangents to the circle meeting in D. Join 04,
0B, 0D.

Let ECF be drawn touching the circle at C, the middle
point of the arc ACB, and thereforc parallel to 4B. Join
OFE, OF.

Then ED+ DF > EF,
and, adding AE + FB to cach side,
AD+DB>AE+ EF+ FB.

Now 04, OC, OB, being generators of the cone, are equal,
and they are respectivcly perpendicular to the tangents at 4,
C, B.
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It follows that
AOAD+ AODB>AOAE + A OEF+ A OFB,

Let the area G be equal to the excess of the first sum over
the second.

G is then either less, or not less, than the sum of the spaces
EAHC, FCKB remaining between the circle and the tangents,
which sum we will call L.

1. Let G be not less than L.
We have now two surfaces

(1) that of the pyramid with apex O and base AEFB,
excluding the face OA4B,

(2) that consisting of the part OACB of the surface of the
cone together with the segment ACB.

These two surfaces have the same extremities, viz. the
perimeter of the triangle OA4 B, and, since the former includes
the latter, the former is the greater [Assumptions, 4].

That is, the surface of the pyramid exclusive of the face
OAB is greater than the sum of the surface OACB and the
segment ACB.

Taking away the segment from each sum, we have

A OAE+ A OEF+ A OFB + L > the surface OAHCKB.

And G is not less than L.

It follows that

AQAE+AOEF+ A UOFB+G,

which is by hypothesis equal to A OAD+ A ODB, is greater
than the same surface.

II. Let G be less than L.

If we bisect the arcs AC, CB and draw tangents at their
middle points, then bisect the halves and draw tangents, and
so on, we shall lastly arrive at a polygon such that the sum
of the parts remaining between the sides of the polygon and
the circumference of the segment is less than G.
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Let the remainders be those between the segment and the
polygon APQRSB, and let their sum be M. Join OP, 0Q,
ete.

Then, as before,

AOCAE+AOEF+AOFB>AQOAP + AOPQ+ ...+ A OSB.
Also, as before,

(surface of pyramid OAPQRSB excluding the face 0AB)

> the part OACB of the surface of the

cone together with the segment ACB.

Taking away the segment from each sum,

A OAP + AOPQ + ...+ M > the part OACB of the

surface of the cone.
Hence, a fortiorr,

AOAE + AOEF+ AOFB+ @,
which is by hypothesis equal to
AOAD + A ODB,
is greater than the part OACB of the surface of the cone.

Proposition 11.

If a plane parallel to the axis of a right cylinder cut the
cylinder, the part of the surface of the cylinder cut off by the
plane is greater than the area of the parallelogram tn which the
plane cuts t.

Proposition 12.

If at the extremities of two generators of any right cylinder
tangents be drawn to the circular bases in the planes of those
bases respectively, and if the pairs of tangents meet, the
parallelograms formed by each generator and the two corre-
sponding tangents respectively are together greater than the
included portion of the surface of the cylinder between the two
generators.

[The proofs of these two propositions follow exactly the
methods of Props. 9, 10 respectively, and it is thercfore un-
necessary to reproduce them.]
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“From the properties thus proved it is clear (1) that, if a
pyramad be tnscribed tn an 1isosceles cone, the surface of the
pyramid excluding the base is less than the surface of the cone
{excluding the base], and (2) that, if a pyramid be circumscribed
about an isosceles cone, the surface of the pyramid excluding the
base 13 greater than the surface of the cone excluding the base.

“It is also clear from what has been proved both (1) that,
if a prism be inscribed in a right cylinder, the surface of the
prism made up of its parallelograms [i.e. excluding its bases] vs
less than the surface of the cylinder excluding its bases, and
(2) that, if a prism be circumscribed about a right cylinder, the
surface of the prism made up of its parallelograms 1s greater
than the surface of the cylinder excluding its bases.”

Proposition 13.

The surface of any right cylinder excluding the bases s equal
to a circle whose radius is a mean proportional between the side
[Le. a generator] of the cylinder and the diameter of its base.

Let the base of the cylinder be the circle 4, and make CD
equal to the diameter of this circle, and EF equal to the height
of the cylinder.
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Let H be a mean proportional between CD, EF, and B
a circle with radius equal to H.

Then the circle B shall be equal to the surface of the
cylinder (excluding the bases), which we will call 8.

For, if not, B must be either greater or less than S.

I. Suppose B< S.
Then it is possible to circumscribe a regular polygon about

B, and to inscribe another in it, such that the ratio of the
former to the latter is less than the ratio S : B.

Suppose this done, and circumscribe about A a polygon
similar to that described about B; then erect on the polygon
about A a prism of the same height as the cylinder. The
prism will therefore be circumscribed to the cylinder.

Let KD, perpendicular to CD, and FL, perpendicular to
EF, be each equal to the perimeter of the polygon about 4.
Bisect CD in M, and join MK.

Then A KDM = the polygon about 4.
Also (7 EL = surface of prism (cxcluding bases).
Produce FE to N so that FE = EN, and join NL.

Now the polygons about A, B, being similar, are in the
duplicate ratio of the radii of 4, B.

Thus

A KDM : (polygon about B) = MD*: H*
=MD':CD.EF
=MD:NF

=AKDM:ALFN

(since DK =F1L)
Therefore (polygon about By=A LFN

=T EL
= (surface of prism about A4),
from above.

But (polygon about B) : (polygon in B) < §: B.
H. A 2
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Therefore
(surface of prism about 4): (polygon in B)< S : B,
and, alternately,
(surface of prism about A): 8 < (polygon in B): B;
which is impossible, since the surface of the prism is greater
than S, while the polygon inscribed in B is less than B.
Therefore B<&S.

II. Suppose B > 8.

Let a regular polygon be circumscribed about B and another
inscribed in it so that

(polygon about B): (polygon in B)< B: 8.

Inscribe in 4 a polygon similar to that inscribed in B, and
erect a prism on the polygon inscribed in A of the same height
as the cylinder.

Again, let DK, FL, drawn as before, be each equal to the
perimeter of the polygon inscribed in 4.

Then, in this case,

A KDM > (polygon inscribed in 4)
(sincc the perpendicular from the centre on a side of the
polygon is less than the radius of 4).

Also A LFN = 7 EL = surface of prism (excluding bases).

Now
(polygon in 4) : (polygon in B)=MD*: H?,

= AKDM : ALFN, as before.
And AKDM > (polygon in 4).
Therefore
A LFN, or (surface of prism) > (polygon in B).
But this is impossible, because
(polygon about B) : (polygon in B)< B : §,
< (polygon about B) : 8, a fortior,
so that (polygon in B) > 8§,
> (surface of prism), a fortiort.
Hence B is neither greater nor less than S, and therefore
B=S.
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Proposition 14.

The surface of any isosceles cone excluding the base is equal
to a circle whose radius ts @ mean proportional between the side
of the cone {a generator] and the radius of the circle which is the
base of the cone.

Let the circle A be the base of the cone; draw C equal to
the radius of the circle, and D equal to the side of the cone, and
let £ be a mean proportional between C, D.

0

D

Draw a circle B with radius equal to E.

Then shall B be equal to the surface of the cone (excluding
the base), which we will call S.

If not, B must be either greater or less than 8.

I. Suppose B< S.

Let a regular polygon be described about B and a similar
one inscribed in it such that the former has to the latter a ratio
less than the ratio S : B.

Describe about A another similar polygon, and on it set up
a pyramid with apex the same as that of the cone.

Then  (polygon about 4) : (polygon about B)
=0C*: E?
=C:D
= (polygon about A4) : (surface of pyramid excluding base).
2—2
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Therefore
(surface of pyramid) = (polygon about B).
Now (polygon about B) : (polygon in B)< S : B.
Therefore
(surface of pyramid) : (polygon in B) < S : B,
which is impossible, (because the surface of the pyramid is
greater than S, while the polygon in B is less than B).

Hence B4 S

II. Suppose B > S.

Take regular polygons circumscribed and inscribed to B such
that the ratio of the former to the latter is less than the ratio
B:S

Inscribe in 4 a similar polygon to that inscribed in B, and
erect a pyramid on the polygon inscribed in A with apex the
same ag¢ that of the cone.

In this case
(polygon in 4) : (polygon in B) = C* : E*
=C:D
> (polygon in A) : (surface of pyramid excluding base).

This is clear because the ratio of C to D is greater than the
ratio of the perpendicular from the centre of 4 on a side of the
polygon to the perpendicular from the apex of the conc on the
same side*,

Therefore
(surface of pyramid) > (polygon in B).

But  (polygon about B) : (polygon in B)< B : 8.
Therefore, a fortiord,

(polygon about B) : (surface of pyramid) < B : S;

which is impossible.
Since therefore B is neither greater nor less than S,
B=2S.

* This is of conrse the geometrical equivalent of saying that, if a, 8 be two
angles each less than a right angle, and a > 8, then sin a>sin 8.
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Proposition 156.

The surface of any tsosceles cone has the same ratio to its
base as the side of the cone has to the radius of the base.

By Prop. 14, the surface of the cone is equal to a circle
whose radius is a mean proportional between the side of the
cone and the radius of the base.

Hence, since circles are to one another as the squares of
their radii, the proposition follows.

Proposition 16.

Iy an isosceles cone be cut by a plane parallel to the base, the
portion of the surface of the cone between the parallel planes is
equal to a ctrcle whose radius ts a mean proportional between (1)
the portion of the side of the cone intercepted by the parallel
planes and (2) the line which is equal to the sum of the radit of
the circles in the parallel planes.

Let OAB be a triangle through the axis of a cone, DX its
intersection with the plane cutting off the
frustum, and OFC the axis of the cone. °

Then the surface of the cone OAB is
equal to a circle whose radius is equal to
Vo4 AC. [Prop. 14.]

Similarly the surface of the cone ODE 9 G &
18 equal to a circle whose radius 18 equal E
to ¥OD . DF. S

And the surface of the frustum is
equal to the difference between the two circles.

A [«3 B

Now
OA.AC—-0OD.DF=DA.AC+0OD.AC—-0D.DF.
But OD.AC=0A.DF,

since OA : AC=0D : DF.



22 ARCHIMEDES

Hence 0A.AC — OD.DF=DA.AC + DA.DF
= DA .(AC + DF).

And, since circles are to one another as the squares of their
radii, it follows that the difference between the circles whose

radii are ¥04 . AC, ¥OD. DF respectively is equal to a circle
whose radius is VDA .(AC + DF).

Therefore the surface of the frustum is equal to this circle.

Lemmas.

“1.  Cones having equal height have the same ratio as their
bases; and those having equal bases have the same ratio as their
herghts*.

2. If a cylinder be cut by a plane parallel to the base, then,
as the cylinder s to the cylinder, so 1s the axis to the axis +.

3. The cones which have the same bases as the cylinders [and
equal height] are in the same ratio as the cylinders.

4. Also the bases of equal cones are reciprocally proportional
to their heights; and those cones whose bases are reciprocully
proportional to their heights are equal}.

5. Also the cones, the diameters of whose bases have the same
ratio as their azes, are to one another in the triplicute ratio of the
diameters of the bases §

And all these propositions have been proved by earlier
geometers.”

* Euclid xu1, 11.  “Cones and cylinders of equal height are to one another
ag their bases.”

Euclid x11. 14. “ Cones and cylinders on equal bases are to one another as
their heights.”

+ Euelid x11. 13. ¢ If a cylinder be cut by a plane parallel to the opposite
planes [the bases], then, as the cylinder is to the cyhnder, so will the axis be
to the axis.”

+ Euclid xi1. 15. ¢ The bases of equal cones and cylinders are reciprocally
proportional to their heights; and those cones and cylinders whose bases are
reciprocally proportional to their heights are equal.”

§ Euclid xx1. 12. * Similar cones and cylinders are to one another in the
triplicate ratio of the diameters of their bases.”



ON THE SPHERE AND CYLINDER I 23

Proposition 17.

If there be two isosceles cones, and the surface of one cone be
equal to the base of the other, while the perpendicular from the
centre of the base [of the first cone] on the side of that cone is
equal to the height [of the second)], the cones will be equal.

Let OAB, DEF be triangles through the axes of two cones
respectively, C, G the centres of the respective bases, GH the

A

ck———————D

/e

perpendicular from G on FD; and suppose that the base of the
cone OAB is equal to the surface of the cone DEF, and
that 0C = GH.

Then, since the base of OAB is equal to the surface of
DEF,

(base of cone OAB) : (base of cone DEF)
= (surface of DEF) : (base of DEF)

B

=DF: FG [Prop. 15]
= DG : GH, by similar triangles,
=DG : OC.

Therefore the bases of the cones are reciprocally propor-

tional to their heights; whence the cones are equal. [Lemma
4.]
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Proposition 18.

Any solid rhombus consisting of isosceles cones s equal to
the cone which has its base equal to the surface of one of the
cones compostng the rhombus and its height equal to the perpen-
dicular drawn from the aper of the second cone to one side of
the first cone.

Let the rhombus be O4BD consisting of two cones with
apices O, D and with a common base (the circle about 4B as

diameter),
F
7 / /[\
H G K

Let FHK be another cone with base equal to the surface of
the cone OAB and height FG equal to DE, the perpendicular
from D on OB.

Then shall the cone FHK be equal to the rhombus.

Construct a third cone LMN with base (the circle about
MN) equal to the base of O4B and height LP equal to OD.

Then, since LP=0D,
LP:CD=0D:CD.
But [Lemma 1] OD : CD = (rhombus OADB) : (cone DAB),
and LP :CD = (cone LMN): (cone DAB).
It follows that
(rhombus OADB)=(cone LMN)..................... 1).
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Again, since AB=MN, and
(surface of 04 B)=(base of FHK),
(base of FHK ) : (base of LMN)
= (surface of OAB): (base of OAB)
=0B: BC [Prop. 15]
= 0D : DE, by similar triangles,
=LP : FG, by hypothesis.
Thus, in the cones FHK, LMN, the bases are reciprocally
proportional to the heights.
Therefore the cones FHK, LMN are equal,

and hence, by (1), the conc FHK is equal to the given
solid rhombus.

Proposition 19.

If an isosceles cone be cut by a plane parallel to the base,
and on the resulting circular section a cone be described having
as its apex the centre of the base [of the first cone], and if the
rhombus so formed be taken away from the whole cone, the part
remaining will be equal to the cone with base equal to the surface
of the portion of the first cone between the parallel planes and
with height equal to the perpendicular drawn from the centre of
the buse of the first cone on one side of that cone.

Let the cone OAB be cut by a plane parallel to the base in
the circle on DE as diameter. Let C be the centre of the base
of the cone, and with ' as apex and the circle about DE as base
describe a cone, making with the cone ODE the rhombus
ODCE.

Take a cone FGH with base equal to the surface of the
frustum DABE and height equal to the perpendicular (CK)
from C on AO.

Then shall the cone FGH be equal to the difference between
the cone 04 B and the rhombus ODCE.

Take (1) a cone LMN with base equal to the surface of the
cone UOAB, and height equal to CK,
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(2) a cone PQR with base equal to the surface of the cone
ODE and height equal to CK.

Now, since the surface of the cone OAB is equal to the
surface of the cone ODE together with that of the frustum
DABE, we have, by the construction,

(base of LM N )= (base of ¥GH )+ (base of ’QR)
and, since the heights of the three cones are equal,
(cone LMN) = (conc FGH) + (conc PQR).

But the cone ZMN is equal to the cone O4B [Prop. 17],
and the cone PQR is equal to the rhombus ODCE [Prop. 18].

Therefore (cone OAB) = (cone FGH )+ (rthombus ODCE),
and the proposition is proved.

Proposition 20.

If one of the two sosceles cones forming a rhombus be cut
by a plane parallel to the base and on the resulting circular
section a cone be described having the same apex as the second
cone, and if the resulting rhombus be taken from the whole
rhombus, the remurnder will be equal to the cone with base equal
to the surface of the portion of the cone between the parallel
planes and writh height equal to the perpendicular drawn from
the apex of the second * cone to the eide of the first come.

* There is a slight error in Heiberg’s translation ** prioris coni ” and in the

corresponding note, p. 93. The perpendicular is not drawn from the apex of
the cone which is cut by the plane but from the apex of the other.
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Let the thombus be OACB, and let the cone O4B be cut
by a plane parallel to its base in the circle about DE as diameter.
With this circle as base and C as apex describe a cone, which
therefore with ODE forms the rhombus OD('E.

o ¥
/\ P
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Take a cone FGH with base equal to the surface of the
frustum DABE and height equal to the perpendicular (CK)
from C on 0A.

The cone FGH shall be equal to the difference between the
rhombi OACB, ODCE.

For take (1) a cone LMN with base equal to the surface of
OA B and height equal to CK,

(2) a cone PQR. with base equal to the surface of ODE,
and height equal to CK,

Then, since the surface of OA4AB is equal to the surface of
ODE together with that of the frustum DABE, we have, by
construction,

(base of LMN )= (base of PQR)+ (base of FGH),
and the three cones are of equal height;
thercfore (cone LMN)=(cone PQR)+ (cone FGH).

But the cone LMN is equal to the rhombus OACB, and the
cone PQR is equal to the rhombus ODCE [Prop. 18].

Hence the cone FGH is equal to the difference between the
two rhombi 0ACB, ODCE.
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Proposition 21.

A regular polygon of an even number of sides being tnscribed
in a circle, as ABC...A"...C'B’A, so that A4’ s a diameter,
of two angular points next but one to each other, as B, I, be
Joined, and the other lines parallel to BB' and joining pairs
of angular points be drawn, as CC', DD'..., then

(BB'+CC'+...): A4’=A'B : BA.

Let BB’, CC’, DD'.... meet A4’ in F, G, H,...; and let

CB’, DC',... be joined meeting AA’ in K, L,... respectively.

2]

CK;?
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Then clearly CB’, D(",... are parallel to one another and to
AB.

Hence, by similar triangles,
BF:FA=BF:FK
=CG:GK
=0'G: GL

............

=ET:14";
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and, summing the antecedents and consequents respectively, we
have
(BB'+CC' +...): AA’=BF : FA
=4'B: BA.

Proposition 22.

If a polygon be inscribed in a segment of a circle LAL’ so
that all <ts sides excluding the base are equal and their number
even,as LK...A...K'L’, A being the middle point of the segment,
and +f the lines BB', C(",... parallel to the base LL’ and joining
pairs of angular points be drawn, then

(BB'+CC'+...+LM): AM=A'B : BA,

where M is the middle point of LL' and Ad’1s the diameter
through M.

Joining CB’, DC'....LK’, as in the last proposition, and
supposing that they meet AM in P, Q....R, while BB’, CC’,...,
KK’ meet AM in F, G,... H, we have, by similar triangles,

BF . FA=B'F:FP
=CG: PG

=LM:RM,;
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and, summing the antecedents and consequents, we obtain
BB’ +0C'+...+LM): AM=BF : FA
=A'B: BA.

Proposition 23.

Take a great circle ABC... of a sphere, and inscribe in 1t
a regular polygon whose sides are a multiple of four in number.
Let AA’, MM’ be diameters at right angles and joining
opposite angular points of the polygon.

M
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Then, if the polygon and great circle revolve together about
the diameter A A4’, the angular points of the polygon, except 4,
A’, will describe circles on the surface of the sphere at right
angles to the diameter AA'. Also the sides of the polygon
will describe portions of conical surfaces, e.g. BC will describe
a surface forming part of a cone whose base is a circle about
CC’ as diameter and whose apex is the point in which CB,
C’B’ produced meet cach other and the diameter 44",

Comparing the hemisphere MAM’ and that half of the
figure described by the revolution of the polygon which is
included in the hemisphere, we see that the surface of the
hemisphere and the surface of the inscribed figure have the
same boundaries in one plane (viz. the circle on MM’ as
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diameter), the former surface entirely includes the latter, and
they are both concave in the same direction.

Therefore [Assumptions, 4] the surface of the hemisphere
is greater than that of the inscribed figure; and the same is
true of the other halves of the figures.

Hence the surface of the sphere is greater than the surface
described by the revolution of the polygon inscribed in the great
circle about the diameter of the great circle.

Proposition 24.

If a regular polygon AB...A’...B’A, the number of whose
sides ts a multiple of four, be inscribed in a great circle of a
sphere, and if BB’ subtending two sides be joined, and all the
other lines parallel to BB’ and joining pairs of angular points
be drawn, then the surfuce of the figure tnscribed in the sphere
by the revolution of the polygon about the diameter A A’ is equal
to a circle the square of whose radius vs equal to the rectangle

BA(BB'+CC'+...).
The surface of the figure is made up of the surfaces of parts
of different cones.

Now the surface of the cone ABB’is equal to a circle whose
radius is VB4 . ; BB. [Prop. 14]
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The surface of the frustum BB’C'C is equal to a circle of
radius ¥BC. §(BB" + CC"), [Prop. 16]
and so on.

It follows, since BA = B(C =..., that the whole surface is
equal to a circle whose radius is equal to

VBA(BB +CC'+ ...+ MM =~ .. + YY)

Proposition 25.

The surface of the figure inscribed in a sphere as in the last
propostitions, consisting of portions of conical surfaces, is less than
Jour times the greatest circle in the sphere.

Let AB...A’...B’A be a regular polygon inscribed in a
great circle, the number of its sides being a multiple of four.

As before, let BB’ be drawn subtending two sides, and
CC',...YY’ parallel to BB’
Let R be a circle such that the square of its radius is equal

to
AB(BB' +CC' + ...+ YY),

so that the surface of the figure inscribed in the sphere is equal
to R, [Prop. 24]
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Now
(BB'+CC'+...4YY'): AA’=A'B: AB, [Prop. 21]
whence AB(BB'+CC'+...+YY')=A44'.A'B.
Hence (radius of R)*=AA4’. A’B
<AA"

Therefore the surface of the inscribed figure, or the circle R,
is less than four times the circle AMA'M’.

Proposition 26.

The figure tnscribed as above tn o sphere 18 equal [2n volume]
to a cone whose base s a circle equal to the surface of the figure
wnscribed in the sphere and whose height s equal to the
perpendicular drawn from the centre of the sphere to one side of
the polygon.

Suppose, as before, that AB...4A'...B’A is the regular
polygon inscribed in a great circle, and let BB’, CC’, ... be
joined,

M
N
Y
'r*i:"" Fo——1
cl
M(

With apex O construct cones whose bases are the circles
on BR’, CC", ... as diameters in planes perpendicular to 44",

H. A. 3
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Then OBAB’ is a solid rhombus, and its volume is equal to
a cone whose base is equal to the surface of the cone ABB’ and
whose height is equal to the perpendicular from O on AB
[Prop. 18]. Let the length of the perpendicular be p.

Again, if CB, C'B’ produced meet in T, the portion of the
solid figure which is described by the revolution of the triangle
BOC about 44’ is equal to the difference between the rhombi
OCTC' and OBTB’, i.e. to a cone whose base is equal to the
surface of the frustum BB’C’C and whose height is p [Prop. 20)].

Proceeding in this manner, and adding, we prove that, since
cones of equal height are to one another as their bases, the
volume of the solid of revolution is equal to a cone with height
p and base equal to the sum of the surfaces of the cone BAB’,
the frustum BB'C’C, etc., i.e. a cone with height p and base
equal to the surface of the solid.

Proposition 27.

The figure inscribed tn the sphere as before is less than
Jour times the cone whose base i3 equal to a great circle of
the sphere and whose height is equal to the radius of the
sphere.

By Prop. 26 the volume of the solid figure is equal to a cone
whose base is equal to the surface of the solid and whose height
18 p, the perpendicular from O on any side of the polygon. Let
R be such a cone.

Take also a cone S with base equal to the great circle, and
height equal to the radius, of the sphere.

Now, since the surface of the inscribed solid is less than four
times the great circle [Prop. 25], the base of the cone R is less
than four times the base of the cone S.

Also the height (p) of R is less than the height of S.

Therefore the volume of R is less than four times that of S;
and the proposition is proved.
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Proposition 28.

Let a regular polygon, whose sides are a multiple of four in
number, be circumscribed about a great circle of a given
sphere, as AB...A'...B'4; and about the polygon describe
another circle, which will therefore have the same centre as the
great circle of the sphere. Let AA’ bisect the polygon and

cut the sphere in a, @'
M

m

M

If the great circle and the circumscribed polygon revolve
together about AA4', the great circle will describe the surface
of a sphere, the angular points of the polygon except 4, 4" will
move round the surface of a larger sphere, the points of contact
of the sides of the polygon with the great circle of the inner
sphere will describe circles on that sphere in planes perpen-
dicular to 44’, and the sides of the polygon themselves will
describe portions of conical surfaces. The circumscribed figure
wnll thus be greater than the sphere itself.

Let any side, as BM, touch the inner circle in K, and let K’
be the point of contact of the circle with B’M".

Then the circle described by the revolution of KK’ about
AA’ is the boundary in onc plane of two surfaces

(1) the surface formed by the revolution of the circular
segment KaK’ and

3—2
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(2) the surface formed by the revolution of the part
KB...A...BK' of the polygon.

Now the second surface entirely includes the first, and they
are both concave in the same direction;

therefore [Assumptions, 4] the second surface is greater
than the first.

The same is true of the portion of the surface on the opposite
side of the circle on KXK' as diameter.

Hence, adding, we see that the surfuce of the figure
circumscribed to the given sphere is greater than that of the
sphere tself.

Proposition 29.

In a figure circumscribed to a sphere in the manner shoun
in the previous proposition the surface s equal to a circle the
square on whose radius is equal to AB(BB'+CC'+ ...).

For the figure circumscribed to the sphere is inscribed in a
larger sphere, and the proof of Prop. 24 applies.

Proposition 30.

The surface of a figure circumscribed as before about a sphere
is greater than four times the great cvrcle of the sphere.

m
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Let AB...A'...B'A be the regular polygon of 4n sides
which by its revolution about A A’ describes the figure circum-
scribing the sphere of which ama'm’ is a great circle. Suppose
aa’, 44’ to be in one straight line.

Let R be a circle equal to the surface of the circumscribed
solid.

Now (BB'+CC'+...): AA'=A'B: BA, [asin Prop.21]
so that AB(BB'+CC'+...)=AA’.A'B.

Hence (radius of R)=VAA . A'B [Prop. 29]

>A'B,

But A’B =20P, where P is the point in which AB touches
the circle ama’m'.

Therefore (radius of R) > (diameter of circle ama'm’);

whence R, and therefore the surface of the circumseribed solid,
is greater than four times the great circle of the given sphere.

Proposition 31.

The solid of revolution circumscribed as before about a sphere
1s eyual to a cone whose base is equal to the surfuce of the solid
and whose height is equal to the radius of the sphere.

The solid is, as before, a solid inscribed in a larger sphere;
and, since the perpendicular on any side of the revolving polygon
1s equal to the radius of the inner sphere, the proposition is
identical with Prop. 26.

Cor. The solid circumscribed about the smaller sphere 18
greater than four times the cone whose base is a great circle
of the sphere and whose height is equal to the radius of the
sphere.

For, since the surface of the solid is greater than four times
the great circle of the inner sphere [Prop. 80], the cone whose
base is equal to the surface of the solid and whose height is the
radius of the sphere is greater than four times the cone of
the same height which has the great circle for base. [Lemma 1.]

Hence, by the proposition, the volume of the solid is greater
than four times the latter cone.
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Proposition 342.

If a regular polygon with 4n sides be inscribed in a great
arcle of a sphere, as ab...a’...b'a, and a similar polygon
AB...A'...B’A be described about the great circle, and if the
polygons revolve with the great circle about the diameters aa’,
AA" respectively, so that they describe the surfaces of solid
Jigures inscribed in and circumscribed to the sphere respectively,
then

(1) the surfaces of the circumscribed and inscribed figures
are to one another in the duplicate ratio of their sides, and

(2) the figures themselves [i.e. their volumes] are in the
triplicate ratio of their sides.

(1) Let A4’, ad’ be in the same straight line, and let
MmOm'M’ be a diameter at right angles to them.

m

Join BB, CC’,... and b¥, ¢, ... which will all be parallel
to one another and MM’.

Suppose R, S to be circles such that
R = (surface of circumscribed solid),
S = (surface of inscribed solid).
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Then  (radius of R)* = AB(BB'+CC’+...) [Prop.29]
(radius of Sy’ =ab(bb' +cc' +...).  [Prop. 24]

And, since the polygons are similar, the rectangles in these
two equations are similar, and are therefore in the ratio of

AB*: ab
Hence
(surface of circumscribed solid) : (surface of inscribed solid)
=AB*: ab’,

(2) Take a cone V whose base is the circle R and whose
height is equal to Oq, and a cone W whose base is the circle S

and whose height is equal to the perpendicular from O on ab,
which we will eall p.

Then V, W are respectively equal to the volumes of the
circumseribed and inseribed figures. [Props. 31, 26]

Now, since the polygons are similar,
4B:ab=0a:p
= (height of cone V') : (height of cone W);

and, as shown above, the bases of the cones (the circles R, 8)
are in the ratio of AB* to ab®.

Therefore V:W=A4B3: ab

Proposition 33.

The surface of any sphere is equal to four tvmes the greatest
circle in .
Let C be a circle equal to four times the great circle.

Then, if C is not equal to the surface of the sphere, it must
either be less or greater.

1. Suppose C less than the surface of the sphere.

It is then possible to find two lines 8B, v, of which 8 is the
greater, such that

B : y <(surface of sphere) : C. [Prop. 2]

Take such lines, and let & be a mean proportional between
them.
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Suppose similar regular polygons with 4n sides circum-
scribed about and inscribed in a great circle such that the ratio

of their sides is less than the ratio 8 : 8. [Prop. 3]
M
m
B

Let the polygons with the circle revolve together about
a diameter common to all, describing solids of revolution as
before.
Then (surface of outer solid) : (surface of inner solid)
= (side of outer)*: (side of inner)* [Prop. 32]
<@g :8, 0r B:y
< (surface of sphere) : C, a fortior:.
But this is impossible, since the surface of the circum-

scribed solid is greater than that of the sphere [Prop. 28], while
the surface of the inscribed solid is less than C [Prop. 25].

Therefore C is not less than the surface of the sphere.

II. Suppose C greater than the surface of the sphere.
Take lines 8, v, of which B is the greater, such that
B : v < C: (surface of sphere).
Circumscribe and inscribe to the great circle similar regular
polygons, as before, such that their sides are in a ratio less than

that of 8 to 8, and suppose solids of revolution generated in the
usual manner.
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Then, in this case,
(surface of circumscribed solid) : (surface of inscribed solid)
< C : (surface of sphere).

But this is impossible, because the surface of the circum-
scribed solid is greater than C' [Prop. 30], while the surface of
the inscribed solid is less than that of the sphere [Prop. 23].

Thus C is not greater than the surface of the sphere.

Therefore, since it is neither greater nor less, ' is equal to
the surface of the sphere.

Proposition 34.

Any sphere is equal to four times the cone which has its base
equal to the greatest circle in the sphere and its height equal
to the radius of the sphere.

Let the sphere be that of which ama’m’ is a great circle.

It now the sphere is not equal to four times the cone
described, it is either greater or less.

I. If possible, let the sphere be greater than four times the
cone.

Suppose V to be a cone whose base is equal to four times
the great circle and whose height is equal to the radius of the
sphere.

Then, by hypothesis, the sphere is greater than V': and two
lines B, 4 can be found (of which B is the greater) such that

B : vy < (volume of sphere) : V.
Between 8 and # place two arithmetic means 3, .

As before, let similar regular polygons with sides 4n in
number be circumscribed about and inscribed in the great
circle, such that their sides are in a ratio less than 8 : 4.

Imagine the diameter aa’ of the circle to be in the same
straight line with a diameter of both polygons, and imagine
the latter to revolve with the circle about aa’, describing the
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surfaces of two solids of revolution. The volumes of these solids
are therefore in the triplicate ratio of their sides.  [Prop. 82]

Thus (vol. of outer solid) : (vol. of inscribed solid)
< B : &, by hypothesis,
< B :v, a fortior: (since B : y>8° : 8%,
< (volume of sphere) : V, a fortior.

But this is impossible, since the volume of the circumseribed

m

m’

B8
b
’
‘\ko uIA

MI

* That B:4>g%:8 is assumed by Archimedes. Eutocius proves the
property in his commentary as follows.

Take z such that B:8=8:x.
Thus B-8:B=0-2:9
and, since >3, B-8>8-=z.
But, by hypothesis, B-8=8~¢.
Therefore d-e>d-2,
or z>e
Again, suppose Stx=z:y,
and, as before, we have §-z>z-y,
so that, a fortior:, d-e>x—7y.
Therefore E-y>z-y;

and, since z>¢, y>4.
Now, by hypothesis, 8, §, z, y are in continued proportion ;
therefore B ¥=8y
<f:y.
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solid is greater than that of the sphere [Prop. 28], while the
volume of the inscribed solid is less than V [Prop. 27].

Hence the sphere is not greater than V, or four times the
cone described in the enunciation.

II. If possible, let the sphere be less than V.,
In this case we take B, v (8 being the greater) such that
B : y< V:(volume of sphere).

The rest of the construction and proof proceeding as before,
we have finally

(volume of outer solid) : (volume of inscribed solid)
< V' : (volume of sphere).

But this is impossible, because the volume of the outer
solid is greater than V [Prop. 31, Cor.], and the volume of the
inscribed solid is less than the volume of the sphere.

Hence the sphere is not less than V.

Since then the sphere is ncither less nor greater than V, it
is equal to V, or to four times the cone described in the enun-
ciation.

Cor. From what has been proved it follows that every
cylinder whose base 1s the greatest circle in a sphere and whose
height is equal to the diameter of the sphere is § of the sphere,
and its surfuce together with its bases is § of the surface of the
sphere.

For the cylinder is three times the cone with the same
base and height [Eucl. X1 10], i.e. six times the cone with
the same base and with height equal to the radius of the
sphere.

But the sphere is four times the latter cone [Prop. 34].
Therefore the cylinder is § of the sphere.

Again, the surface of a cylinder (excluding the bases) is
equal to a circle whose radius is a mean proportional between
the height of the cylinder and the diameter of its base
[Prop. 13].
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In this case the height is equal to the diameter of the base
and therefore the circle is that whose radius is the diameter of
the sphere, or a circle equal to four times the great circle of
the sphere.

Therefore the surface of the cylinder with the bases is equal
to six times the great circle.

And the surface of the sphere is four times the great circle
i Prop. 33]; whence

(surface of cylinder with bases)=§. (surface of sphere).

Proposition 35.

If in a segment of a circle LAL’ (where A 1is the middle
point of the arc) a polygon LK...A...K'L’ be inscribed of which
LL’ ts one side, while the other sides are 2n tn number and all
equal, and if the polygon revolve with the segment about the
diameter AM, generating a solid figure inscribed in a segment of
a sphere, then the surface of the inscribed solid is equal to a
circle the square on whose radius is equal to the rectangle
LL')

AB(BB'+CC’+...+KK’+ .

o

The surface of the inscribed figure is made up of portions of
surfaces of cones.
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If we take these successively, the surface of the cone BAB’

is equal to a circle whose radius is
VAB.}BB'. [Prop. 14]

The surface of the frustum of a cone BCC'B’ is equal to
a circle whose radius is

/ BB +CC’
A AB.-——2 ; [Prop. 16]

aund so on.

Proceeding in this way and adding, we find, since circles
are to one another as the squares of their radii, that the
surface of the inscribed figure is equal to a circle whose radius

1s

\/AB (B8 + 00"+ .. +KK'+"‘L').

2

Proposition 36.

The surfuce of the figure inscribed as before in the segment
of a sphere s less than that of the segment of the sphere.

This is clear, because the circular base of the segment is a
common boundary of each of two surfaces, of which one, the
segment, includes the other, the solid, while both are concave
in the same direction [Assumptions, 4].

Proposition 37.

The surface of the solid figure inscribed in the segment of the
sphere by the revolution of LK...A...K'L" about AM 1s less than
a circle with radius equal to AL.

Let the diameter A M meet the circle of which LAL is a
segment again in 4. Join 4’B.

As in Prop. 35, the surface of the inscribed solid is equal to
a circle the square on whose radius is

AB(BB' +CC' +...+ KK’ + LM).
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But this rectangle =A'B.AM [Prop. 22]
<d'A AM
<AL

Hence the surface of the inscribed solid is less than the
circle whose radius i1s A 7.

Proposition 38.

The solid figure described as before in a segment of a sphere
less than a hemisphere, together with the cone whose base is the
base of the segment and whose apex is the centre of the sphere,
is equal to a cone whose base is equal to the surface of the
inscribed solid and whose height is equal to the perpendicular
Jrom the centre of the sphere on any side of the polygon.

Let O be the centre of the sphere, and p the length of the
perpendicular from O on AB.

Suppose cones described with O as apex, and with the
circles on BB’, C(’,... as diameters as bases.

Then the rhombus OBAB' is equal to a cone whose base is
equal to the surface of the cone B4AB’, and whose height is p.

[Prop. 18]

Again, if CB, C'B’ meet in T, the solid described by the

triangle BOC as the polygon revolves about 40 is the difference
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between the rhombi OCTC’ and OBTB’, and is therefore equal
to a cone whose base is equal to the surface of the frustum
BCC'B’ and whose height 1s p. [Prop. 20]

Similarly for the part of the solid described by the triangle
COD as the polygon revolves ; and so on.

-y

Hence, by addition, the solid figure 1nscribed in the segment
together with the cone OLL’ is equal to a cone whose base is
the surface of the inscribed solid and whose height is p.

Cor. The cone whose base is a circle with radius equal to
AL and whose height is equal to the radius of the sphere is
greater than the sum of the inscribed solid and the cone OLL'.

For, by the proposition, the inscribed solid together with
the cone OLL'is equal to a cone with base equal to the surface
of the solid and with height p.

This latter cone is less than a cone with height equal to 04
and with base equal to the circle whose radius is AL, because
the height p is less than 04, while the surface of the solid is
less than a circle with radius AL, [Prop. 87]

Proposition 39.

Let lal’ be a segment of a great circle of a sphere, being less
than a semicircle. Let O be the centre of the sphere, and join
O, Ol'. Suppose a polygon circumseribed about the sector Olal’
such that its sides, excluding the two radii, are 2n in number
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and all equal, as LK, ... BA, AB', ... K'L’; and let OA be that
radius of the great circle which bisects the segment lal’.

The circle circumscribing the polygon will then have the
same centre O as the given great circle.

Now suppose the polygon and the two circles to revolve
together about OA. The two circles will describe spheres, the

A

- ‘\", //7[7L,
/

o

angular points except A will describe circles on the outer
sphere, with diameters BB’ ctc., the points of contact of the
sides with the inner segment will describe circles on the inner
sphere, the sides themselves will describe the surfaces of cones
or frusta of cones, and the whole figure circumscribed to the
segment of the inner sphere by the revolution of the cqual
sides of the polygon will have for its base the circle on LL’
as diameter.

The surface of the solid figure so circumscribed about the
sector of the sphere [excluding its base] will be greater than that
of the segment of the sphere whose base 18 the circle on U’ as
diameter.

For draw the tangents {7, I’T" to the inner segment at [, I'.
These with the sides of the polygon will describe by their
revolution a solid whose surface is greater than that of the
segment [Assumptions, 4]

But the surface described by the revolution of I7' is less
than that described by the revolution of LT, since the angle 7L
is a right angle, and therefore LT > IT.

Hence, a fortiori, the surface described by LK...4...K'L’
is greater than that of the segment.
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Cor. The surface of the figure so described about the sector
of the sphere is equal to & circle the square on whose radius
1s equal to the rectangle

AB(BB'+CC'+...+ KK'+3LL’).

For the circumscribed figure is inscribed in the outer sphere,
and the proof of Prop. 35 thercfore applies.

Proposition 40.

The surface of the figure circumscribed to the sector as before
is greater than a circle whose radius vs equal to al.

Let the diameter Aa0Q meet the great circle and the circle
circumscribing the revolving polygon again in a, A’. Join
A'B, and let ON be drawn to N, the point of contact of AB
with the inner circle.

]
N a

e
E4

&
Now, by Prop. 39, Cor.,, the surface of the solid figure
circumscribed to the sector OlAl’ is equal to a circle the square
on whose radius is equal to the rectangle
4B (BB +0C'+ A RE ).

But this rectangle is equal to A’B. AM [as in Prop 22}

H. A. 4
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Next, since AL, al’ are parallel, the triangles AML', aml’
are similar. And 4L’ >al’; therefore AM > am.

Also A'B =20N =ada’.
Therefore A'B.AM > am . aa’
> al”.

Hence the surface of the solid figure circumscribed to the
sector is greater than a circle whose radius is equal to al’, or al.

Cor. 1. The volume of the figure circumscribed about the
sector together with the cone whose apex is O and base the circle
on LL' as diameter, ts equal to the volume of a cone whose base
18 equal to the surface of the circumscribed figure and whose
height is ON.

For the figure is inscribed in the outer sphere which has the
same centre as the inner. Hence the proof of Prop. 38 applies.

CoR. 2. The volume of the circumscribed figure with the cone
OLL' is greater than the cone whose base is a circle with radius
equal to al and whose height is equal to the radius (Oa) of the
inner sphere.

For the volume of the figure with the cone OLIL is equal to
a cone whose base is equal to the surface of the figure and

whose height is equal to ON.

And the surface of the figure is greater than a circle with
radius equal to al [Prop. 40], while the heights Oa, ON are
equal.

Proposition 41.

Let lal’ be a segment of a great circle of a sphere which is
less than a semicircle.

Suppose a polygon inscribed in the sector Olal’ such that
the sides Ik, ... ba, ab’,...¥'l' are 2n in number and all equal.
Let a similar polygon be circumscribed about the sector so that
its sides are parallel to those of the first polygon; and draw
the circle circumscribing the outer polygon.

Now let the polygons and circles revolve together about
Oad, the radius bisecting the segment lal'.
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Then (1) the surfaces of the outer and inner solids of revolution
so described are in the ratic of AB* to ab?, and (2) their volumes
together with the corresponding cones with the same base and
with apex O in each case are as AB® to ab’.

== - )
T

o

(1) For the surfaces arc equal to circles the squares on
whose radii are equal respectively to

AB(BB 400+ + KK+ 1)),
[Prop. 39, Cor.]
and ab (bb’ Sy %) . [Prop. 35]

But these rectangles are in the ratio of 4 B* to ab®. Therefore
so are the surfaces.

(2) Let OnN be drawn perpendicular to ab and AB; and
suppose the circles which are equal to the surfaces of the outer
and inner solids of revolution to be denoted by &S, s respectively.

Now the volume of the circumscribed solid together with
the cone OLL’is equal to a cone whose base is S and whose
height is ON [Prop. 40, Cor. 1].

And the volume of the inscribed figure with the cone OIl' is
equal to a cone with base s and height On [Prop. 38].

But S:s=AB*: ab’,
and ON : On=AB: ab.

Therefore the volume of the circumscribed solid together with
the cone OLL' is to the volume of the inscribed solid together
with the cone Oll' as AB® is to ab® [Lemma 5].

42
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Proposition 442.

If lal’ be a segment of a sphere less than a hemisphere and
Oa the radius perpendicular to the base of the segment, the
surface of the segment 1s equal to a circle whose radius is equal
to al.

Let R be a circle whose radius is equal to al. Then the
surface of the segment, which we will call S, must, if it be not
equal to R, be either greater or less than R.

I. Suppose, if possible, S > R.

Let lal’ be a segment of a great circle which is less than a
semicircle. Join Ol, Ol, and let similar polygons with 2n equal
sides be circumscribed and inscribed to the sector, as in the
previous propositions, but such that

(circumscribed polygon) : (inscribed polygon)< S : R.
[Prop. 6]
Let the polygons now revolve with the segment about OaA,
generating solids of revolution circumscribed and inscribed to
the segment of the sphere.

Then
(surface of outer solid) : (surface of inner solid)
=AB*: ab® [Prop. 41]
= (circumscribed polygon) : (inscribed polygon)
< 8: R, by hypothesis.
But the surface of the outer solid is greater than S [Prop. 39].
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Therefore the surface of the inner solid is greater than R;
which is impossible, by Prop. 37.

II. Suppose, if possible, S < R.

In this case we circumscribe and inscribe polygons such that
their ratio is less than R : S; and we arrive at the result that

(surface of outer solid) : (surface of inner solid)

<R:8S
But the surface of the outer solid is greater than R [Prop. 40].
Therefore the surface of the inner solid is greater than §': which
is impossible [Prop. 36].
Hence, since S is neither greater nor less than R,
S=R.

Proposition 43.

Even if the segment of the sphere is greater than a hemisphere,
its surface is still equal to a circle whose radius s equal to al.
For let lal’a’ be a great circle of the sphere, aa’ being the
diameter perpendicular to il'; and let
la’'l be a segment less than a semi- a’

circle. / \
Then, by Prop. 42. the surface of '

the segment la’l’ of the sphere is
cqual to a circle with radius equal to
a'l,

Also the surface of the whole
sphere is equal to a circle with radius >
equal to aa’ [Prop. 33].

But aa’®*—a’'l*=al®, and circles are to one another as the
squares on their radii.

Therefore the surface of the segment lal’, being the difference
between the surfaces of the sphere and of la'l, is equal to a
circle with radius equal to al.
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Proposition 44.

The volume of any sector of a sphere is equal to a cone whose
base 1s equal to the surface of the segment of the sphere included
in the sector, and whose height s equal to the radius of the
sphere.

Let R be a cone whose basc is equal to the surface of the
segment lal’ of a sphere and whose heighv is equal to the radius
of the sphere; and let S be the volume of the sector Olal'.

8
8
3
Y

Then, if S is not equal to R, it must be either greater or
less.

I.  Suppose, if possible, that 8> R.

Find two straight lines B, v, of which 8 is the greater, such
that
B:y<S:R;
and let 8, e be two arithmetic means between 83, 4.

Let lal’ be a segment of a great circle of the sphere.
Join Ol, O, and let similar polygons with 2n equal sides be
circumscribed and inscribed to the sector of the circle as before,
but such that their sides are in a ratio less than B:8.
[Prop. 4].
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Then let the two polygons revolve with the segment about
OaA, generating two solids of revolution.

Denoting the volumes of these solids by V, » respectively,
we have

(V +cone OLL) : (v+cone Oll')= AB*: ab® [Prop. 41]
<p*: &
< B : v, a fortiors®,
< 8: R, by hypothesis.
Now (V +cone OLL)> 8.
Therefore also (¢ +cone Ol'y> R.

But this 1s impossible, by Prop. 38, Cor. combined with Props
42, 43.

Heuce S$R.

II. Suppose, if possible, that S < R.
In this case we take B, y such that
B:y<R:8§

and the rest of the construction proceeds as before.

We thus obtain the relation

(V + cone OLL") : (v+ cone Oll'Y< R : S.

Now (v + cone Oll'y < 8.
Therefore (V+cone OLLY< R,
which is impossible, by Prop. 40, Cor. 2 combined with Props.
42, 43.

Since then S is neither greater nor less than R,

S=R.

* Cf. note on Prop. 34, p. 42..
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BOOK II

“ ARCHIMEDES to Dositheus greeting.

On a former occasion you asked me to write out the proots of
the problems the enunciations of which I had myself sent to
Conon. In point of fact they depend for the most part on the
theorems of which I have already sent you the demonstrations,
namely (1) that the surfacc of any sphere is four times the
greatest circle in the sphere, (2) that the surface of any
segment of a sphere is equal to a circle whose radius is equal
to the straight line drawn from the vertex of the segment to
the circumference of its base, (3) that the cylinder whose base
is the greatest circle in any sphere and whose height is equal
to the diameter of the sphere is itself in magnitude half as
large again as the sphere, while its surface [including the two
bases] is half as large again as the surface of the sphere, and
(4) that any solid sector is equal to a cone whose base is the
circle which is equal to the surface of the segment of the sphere
included in the sector, and whose height is equal to the radius
of the sphere. Such then of the theorems and problems as
depend on these theorems I have written out in the book
which I send herewith; those which are discovered by means
of a different sort of investigation, those namely which relate
to spirals and the conoids, I will endeavour to send you soon.
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The first of the problems was as follows: Given a sphere, to
find a plane area equal to the surface of the sphere.

The solution of this is obvious from the theorems aforesaid.
For four times the greatest circle in the sphere is both a plane
area and equal to the surface of the sphere.

The second problem was the following.”

Proposition 1. (Problem.)

Giiven a cone or a cylinder, to find a sphere equal to the cone
or to the cylinder.

If V be the given cone or cylinder, we can make a cylinder
equal to §V. Let this cylinder be the cylinder whose base
is the circle on AB as diameter and whose height is OD.

Now, if we could make another cylinder, equal to the
cylinder (OD) but such that its height is equal to the diameter
of its base, the problem would be solved, because this latter
cylinder would be equal to $V, and the sphere whose diameter
is equal to the height (or to the diameter of the buse) of the
same cylinder would then be the sphere required [I. 34, Cor.].

M

N
Suppose the problem solved, and let the cylinder (C@) be

equal to the cylinder (0D), while EF, the diameter of the base,
is equal to the height CG.
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Then, since in equal cylinders the heights and bases are
reciprocally proportional,

AB*: EF*=0CG : 0D

=FEF:0D.......c.......... 1)
Suppose MN to be such a line that
EFf=AB . MN........ cccceeren... (2).
Hence AB:EF=EF:MN,

and, combining (1) and (2), we have
AB: MN=EF:0D,
or AB:EF=MN:0D.
Therefore AB . EF =KV : MN=MN : 0D,
and EF, MN are two mean proportionals between AB, OD.

The synthesis of the problem is therefore as follows. Take
two mean proportionals EF, MN between AB and OD, and
describe a cylinder whose base is a circle on EF as diameter
and whose height C@ is equal to EF.

Then, since
AB:EF=EF: MN=MN: 0D,
EF*=AB.MN,
and therefore AB* . EF‘=AB: MN
=FEF:0D
=CG:0D;

whence the bases of the two cylinders (OD), (CG) are recipro-
cally proportional to their heights.

Therefore the cylinders are equal, and it follows that
cylinder (CG)=§V.

The sphere on EF as diameter is thereforc the sphere
required, being equal to V.
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Proposition 2.

If BAB be a segment of a sphere, BB' a diameter of the
base of the segment, and O the centre of the sphere, and if AA’
be the diameter of the sphere bisecting BB' in M, then the volume
of the segment s equal to that of a cone whose base vs the same
as that of the segment ard whose height s h, where

h:AM=04"+ A'M: A'M.
Measure MH along MA equal to b, and MH’ along MA’
equal to &', where
K :A'M=04+AM: AM.
Suppose the three cones constructed which have 0, H

H'’ for their apices and the base (BB') of the segment for their
common base. Join 4B, A’B.

Let C be a cone whose base is equal to the surface of the
segment BAB' of the sphere, ie. to a circle with radius equal
to AB [I. 42], and whose height is equal to 0 4.

Then the cone C is equal to the solid sector OBA B’ [I. 44].
Now, since HM : MA=04"+ A'M: A’'M,

dividendo, HA : AM=04: A'M,
and, alternately, HA : AO=A4M : M4/,
8o that
HO:04=4A4":A'M
=AB?: BM*

= (base of cone C) : (circle on BB’ as diameter).
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But 0A is equal to the height of the cone C'; therefore, since
cones are equal if their bases and heights are reciprocally
proportional, it follows that the cone C (or the solid sector
OBAB) is equal to a cone whose base is the circle on BB’ as
diameter and whose height is equal to OH.

And this latter cone is cqual to the sum of two others
having the same base and with heights OM, MH, ie. to the
solid rhombus OBHE'.

Hence the sector OBAB' is equal to the rhombus OBHB'.
Taking away the common part, the cone OBB',

the segment BA B’ = the cone HBB'
Similarly, by the same method, we can prove that

the segment BA’B’ = the cone H'BB’.

Alternatwe proof of the latter property.

Suppose D to be a cone whose base is equal to the surface
of the whole spherc and whose height is equal to OA.

Thus D is equal to the volume of the sphere. [I. 33, 34]
Now, since OA’'+ A'M: A’M=HM : MA,
dividendo and alternando, as before,
OA:AH=A'M: MA.
Again,since H'M:MA’'=0A + AM: AM,
H'A :04=A4A'M:MA
=04 : AH, from above.
Componendo, HO:0OA=0H:HA. ... (1).
Alternately, HO:0H=04:4H.................. (2),
and, componendo, HH': HO=0H : HA,
=H’'0 : 04, from (1),

whence HH .0A=HO0.0H.................. (3).
Next, since H'O:0H=0A4 : 4H, by (2),
=A'M: MA,

(H'O+O0H)Y : HO.OH=(A'M+ MAy : A’M. MA,



ON THE SPHERE AND CYLINDER II. 61

whence, by means of (3),
HH” : HH'.0A=A4AA" : A’M.MA,
or HH :0A=A4A": BM*
Now the cone D, which is equal to the sphere, has for its base

a circle whose radius is equal to AA’, and for its height a line
equal to OA.

Hence this cone D is equal to a cone whose base is the circle
on BB’ as diameter and whose height is equal to HH':

therefore the cone D = the rhombus HBH'B’,

or the rhombus HBH’B’ = the sphere.

But the segment BAB' = the conc HBB’;
therefore the remaining segment BA’B’ = the cone H'BE’.

Cor. The segment BAB' is to a cone with the same base and
equal height in the ratio of OA'+ A'M to A'M.

Proposition 3. (Problem.)

To cut a given sphere by a plane so that the surfaces of the
segments may have to one another a given ratio.

Suppose the problem solved. Let 44’ be a diameter of a
great circle of the sphere, and suppose that a plane perpendicular
to AA’ cuts the planc of the great circle in the straight

8
li Hf K
A A

L]

/‘B'

line BB’, and 44’ in M, and that it divides the sphere so that
the surface of the segment BAB’ has to the surface of the
segment BA'B’ the given ratio.
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Now these surfaces are respectively equal to circles with
radii equal to AB, A’B [1. 42, 43].

Hence the ratio 4AB*: A’B* is equal to the given ratio, i.c.
AM is to MA’ in the given ratio,

Accordingly the synthesis proceeds as follows.
If H : K be the given ratio, divide AA’ in M so that
AM: MA'=H: K.
Then AM : MA'=AB*: A'B*
= (circle with radius 4 B) : (circle with radius 4'B)
= (surface of scgment BAB’) : (surface of segment BA'B’).

Thus the ratio of the surfaces of the segments is equal to
the ratio H : K.

Proposition 4. (Problem.)

To cut a given sphere by a plane so that the volumes of the
segments are to one another in a given ratio.

Suppose the problem solved, and let the required plane cut
the great circle ABA’ at right angles in the line BB’ Let
AA’ be that diameter of the great circle which bisects BB’ at
right angles (in M), and let O be the centre of the sphere.

HY.

L ° M A H o

Take H on OA produced, and H' on OA’ produced, such
that
OA'+ A’M - A’M=HM:MA,.......... 1),

and OA+ AM - AM=HM:MA .. ... (2).
Join BH, B'H, BH', B'H".
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Then the cones HBB’, H'BB’ arc respectively equal to the
segments BAB’, BA'B’ of the sphere [Prop. 2]

Hence the ratio of the cones, and therefore of their altitudes,
18 given, i.c.

HM : H'M = the given ratio............... (3).

We have now three equations (1), (2). (3), in which there
appear three as yet undetermined points M, H, H'; and it is
first necessary to find, by means of them, another equation in
which only one of these points (M) appears, 1.c. we have, so to
speak, to eliminate H, H'.

Now, from (3), it is clear that HH': H'M is also a given
ratio; and Archimedes’ method of elimination 1s, first, to find
values for cach of the ratios A’"H': H'M and HH': H’'A’ which
are alike independent of H, H', and then, secondly, to equate
the ratio compounded of these two ratios to the known value
of the ratio HH': H' M.,

(a) To find such a value for A’'H’: H'M.
It is at once clear from equation (2) above that
AH HM=0A:04+AM............. (4).
(b)) To find such a value for HH': A’H’.
From (1) we derive
AM:MA=04"+4'M:HM

=0A4":AH ..................... 3);
and, from (2), A'M:MA=HM:04A+4M
—AH': OA oo (6).
Thus HA: AO0=04": A’H’,
whence OH :0A'=0H': A’H’,
or OH : OH'=04': A'H".

It follows that
HH' : OH'=0H': A'H’,
or HH' .H'A'=O0H"
Therefore HH': H'A'=0H"”: H'A”
=AA": A’M* by means of (6)
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(¢) To express the ratios A’H': H'M and HH' : H' M more
simply we make the following construction. Produce 04 to D
so that 04 =AD. (D will lie beyond H, for A’M >MA, and
therefore, by (5), 04 > 4H.)

Then AH :HM=0A :04+ AM
=AD:DM.....c..ceccennn.. )
Now divide 4D at E so that
HH :HM=AD:DEK.................. (8).

Thus, using equations (8), (7) and the value of HH’' : H'A’
above found, we have
AD:DE=HH': H'M
=(HH': H'A").(A'H': H'M)
=(4A4”%: A’'M").(AD : DN).
But AD: DE=(DM : DE).(AD : DM).

Therefore MD:DE=AA" : A'M*................. 9).
And D is given, since AD=0A. Also AD: DE (being equal
to HH': H'M) is a given ratio. Therefore DE is given.

Hence the problem reduces itself to the problem of dividing
A'D nto two parts at M so that

MD : (a given length) = (a given area) : A’ M".

Archimedes adds: “If the problem is propounded in this
general form, it requires a Swoptopos [le. it is necessary to
investigate the limits of possibility], but, if there be added the
conditions subsisting in the present case, it does not require a
Stoptopucs.”

In the present case the problem is:

Qiven a straight line A’A produced to D so that A’A =24 D,
and given a point E on AD, to cut AA’ in a point M so that

AA®: A'M*=MD: DE.

“And the analysis and synthesis of both problems will be
given at the end*.”

The synthesis of the main problem will be as follows. Let
R : 8 be the given ratio, R being less than S. A4’ being a

* Bee the note following this proposition.
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diameter of a great circle, and O the centre, produce 04 to D
so that OA = A D, and divide AD in E so that

AE:ED=R:S.
Then cut A4’ in M so that
MD :DE =AA": A'M°.
Through M erect a plane perpendicular to AA4’; this plane

will then divide the sphere into segments which will be to one
another as R to S.

Take H on A'A4 produced, and H’ on AA’ produced, so that
Q4"+ A'M: AM=HM: MA,............Q),
QA+ AM:AM=HM:MA'............ ).
We have then to show that
HM :MH' =R:8, or AE: ED.
(a) We first find the value of HH': H'A’ as follows.
As was shown in the analysis (b),
HH' .H'A’=0H"
or HH' : HA'=0H": H'A"?
=AA". A'M*
=MD : DE, by construction.
(B) Next we have
HA :HM=04:04+4M
=AD: DM.

Therefore HH':H'M=(HH':H'A"Y.(H'A': H'M)
=(MD : DE).(AD: DM)
=AD: DE,

whence HM: MH' =AE: ED
=R:S. Q. E. D.

Note. The solution of the subsidiary problem to which the
original problem of Prop. 4 is reduced, and of which Archimedes
promises a discussion, is given in a highly interesting and
important note by Eutocius, who introduces the subject with
the following explanation.

H. A, b
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“He [Archimedes] promised to give a solution of this
problem at the end, but we do not find the promise kept in any
of the copies. Hence we find that Dionysodorus too failed to
light upon the promised discussion and, being unable to grapple
with the omitted lemma, approached the original problem in a
different way, which I shall describe later. Diocles also ex-
pressed in his work mepi mupiwv the opinion that Archimedes
made the promise but did not perform it, and tried to supply
the omission himself. His attempt I shall also give in its
order. It will however be seen to have no relation to the
omitted discussion but to give, like Dionysodorus, a construction
arrived at by a different method of proof. On the other hand,
ag the result of unremitting and extensive research, I found in
a certain old book some theorems discussed which, although the
reverse of clear owing to errors and in many ways faulty as
regards the figures, nevertheless gave the substance of what I
sought, and moreover to some extent kept to the Doric dialect
affected by Archimedes, while they retained the names familiar in
old usage, the parabola being called a section of a right-angled
cone, and the hyperbola a section of an obtuse-angled cone;
whence I was led to consider whether these theorems might
not in fact be what he promised he would give at the end. For
this reason I paid them the closer attention, and, after finding
great difficulty with the actual text owing to the multitude of
the mistakes above referred to, I made out the sense gradually
and now proceed to set it out, as well as I can, in more familiar
and clearer language. And first the theorem will be treated
generally, in order that what Archimedes says about the limits
of possibility may be made clear; after which there will follow
the special application to the conditions stated in his analysis
of the problem.”

The investigation which follows may be thus reproduced.
The general problem is:

* Given two straight lines AB, AC and an area D, to divide
AB at M so that

AM:AC=D : MB*
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Analysis.

Suppose M found, and supposc AC placed at right angles to
AB. Join CM and produce it. Draw EBAN through B parallel
to AC meeting CM in N, and through C draw CHE parallel to
AB meeting EBN in E. Complete the parallelogram CENF,
and through M draw PMIH parallel to AC meeting FN in P.

Measure EL along EN so that

CE.EL (or AB.EL)=D. F—% N

Then, by hypothesis,

AM:AC=CE.EL: MB".
And

AM:AC=CE: EN, A% 8
by similar triangles,
=CE.EL:EL.EN.

It follows that PN*=MB*=EL.EN.

Hence, if a parabola be described with vertex X, axis EN, and
parameter equal to KL, it will pass through P; and it will be
given in position, since EL 1s given.

H E

Therefore P lies on a given parabola.
Next, since the rectangles FH, AE are equal,
FpP.PH=AB.BE.

Hence, if a rectangular hyperbola be described with CE, CF
as asymptotes and passing through B, it will pass through P.
And the hyperbola is given in position.

Therefore P lies on a given hyperbola.

Thus P is determined as the intersection of the parabola
and hyperbola. And since P is thus given, M is also given.

Stopiouds.
Now, since AM: AC=D: MB"
AM.MB*=AC.D.

But AC. Dis given, and it will be proved later that the maximum
value of AM . MB® is that which it assumes when BM = 2AM.

5—2
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Hence 1t is a necessary condition of the possibility of a
solution that AC.D must not be greater than 3AB.(3ABY', or
#AB*.

Synthesis.

If O be such a point on 4B that BO=2A40, we have seen
that, in order that the solution may be possible,

AC.D$ A0.0B"
Thus AC. D is either equal to, or less than, A0. OB*

(1) If AC.D=A0.0B? then the point O itself solves the
problem.

(2) Let AC.D be less than 40. OB

Place AC at right angles to AB. Join €O, and produce it
to B. Draw EBR through B parallcl to AC meeting CO in R,
and through C draw CF parallel
to AB meeting EBRin E. Com- a8 Y
plete the parallelogram CERF, \
and through O draw QOK parallel
to AC meeting FR in @ and CE
in K le)

N
e
A 8
Then, since M \\
AC.D< AO.OB*,

measure RQ’ along RQ so that
AC.D=A40.QR,
or AO0:AC=D: Q'R
Measure EL along ER so that
D=CE.EL (or AB.FEL).
Now, since A0 :AC=D: @Q'R* by hypothesis,
=CE.EL: Q'R*
and AQ: AC=CE : ER, by similar triangles,
=CE.EL: EL ER,

it follows that
Q'R*=EL, ER,
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Describe a parabola with vertex F, axis ER, and parameter
equal to EL. This parabola will then pass through @'
Again, rect. FK =rect. AE,
or FQ.QK=AB.BE,

and, if we describe a rectangular hyperbola with asymptotes
CE, CF and passing through B, it will also pass through Q.

Let the parabola and hyperbola intersect at P, and through
P draw PMH parallel to AC mceting AB in M and CFE
i H, and GPN parallel to AB meeting CF in G and ER
m N.

Then shall M be the required point of division.
Since PG.PH=AB.BE,
rect. GM =rect. ME,
and therefore CMN is a straight line.
Thus AB.BE=PG.PH=AM.EN ............ 1)
Again, by the property of the parabola,
PN’=FEL.EN,
or MB*=EL.EN ....ccoeovvvinnnnen. 2).
From (1) and (2)
AM :EL=AB.BE : MB*,

or AM.AB: AB,EL=AB.AC: MB*
Alternatcly,

AM.AB:AB.AC=AB.EL: MB?,
or AM: AC=D: MB’

Proof of dcopiouds.

It remains to be proved that, if AB be divided at O so that
BO =240, then A0. OB* is the mazimum value of AM.MB’,

or A0.0B*>AM.MB",
where M i3 any point on AB other than O.
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Suppose that A0: AC=CE.EL : OB,
so that AO.OB*=CE.EL . AC.
Join CO, and produce it to N ;
draw EBN through B parallel ¥
to AC, and complete the paral-
lelogram CENF.

Through O draw POH
parallel to AC meeting FN
in P and CE in H.

With vertex F, axis EN,
and parameter KL’, describe
a parabola. This will pass
through P, as shown in the
analysis above, and beyond P o
will meet the diameter CF of
the parabola in some point.

Next draw a rectangular
hyperbola with asymptotes CF,
CF and passing through B.
This hyperbola will also pass
through P, as shown in the
analysis.

Produce NE to T so that
TE=FEN. Join TP meeting
CE in Y, and produce it to
meet CF in W. Thus I'P will
touch the parabola at P.

Then, since BO =240,

TP=2PW.

And TP=2PY.

Therefore PW=PY.

Since, then, WY between the asymptotes is bisected at P, the
point where it meets the hyperbola,

WY is a tangent to the hyperbola.

Hence the hyperbola and parabola, having a common tangent
at P, touch one another at P.
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Now take any point M on 4B, and through M draw QMK
parallel to AC meeting the hyperbola in @ and CE in K.
Lastly, draw GqQR through Q parallel to AB meeting CF in G,
the parabola in ¢, and £N in R.

Then, since, by the property of the hyperbola, the rectangles
GK, AE are equal, CMR is a straight line.

By the property of the parabola,

qR*=EL' .ER,
so that QR*< EL'.ER.
Suppose QR*=EL.ER,

and we have AM . AC=CE : ER
=CE.EL: EL.ER

=CE.EL:QR*
=CE.EL : MB®
or AM . MB*=CE.EL.AC.
Therefore AM.MB*<CE.EL .AC
< A0.OB*

If AC.D < AO.OB? there are two solutions because there
will be two points of intersection between the parabola and the
hyperbola.

For, if we draw with vertex £ and axis EN a parabola
whose parameter is cqual to EL, the parabola will pass through
the point @ (sce the last figure); and, since the parabola meets
the diameter CF beyond @, it must meet the hyperbola again
(which has CF for its asymptote).

[If we put AB=a, BM =z, AC=c¢, and D=1V, the pro-
portion

AM:AC=D:MB
1s seen to be equivalent to the equation
(@ — z) = b,
being a cubic equation with the term containing x omitted.

Now suppose EN, EC to be axes of coordinates, EN being
the axis of y,
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Then the parabola used in the above solution is the
parabola
= éﬂ.y,
a

and the rectangular hyperbola is
y(ae—z)=ac.

Thus the solution of the cubic equation and the conditions
under which there are no positive solutions, or one, or two
positive solutions are obtained by the use of the two conics.]

[For the sake of completeness, and for their intrinsic interest,
the solutions of the original problem in Prop. 4 given by
Dionysodorus and Diocles are here appended.

Dionysodorus’ solution.

Let AA’ be a diameter of the given sphere. It is required
to find a plane cutting A4’ at right angles (in a point M,
suppose) so that the segments into which the sphere is divided
are in a given ratio, as CD : DE.

Produce A’A to F so that AF = 04, where O is the centre
of the sphere.

{Ke

P R
bt T8

gt L

- HV \
F A ] Y ry &
%
D
c * 3

Draw A H perpendicular to A4’ and of such length that
FA:AH=CE: ED,
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and produce AH to K so that

With vertex F, axis FA, and parameter equal to AH
describe a parabola. This will pass through K, by the equa-
tion (a).

Draw A’K’ parallel to A K and meeting the parabola in K*;
and with A'F, A’K’ as asymptotes describe a rectangular
hyperbola passing through H. This hyperbola will meet the
parabola at some point, as P, between K and K.

Draw PM perpendicular to 44’ meeting the great circle in
B, B, and from H, P draw IIL, PR both parallel to 44" and
meeting A’K’ in L, R respectively.
Then, by the property of the hyperbola,
PR.PM=AH . HL,

1€ PM . MA'=HA.AA,
or PM:AH=A44"': A'M,
and PM*: AH*=AA": A'M*.
Also, by the property of the parabola,
PM*=FM.AH,
Le. FM:PM=PM: Al
or FM: AH=PM*': AH®

=AA": A'M? from above.

Thus, since circles are to one another as the squares of their
radil, the cone whose base is the circle with A’M as radius and
whose height is equal to FM, and the cone whose base is the
circle with 44’ as radius and whose height is equal to AH,
have their bases and heights reciprocally proportional.

Hence the cones are equal; ie., if we denote the first cone
by the symbol ¢ (4'M), FM, and so on,

c(4’'M), FU=c(4A4'), AH.
Now c(44'), FA:c(A4"), AH=FA:AH
= CE : ED, by construction.
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Therefore
c(A4"), FA :c(A'M), FM=CE : ED .......(BR).
But (1) c(4A’), FA = the sphere. [I. 34]

(2) c(4’M), FM can be proved equal to the segment of
the sphere whose vertex is A’ and height A’M.

For take G on AA’ produced such that
GM : MA'=FM : MA

=04 +AM: AM.

Then the cone GBB’ is equal to the segment 4’BB’ [Prop. 2].

And FM : MG =AM : MA’, by hypothesis,
= BM*®: A'M*.

Therefore

(circle with rad. BM) : (circle with rad. A'M)

=FM: MG,

so that c(A’'M), FM = ¢ (BM), MG

= the segment A'BB’.
We have therefore, from the equation (8) above,
(the sphere) : (segmt. A’BB’)=CE : ED,

whence (segmt. ABB') : (segmt. A’'BB")=CD : DE.

Diocles’ solution.

Diocles starts, like Archimedes, from the property, proved in
Prop. 2, that, if the plane of section cut a diameter 4.4’ of the
sphere at right angles in M, and if H, H’ be taken on 04, 04’
produced respectively so that

OA’"+ AM . A'M=HM : MA,
OA+AM: AM=H'M: MA',
then the cones HBB’, H’'BB’ are respectively equal to the
segments ABB’, A’BB’.
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Then, drawing the inference that
HA : AM=0A4": A'M,
HA :4M=04:AM,

H!

he proceeds to state the problem in the following form, slightly
gencralising it by the substitution of any given straight line for
04 or 04’:

Gven a straight line A 4’ its extremities A, A, a ratio C: D.
and another straight line as AK, to divide AA" at M and to find
two points H, H' on A’A and A A’ produced respectively so that
the following relations may hold simultaneously,

O':D=H;M:MH'] ................ (),
HA4 :AM=AK :A'M " ................ (8),
HA  AM=AK : AM } ............... (y)

Analysis.

Suppose the problem solved and the pomts M, H, H' all
found.

Place AK at right angles to 44’, and draw A’K’ parallel
and equal to AK. Join KM, K'M, and produce them to meet
K’A4’, KA respectively in E, . Join KK’, draw EG through
E parallel to 4’4 meeting KF in G, and through M draw QMN
parallel to AK meeting £G in @ and KK’ in N.

Now HA: AM=AK : A’M, by (B),

=FA : AM, by similar triangles,

whence HA =FA.
Similarly H'A’=A'E.
Next,

FA+ AM : AK' + AM=AM: A'M
=AK 4+ AM : EA’ + A’M, by similar triangles,
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Therefore
(FA+AM) (EA'+ AM)=(KA+ AM).(K'A’'+ A'M).
Take AR along AH and A’R’ along A’H’ such that
AR=A'R'= AK.
Then, since FA + AM=HM, FA'+ A'M=MH’, we have
HM MH =RM .MR'..... ............ (®).

(Thus, if R falls between 4 and H, R’ falls on the side of H'
remote from A’, and vice versa.)

P’

1 X

H ——
Al M /A‘ H

, R’

Now C:D=HM: MH', by hypothesis,
=HM.MH' : MH”
=RM.MR’': MH", by (8).
Measure MV along MN so that MV =A'M. Join A’V and
produce it both ways. Draw RP, R'P’ perpendicular to RR’
meeting 4’V produced in P, P’ respectively. Then, the angle
MA’'V being half a right angle, PP’ is given in position, and,
since R, R’ are given, so are P, P'.
And, by parallels,
P'V:PV=RM:MR.
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Therefore PV.P'V:PV*=RM.MR': RM*

But PV? =2RM’.

Therefore PV.P'V=2RM. MR’
And it was shown that

RM MR : MH*=C: D.

Hence PV.P'V:MH”=2C:D.
But MH =AM+ A'E=VM + MQ=QV.

Therefore QV*: PV.P'V=D: 2C, a given ratio.
Thus, if we take a line p such that

D:2C=p: PP'*

and if we describe an ellipse with PP’ as a diameter and p as
the corresponding parameter [= DD?/PP’ in thc ordinary
notation of geometrical conics], and such that the ordinates to
PP’ are inclined to it at an angle cqual to half a right angle,

le. are parallel to @V or AKX, then the ellipse will pass
through @.

Hence @ lics on an ellipse given in position.
Again, since K is a diagonal of the parallelogram GK,
GQ.QN=A44" . A'K".

If therefore a rectangular hyperbola be described with K@,
KK’ as asymptotes and passing through 4’, it will also pass
through Q.

Hence @ lies on a given rectangular hyperbola.
Thus @ is determined as the intersection of a given ellipse

* There is a mistake 1n the Greek text here which seems to have escaped the
notice of all the editors up to the present, The words are éar dpa mojowuer, ws
v A wpds Tiw Siwhaclay Tis T, ofrws Tov TT wpds dAAqw Twd os Tiw d, Le. (with
the lettering above) *“ If we take a length p such that D : 2C = PP’ : p.”” This
cannot be right, because we should then have

QV:: PV.P'V=PP':p,
whereas the two latter terms should be reversed, the correct property of the
ellipse being

QV2:PV.P'V=p: PP [Apolionius I. 21]

The mistake would appear to have originated as far back as Eutocius, but I
think that Eutocius is more likely to have made the slip than Diocles himself,
because any intelligent mathematician would be more likely to make such a slip
in writing out another man’s work than to overlook 1t if made by another.
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and a given hyperbola, and is therefore given. Thus M is
given, and H, H’' can at once be found.

Synthesis.
Place AA4’, AK at right angles, draw A’K’ parallel and
equal to AK, and join KK’

Make AR (measured along A’A produced) and A'R’
(measured along AA’ produced) cach equal to AK, and
through R, R’ draw perpendiculars to RR’.

Then through A’ draw PP’ making an angle (4 4'P) with
A4’ equal to half a right angle and mecting the perpendiculars
just drawn in P, P’ respectively.

Take a length p such that

D:2C=p: PP*,

and with PP’ as diameter and p as the corresponding parameter
describe an ellipse such that the ordinates to P/’ are inclined
to it at an angle equal to A4’P, i.e. arc parallel to A K.

With asymptotes K4, KK’ draw a rectangular hyperbola
passing through A4’

Let the hyperbola and ellipse meet in @, and from @ draw
QMVN perpendicular to A4’ meeting AA’ in M, PP’ in V
and KK' in N. Also draw GQE parallel to AA’ meeting 4K,
A’K’ respectively in G, E.

Produce X4, K'M to meet in F.

Then, from the property of the hyperbola,

GQ.QN=A44"' . A'K’,
and, since these rectangles are equal, KME is a straight line.

Measure AH along AR equal to AF, and AH along A’R’
equal to A'E.

From the property of the ellipse,
QV*: PV.P'V=p: PP
=D:2C.

* Here too the Greek text repeats the same error as that noted on p. 77.



ON THE SPHERE AND CYLINDER II. 79

And, by parallels,
PV :P'V=RM:R'M,
or PV.P'V:PV*=RM.MR': R'M",
while P'V*=2R’M* since the angle RA’P is half a right
angle.

Therefore PV.PPV=2RM. ME’,
whence QV*.2RM. MR’ =D : 2C.
But QV=FEA"+ AM=MH’.

Therefore RM . MR': MH*=C : D.
Again, by similar triangles,
FA4+AM :K'A'+ AM=AM : A'M

=KA+AM: :EA'+ A'M.
Therefore

(FA+AM) (EA'+ A'M)=(KA+AM).(K'A'+ A'M)
or HM MH' =RM.MR’
It follows that
HM MH :MH*®*=C:D,
or HM :MH' =C:D ..., (a).
Also HA : AM=FA : AM,
=A'K’': A’M, by similar

triangles...(8),
and HA :AAM=EA:A'M

Hence the points M, H, H’ satisfy the three given
relations.]

Proposition 6. (Problem.)

To construct a segment of a sphere similar to one segment
and equal in volume to another.

Let ABB’ be one segment whose vertex is 4 and whose
base is the circle on BB’ as diameter; and let DEF be another
segment whose vertex is D and whose base is the circle on EF
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as diameter. Let AA’, DD’ be diameters of the great circles
passing through BB’, EF respectively, and let O, C be the
respective centres of the spheres.

Suppose it required to draw a scgment similar to DEF and
equal in volume to ABB’.

Analysis. Suppose the problem solved, and let def be the
required segment, d being the vertex and e¢f the diameter of
the base. Let dd’ be the diameter of the sphere which bisects
ef at right angles, ¢ the centre of the sphere.

K

S

>]

d E S
S c
g
o
B ™
c

D

d

Let M, G, g be the points where BB’, EF, ef are bisected
at right angles by A4’, DD’, dd’ respectively, and produce 04,
CD, cd respectively to H, K, k, so that

OA'"+A'M: A’ M=HM: MA
CD'+D'G:D'}=KG:GD },
cd’ +d'g:d'g=kg: gd
and suppose cones formed with vertices H, K, k and with the

same bases as the respective segments. The cones will then be
equal to the segments respectively [Prop. 2].

Therefore, by hypothesis,
the cone HBB' =the cone kef.
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Hence
(circle on diameter BB’) : (circle on diameter ef ) =kg : HM,
so that BB®:ef*=kg: HM .................. (1).

But, since the segments DEF, def are similar, so are the
cones KEF, kef.

Therefore KG:EF=kg:¢f.

And the ratio KG : B'F is given. Therefore the ratio kg : ¢f
is given,

Suppose a length R taken such that

Thus R is given.
Again, since kg:HM=BB": e¢f*=¢f : R, by (1) and (2),
suppose a length S taken such that

ef*=BB’ .S,
or BB®:ef*=BB : S.
Thus BB :ef=¢f:S=8:R,

and ef, S are two mean proportionals in continued proportion
between BB’, R.

Synthesis. Let ABB’, DEF be great circles, 44°, DD’
the diameters bisecting BB’, EF at right angles in M, G
respectively, and O, C the centres.

Take H, K in the same way as before, and coustruct the
cones HBB’, KEF, which are therefore equal to the respective
segments A BB’, DEF,

Let R be a straight line such that
. KG:EF=HM:R,
and between BB’, R take two mean proportionals ef, S.

On ¢f as base describe a segment of a circle with vertex d
and similar to the segment of a circle DEF. Complete the
circle, and let dd’ be the diameter through d, and ¢ the centre.
Conceive a sphere constructed of which def is a great circle,
and through ef draw a plane at right angles to dd’.

H. A. 6
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Then shall def be the required segment of a sphere.
For the segments DEF, def of the spheres are similar, like
the circular segments DEF, def.
Produce cd to & so that
cd' +d'g:d'g=kg: gd.
The cones KEF, kef are then similar.
Therefore kg:ef=KG:EF=HM: R,
whence kg: HM=ef : R.
But, since BB’, ¢f, S, R are in continued proportion,
BB*:e¢f*=BB’: 8
=e¢f: R
=kg: HM.
Thus the bases of the cones HBB’, kef are reciprocally
proportional to their heights. The cones are therefore equal,

and def is the segment required, being equal in volume to the
cone kef. [Prop. 2]

Proposition 6. (Problem.)

Griven two segments of spheres, to find a third segment of a
sphere similar to one of the given segments and having its
surface equal to that of the other.

Let ABB’ be the segment to whose surface the surface of
the required segment is to be equal, ABA'B’ the great circle
whose plane cuts the planc of the base of the segment 4 BB’ at
right angles in BB, Let A4’ be the diameter which bisects
BB’ at right angles.

Let DEF be the scgment to which the required segment
is to be similar, DED’F the great circle cutting the base of the
segment at right angles in EF. Let DD’ be the diameter
bisecting EF at right angles in G.

Suppose the problem solved, def being a segment similar
to DEF and having its surface equal to that of ABB’; and
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complete the figure for def as for DEF, corresponding points
being denoted by small and capital letters respectively.

D
E F
o A
d
e I3 A @ 8
/ A
d:

Join AB, DF, df.

Now, since the surfaces of the segments def, A BB’ are equal,
so are the circles on df;, 4B as diameters; [1. 42, 43]

that is, df=AB.
From the similarity of the segments DEF, def we obtain
d'd:dg=D'D: DG,

and dg :df=DG : DF;
whence d'd:df=D'D: DF,
or d'd:AB=D'D: DF.

But 4B, D'D, DF are all given;
therefore d'd is given.
Accordingly the synthesis is as follows.
Take d'd such that
dd:AB=D'D:DF.................... (1).

Describe a circle on d’d as diameter, and conceive a sphere
constructed of which this circle is a great circle.
6—2
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Divide d'd at g so that
d’g:9d=D'G:GD,

and draw through g a plane perpendicular to d'd cutting off
the segment def of the sphere and intersecting the plane of the
great circle in ¢f The segments def, DEF are thus similar,
and dg : df=DG : DF.

But from above, componendo,

d'd:dg=D'D: DG

Therefore, ex aequali, d'd:df=D'D:DF,
whence, by (1), df = AB.

Therefore the segment def has its surfacc equal to the
surface of the segment ABB’ [I. 42, 43], while it is also similar
to the segment DEF.

Proposition 7. (Problem.)

From a given sphere to cut off a segment by a plane so that
the segment may have a given ratio to the cone which hus the same
base as the segment and equal height.

Let A4’ be the diameter of a great circle of the sphere.
It is required to draw a plane at right angles to 44" cutting
off a segment, as ABB’, such that the segment ABB’ has to
the cone ABB’ a given ratio.

Analysis.

Suppose the problem solved, and let the plane of scction
cut the plane of the great circle in BB’, and the diameter
AA’ in M. Let O be the centre of the sphere.

8 D
1r
N o |m A H
E
BI

Produce 04 to H so that
OA’+AM  AM=HM:MA............. .
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Thus the cone HBB' is equal to the segment 4 BB’. [Prop. 2]

Therefore the given ratio must be equal to the ratio of the
cone HBB' to the cone ABB’, 1.e. to the ratioc HM : MA.

Hence the ratio 04"+ A’M : A’M is given; and therefore
A’M is given.

Siopiouos.

Now 04" : A’M>04": A'A4,
so that OA'+ A'M: A’M>04"+A'A:4°A
>3:2

Thus, in order that a solution may be possible, it is a
necessary condition that the given ratio must be greater than
3:2

The synthesis proceeds thus.

Let 44’ be a diameter of a great circle of the sphere, O the
centre,

Take a line DE, and a point F on it, such that DE : EF is
equal to the given ratio, being greater than 3: 2.

Now, since OA'+ A'A:4'4=3:2,
DE:EF >0A4'+ A’A: A'4,

so that DF:FE>0A4": A’A.
Hence a point M can be found on AA’ such that
DF:FE=0A" :A'M....................(2).

Through M draw a plane at right angles to A A" intersecting
the plane of the great circle in BB’, and cutting off from the
sphere the segment 4 BB’

As before, take H on OA produced such that
OA’+ A'M: A’M=HM : MA.
Therefore HM : MA = DE : EF, by means of (2).

It follows that the cone HBB’, or the segment ABB’, is to
the cone ABB’ in the given ratio DE : EF.
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<

. C ‘ Al 51" ~
- Proposition 8.

If a sphere be cut by a plane not passing through the centre
tndo two segments A’BB’, ABB’, of which A’BB’ is the greater,
then the ratio
(segmt. A’BB’) : (segmt. ABB’)

< (surfuce of A’BB’) : (surface of ABB’y
but > (surface of A’BB’) : (surface of ABB')*.

Let the plane of section cut a great circle A’B4AB’ at right
angles in BB’, and let A4’ be the diameter bisecting BB’ at
right angles in M.

Let O be the centre of the sphere.

Join A’B, AB.

As usual, take H on OA produced, and H' on OA’ produced,
so that
OA'+ AM:-AM=HM:MA.............. (D),

OA+AM:AM=H'M:MA'............ (2),

and conceive cones drawn each with the same base as the two
segments and with apices H, H' respectively. The cones are
then respectively equal to the segments [Prop. 2], and they
are in the ratio of their heights HM, H'M.
Also
(surface of A'BB’): (surface of ABB')=A'B*: AB* [l 42, 43]
=A'M:AM.

* This is expressed in Archimedes’ phrase by saying that the greater seg-

ment has to the lesser a ratio ‘‘less than the duplicate (dcrhdaiov) of that which

the surface of the greater segment has to the surface of the lesser, but greater
than the sesquialterate (fuohor) [of that ratio].”
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We have therefore to prove
(a) that H'M: MH < A'M* : MA?,
(b) that H'M: MH > A'M*: MAL
(a) From (2) above,
AM: AM=H'M:04+AM
=H'A": 04’, since 04 =04".

Since A’'M > AM, H'A' > 0A’ ; therefore, if we take K on
H'A’ so that OA’=A'K, K will fa.ll between H' and 4.

And, by (1), A'M:AM=KM: MH.

Thus KM :MH=HA": A’K, since A’K =04,
>I'M: MK,
Therefore H'M.MH< KM

It follows that
HM.MH: MH* < KM*: MH?®
or H'M: MH<KM*: MH*
< A'M* : AM*, by (1).
(b) Since 04’'=
A'M.MA <4'0.04,
or A'M:04'<0A: AM
<H'A’: A’'M, by means of (2).
Therefore A'M*< H'A’. OA’
<H'4’. A'K.
Take a point N on A’A such that
A'N'=H'A" . A'K
Thus H'A: A’K=A'N*: A’'K* ............... (3).
Also HA : AN=A'N: A'K,
aud, componendo,
HN:A'N=NK:AK,
whence A'N': AK*=H'N*: NK*
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Therefore, by (3),
HA': A’K=H'N*: NK*,
Now H'M:MK>H'N:NK.
Therefore H'M*: MK*>H A': A’'K
>H'A": 04’
>A'M: MA, by (2), as above,
> 04+ A'M: MH, by (1),
>KM: MH.
Hence H'M* MH'=(H'M*: MK*) .(KM*: MH*)

>(KM: MH).(KM*: MH?*).
It follows that

H'M:MH> KM} : MH?}
> A'M?: AM3, by ().

[The text of Archimedes adds an alternative proof of this
proposition, which is here omitted because it is in fact neither
clearer nor shorter than the above.]

Proposition 9.

Of all segments of spheres which have equal surfaces the
hemisphere is the greatest in volume.

Let ABA'B’ be a great circle of a sphere, A4’ being
a diameter, and O the centre. Let the sphere be cut by
a plane, not passing through O, perpendicular to A4’ (at M),
and intersecting the plane of the great circle in BB’. The
segment A BB’ may then be either less than a hemisphere as
in Fig. 1, or greater than a hemisphere as in Fig. 2.

Let DED'E’ be a great circle of another sphere, DD’
being a diameter and C the centre. Let the sphere be cut by
a plane through C perpendicular to DD’ and intersecting the
plane of the great circle in the diameter EE'.
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Suppose the surfaces of the segment ABB’ and of the
hemisphere DEE’ to be equal.

/\“ R
;
B’

Since the surfaces are equal, AB= DE. [1. 42, 43]
Now, in Fig. 1, 4AB*>2AM* and < 240%
and, in Fig, 2, AB'<2AM* and >240%
Hence, if R be taken on 44’ such that
AR*=}AB?,
R will fall between O and M.
Also, since AB*=DE* AR=CD.

Produce 04’ to K so that OA’ = 4'K, and produce 4’4 to
H so that

/

¥
v

=

AK: AM=HA: AM,
or, componendo, A'K+A'M:A'M=HM: MA...........(1).

Thus the cone HBB’ is equal to the segment 4 BB’,
[Prop. 2]

Again, produce CD to F so that CD= DF, and the cone
FEE'’ will be equal to the hemisphere DEE’, [Prop. 2]

Now AR.RA'>AM.MA,
and AR*=3A4B*=3AM.AA'= AM.A'K.
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Hence
AR.RA’"+ RA*>AM MA'+ AM.A'K,
or AAd’ AR>AM.MK
>HM.A'M, by (1).
Therefore AA’: A’M>HM: AR,

or AB®: BM*> HM : AR,
le. AR*: BM* > HM : 2AR, since AB*=24 R’
>HM:CF.

Thus, since AR =CD, or CE,
(circle on diam. EE") : (circle on diam. BBYy> HM : CF.
It follows that

(the cone FEE') > (the cone HBB’),

and therefore the hemisphere DEE’ is greater in volume than
the segment ABB’.



MEASUREMENT OF A CIRCLE.

Proposition 1.

The area of any circle is equal to a right-angled triangle in
which one of the sides about the right angle is equal to the radius.
and the other to the circumference, of the circle.

Let ABCD be the given circle, K the triangle described.

\\\\\

—

——

Then, if the circle is not equal to K, it must be either
greater or less.

L If possible, let the circle be greater than K.

Inscribe a square 4 BCD, bisect the arcs AB, BC, CD, DA,
then bisect (if necessary) the halves, and so on, until the sides
of the inscribed polygon whose angular points are the points of
division subtend segments whose sum is less than the excess of
the area of the circle over X.
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Thus the area of the polygon is greater than K.

Let AE be any side of it, and ON the perpendicular on 4 ¥
from the centre O.

Then ON is less than the radius of the circle and therefore
less than one of the sides about the right angle in K. Also the
perimeter of the polygon is less than the circumference of the
circle, i.e. less than the other side about the right angle in K.

Therefore the area of the polygon is less than K ; which is
inconsistent with the hypothesis.

Thus the area of the circle is not greater than K.

II. If possible, let the circle be less than K.

Circumscribe a square, and let two adjacent sides, touching
the circle in E, H, meet in T. Bisect the arcs between adjacent
points of contact and draw the tangents at the points of
bisection. Let A4 be the middle point of the arc EH, and FAG
the tangent at 4.

Then the angle TAG is a right angle.
Therefore TG>GA
> GH.

It follows that the triangle FT'G is greater than half the area
TEAH.

Similarly, if the arc AH be bisected and the tangent at the
point of bisection be drawn, it will cut off from the area GAH
more than one-half.

Thus, by continuing the process, we shall ultimately arrive
at a circumscribed polygon such that the spaces intercepted
between it and the circle are together less than the excess of
K over the area of the circle.

Thus the area of the polygon will be less than K.

Now, since the perpendicular from O on any side of the
polygon is equal to the radius of the circle, while the perimeter
of the polygon is greater than the circumference of the circle,
it follows that the area of the polygon is greater than the
triangle K ; which is impossible.
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Therefore the area of the circle is not less than K.

Since then the area of the circle is neither greater nor less
than K, it 1s equal to it.

Proposition 2.

The area of a circle s to the square on its diameter as 11
to 14.

[The text of this proposition is not satisfactory, and Archi-
medes cannot have placed it before Proposition 3, as the
approximation depends upon the result of that proposition.]

Proposition 3.

The ratio of the circumference of any circle to its diameter
1s less than 3} but greater than 33%.

[In view of the interesting questions arising out of the
arithmetical content of this proposition of Archimedes, it is
necessary, in reproducing it, to distinguish carefully the actual
steps set out in the text as we have it from the intermediate
steps (mostly supplied by Eutocius) which it is convenient to
put in for the purpose of making the proof easier to follow.
Accordingly all the steps not actually appearing in the text
have been enclosed in squarc brackets, in order that it may be
clearly seen how far Archimedes omits actual calculations and
only gives results. It will be observed that he gives two
fractional approximations to 4/3 (one being less and the other
greater than the real value) without any explanation as to how
he arrived at them; and in like manner approximations to the
square roots of several large numbers which are not complete
squares are merely stated. These various approximations and
the machinery of Greek arithmetic in general will be found
discussed in the Introduction, Chapter IV.]

I. Let AB be the diameter of any circle, O its centre, AC
the tangent at A; and let the angle A0C be one-third of a
right angle.



IrPomM m

94 ARCHIMEDES

Then OA: AC[=y3:1]>265 : 153............. (1),
and 0C:CA[=2:1]=306:153............... @).

First, draw OD bisecting the angle AOC and meeting AC
m D

Now CO0:04=CD: DA, [Eucl. VL 8]
so that [CO+ 04 :04=CA: DA, or]
CO+04 :CA=04:AD.
Therefore [by (1) and (2)]
OA : AD>571:153 cooveeennn. (3).
Hence OD*: AD*[=(0A*+ AD*): AD?
>(571* +153%) : 1537]
> 349450 : 23409,
so that OD: DA >5914:158 .ccoovnvneinnnen..n. (4).

Secondly, let OF bisect the angle 40D, meeting 4D in E.
[Then DO :0A=DE : EA,
sothat DO+ 04 :DA=0A4:AE]
Therefore 04 : AE[> (5914 + 571) : 153, by (3) and (4)]
> 11624 1 153 cecveeeeeerirnennn, (5).
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[It follows that
OE* : EA® > {(11624) + 1537} : 158°
> (135053444 + 23409) : 23409
> 137394333 : 23409.]
Thus OF : B4 >11724 : 158..cciciininnininnens (6).

Thirdly, let OF bisect the angle AOE and meet AE in F.

We thus obtain the result [corresponding to (3) and (5)

above] that
OA : AF[> (11624 + 11724) : 153]

> 28843 1 158ueeererreeenn, 0
[Therefore OF*:FA®> {(2334})'+153%} : 158"

> 54721321, : 23409.]
Thus OF : FA >2339} :158..ccveiecnnennnnn. (8).

Fourthly, let OG bisect the angle AOF, meeting AF in G
We have then
04 : AG[> (23341 + 2339}) : 153, by means of (7) and (8))
>4673% : 153,
Now the angle 40C, which is one-third of a right angle,

has been bisected four times, and it follows that
£ 40G = (a right angle).
Ma' e the angle 4 OH on the other side of 04 equal to the
angle 40@, and let GA produced meet OH in H.
Then < GOH = 4; (a right angle).

Thus GH is one side of a regular polygon of 96 sides cir-
cumscribed to the given circle.

And, since OA : AG > 4673} : 158,
while AB=204, GH=2AG,
it follows that
4B : (perimeter of polygon of 96 sides) [> 4673} : 158 x 96]
> 4673} : 14688,
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4673} 46734
667
<3}
Therefore the circumference of the circle (being less than
the perimeter of the polygon) is a fortior? less than 34 times
the diameter 4B.

II. Next let AB be the diameter of a circle, and let AC,
meeting the circle in €, make the angle CA B equal to one-third
of a right angle. Join BC.

Then AC: CB[=43:1]<1351 :780.

First, let AD bisect the angle BAC and meet BC in d and
the circle in D. Join BD.

Then £ZBAD=,d4C

= £dBD,
and the angles at D, C arc both right angles,
It follows that the triangles ADB, [ACd), BDd are similar.

But

Therefore AD:DB=RBD: Dd
[=4C: Cd)]
=AB:Bd [Eucl. VL. 3]
=AB+ AC : Bd +Cd
=AB+ AC: BC

or BA+AC:BC=AD: DB,
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[But AC : CB< 1351 : 780, from above,

while BA :BC=2:1
=1560: 780.]
Therefore AD :DB< 2911 : 780..c.ccccvuvenen.n. (1).
[Hence AB®: BD* < (2911*+780%) : 780*
< 9082321 : 608400.]
Thus AB:BD<30133 :780............... 2).

Secondly, let A E bisect the angle BAD, meeting the circle
* in E; and let BE be joined.

Then we prove, in the same way as before, that
AE : EB[=BA+AD:BD
< (3013% +2911) : 780, by (1) and (2)]
< 59243 : 780
< 59243 x £ : 780 x
<1823 1240 ..ot (3).
[Hence  AB?: BE® < (1823° + 240%) : 240°
< 3380929 : 57600.]
Therefore AB:BE <1838% :240......c..... ... (4).

Thirdly, let AF bisect the angle BAE, meeting the circle
m F.

Thus AF : FB[=BA + AE : BE
< 36612 : 240, by (3) and (4)]
< 36618 x 14 : 240 x 4}

<1007 :66.ceueneniinininiannnns (5).
[It follows that

AB*: BF? < (1007* + 66) : 66"
< 1018405 : 4356.]
Therefore AB:BF <1009} :66.........cc0uvenennee (6).

Fourthly, let the angle BAF be bisected by AG meeting the
circle in G.

Then AG :GB[=BA + AF : BF]
< 20164 : 66, by (5) and (6).
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[And AB : BG® < {(2016})* + 66 : 66°
< 4069284 : 4356.)
Therefore AB : BG < 20174 : 66,
whence BG:AB>66 : 20174 ..cccieeninvnnenns (7).

[Now the angle BAG which is the result of the fourth bisection
of the angle BAC, or of one-third of a right angle, is equal to
one-fortyeighth of a right angle.

Thus the angle subtended by BG at the centre is
#5 (a right angle).]

Therefore BG is a side of a regular inscribed polygon of 96
sides.

1t follows from (7) that
(perimeter of polygon) : AB[> 96 x 66 : 20174]

> 6336 : 2017} .

6336

Much more then is the circumference of the circle greater than
34¢ times the diameter.

Thus the ratio of the circumference to the diameter
< 3} but > 349,



ON CONOIDS AND SPHEROIDS.

Introduction*.

“ ARCHIMEDES to Dositheus greeting.

In this book I have set forth and send you the proofs of the
remaining theorems not included in what I sent you before, and
also of some others discovered later which, though I had often
tried to investigate them previously, I had failed to arrive at
because I found their discovery attended with some difficulty.
And this is why even the propositions themselves were not
published with the rest. But afterwards, when I had studied
them with greater care, I discovered what I had failed in
before.

Now the remainder of the earlier theorems were propositions
concerning the right-angled conoid [paraboloid of revolution];
but the discoveries which I have now added relate to an obtuse-
angled conoid [hyperboloid of revolution] and to spheroidal
figures, some of which I call oblong (rapapdxea) and others flat
(émimhatéa).

I Concerning the right-angled conoid it was laid down
that, if a section of a right-angled cone [a parabola] be made to
revolve about the diameter [axis] which remains fixed and

* The whole of this introductory matter, including the definitions, is trans-
lated literally from the Greek text in order that the terminology of Archimedes
may be faithfully represented. When this has once been set out, nothing will
be lost by returning to modern phraseology and notation. These will accordingly
be employed, as usual, when we come to the actual propositions of the treatise.

7—2
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return to the position from which it started, the figure compre-
hended by the section of the right-angled cone is called a right-
angled conoid, and the diameter which has remained fixed
1s called its axim, while its vertex is the point in which the
axis meets (dmrerac) the surface of the conoid. And if a plane
touch the right-angled conoid, and another plane drawn parallel
to the tangent plane cut off a segment of the conoid, the base
of the segment cut off is defined as the portion intercepted by
the section of the conoid on the cutting plane, the vertex
[of the segment] as the point in which the first plane touches
the conoid, and the axis [of the segment] as the portion cut
off within the segment from the line drawn through the vertex
of the segment parallel to the axis of the conod.

The questions propounded for consideration were

(1) why, if a segment of the right-angled conoid be cut off
by a plane at right angles to the axis, will the segment so cut
off be half as large again as the cone which has the same base
as the segment and the same axis, and

(2) why, if two segments be cut off from the right-angled
conoid by planes drawn in any manner, will the segments so cut
off have to one another the duplicate ratio of their axes.

II. Respecting the obtuse-angled conoid we lay down the
following premisses. If therc be in a plane a section of an
obtuse-angled cone [a hyperbola], its diameter {axis], and the
nearest lines to the section of the obtuse-angled cone [i.e. the
asymptotes of the hyperbola], and if, the diameter [axis]
remaining fixed, the plane containing the aforesaid lines be
made to revolve about it and return to the position from which
it started, the nearest lines to the section of the obtuse-angled
cone [the asymptotes] will clearly comprehend an isosceles cone
whose vertex will be the point of concourse of the nearest lines
and whose axis will be the diameter [axis] which has remained
fixed. The figure comprehended by the section of the obtuse-
angled cone is called an obtuse-angled conoid [hyperboloid of
revolution], its axis is the diameter which has remained fixed,
and its vertex the point in which the axis meets the surface
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of the conoid. The cone comprehended by the nearest lines to
the section of the obtuse-angled cone is called [the cone]
enveloping the conold (mepiéywr 70 xwvoedés), and the
straight line between the vertex of the conoid and the vertex
of the cone enveloping the conoid is called [the line] adjacent
to the axis (woreoloa ¢ dfori). And if a plane touch the
obtuse-angled conoid, and another plane drawn parallel to the
tangent plane cut off a segmeunt of the conoid, the base of
the segment so cut off is defined as the portion intercepted by
the section of the conoid on the cutting plane, the vertex [of
the segment] as the point of contact of the plane which touches
the conoid, the axis [of the segment] as the portion cut off
within the segment from the line drawn through the vertex of
the segment and the vertex of the cone enveloping the conoid;
and the straight line between the said vertices is called
adjacent to the axis.

Right-angled conoids are all similar; but of obtuse-angled
conoids let those be called similar in which the cones enveloping
the conoids are similar.

The following questions are propounded for consideration,

(1) why, if a segment be cut off from the obtuse-angled
conoid by a plane at right angles to the axis, the segment so
cut off has to the cone which has the same base as the segment
and the same axis the ratio which the line equal to the sum
of the axis of the segment and three times the line adjacent
to the axis bears to the line equal to the sun of the axis of
the segment and twice the line adjacent to the axis, and

(2) why, if a segment of the obtuse-angled conoid be cut
off by a plane not at right angles to the axis, the segment so
cut off will bear to the figure which has the same base as
the segment and the same axis, being a segment of a cone®
(amérpapa xovou), the ratio which the line equal to the sum
of the axis of the segment and three times the line adjacent
to the axis bears to the line equal to the sum of the axis of the
segment and twice the line adjacent to the axis.

* A segment of a cone is defined later (p. 104).
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III. Concerning spheroidal figures we lay down the follow-
ing premisses. If a section of an acute-angled cone [ellipse] be
made to revolve about the greater diameter [major axis] which
remains fixed and return to the position from which it started,
the figure comprehended by the section of the acute-angled
cone is called an oblong spherold (mapaudres cdaipoeidés)
But if the section of the acutc-angled cone revolve about the
lesgser diameter [minor axis] which remains fixed and return
to the position from which it started, the figure comprehended
by the section of the acute-angled cone is called a flat spheroid
(émvmhaTd opaipoeidés). In either of the spheroids the axis
is defined as the diameter [axis] which has remained fixed, the
vertex as the point in which the axis meets the surface of the
spheroid, the centre as the middle point of the axis, and the
diameter as the line drawn through the centre at right angles
to the axis. And, if parallel planes touch, without cutting,
either of the spheroidal figures, and if another plane be drawn
parallel to the tangent planes and cutting the spheroid, the
base of the resulting segments is defined as the portion inter-
cepted by the section of the spheroid on the cutting planc, their
vertices as the points in which the parallel planes touch the
spheroid, and their axes as the portions cut off within the
segments from the straight linc joining their vertices. And
that the planes touching the spheroid meet its surface at one
point only, and that the straight line joining the points of
contact passes through the centre of the spheroid, we shall
prove. Those spheroidal figures are called similar in which
the axes have the same ratio to the ‘diameters’ And let
segments of spheroidal figures and conoids be called similar if
they are cut off from similar figures and have their bases
similar, while their axes, being either at right angles to the
planes of the bases or making equal angles with the corre-
sponding diameters [axes] of the bases, have the same ratio
to one another as the corresponding diameters [axes] of the
bases.

The following questions about spheroids are propounded for
consideration,

(1) why, if one of the spheroidal figures be cut by a plane
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through the centre at right angles to the axzis, each of the
resulting segments will be double of the cone having the same
base as the segment and the same axis; while, if the plane of
section be at right angles to the axis without passing through
the centre, (a) the greater of the resulting segments will bear
to the cone which has the same base as the segment and the
same axis the ratio which the line equal to the sum of half the
straight line which is the axis of the spheroid and the axis of
the lesser segment bears to the axis of the lesser segment, and
(b) the lesser segment bears to the cone which has the same
base as the segment and the same axis the ratio which the line
equal to the sum of half the straight line which is the axis
of the spheroid and the axis of the greater segment bears to the
axis of the greater segment ;

(2) why, if one of the spheroids be cut by a plane passing
through the centre but not at right angles to the axis, each of
the resulting segments will be double of the figure having the
same base as the segment and the same axis and consisting of a
segment of a cone*.

(8) But, if the plane cutting the spheroid be neither
through the centre nor at right angles to the axis, (a) the
greater of the resulting segments will have to the figure
which has the same basc as the segment and the same axis
the ratio which the line equal to the sum of half the line
Joining the vertices of the segments and the axis of the lesscr
segment bears to the axis of the lesser segment, and (b) the
lesser segment will have to the figure with the same base
as the segment and the same axis the ratio which the line
equal to the sum of half the line joining the vertices of the
segments and the axis of the greater segment bears to the axis
of the greater scgment. And the figure referred to is in these
cases also a segment of a cone®.

When the aforesaid thcorems are proved, there are dis-
covered by means of them many theorems and problems.

Such, for example, are the theorems

(1) that similar spheroids and similar segments both of

* See the definition of a segment of a cone (axdTuaua xdvov) on p. 104.
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spheroidal figures and conoids have to one another the triplicate
ratio of their axes, and

(2) that in equal spheroidal figures the squares on the
‘ diameters’ are reciprocally proportional to the axes, and, if in
spheroidal figures the squares on the ‘ diameters’ are reciprocally
proportional to the axes, the spheroids are equal.

Such also is the problem, From a given spheroidal figure
or conoid to cut off a segment by a plane drawn parallel to a
given plane so that the segment cut off is equal to a given cone
or cylinder or to a given sphere.

After prefixing therefore the theorems and directions (éme-
Tdypata) which are necessary for the proof of them, I will
then proceed to expound the propositions themselves to you.
Farewell.

DEFINITIONS.

If a cone be cut by a plane meeting all the sides [generators]
of the cone, the section will be either a circle or a section of an
acute-angled cone [an ellipse]. If then the section be a circle,
it 1s clear that the segment cut off from the cone towards the
same parts as the vertex of the cone will be a cone. But, if
the section be a section of an acute-angled cone [an ellipse], let
the figure cut off from the cone towards the same parts as the
vertex of the cone be called a segment of a cone. Let the
base of the segment be defined as the plane comprehended by
the section of the acute-angled cone, its vertex as the point
which is also the vertex of the cone, and its axds as the straight
line joining the vertex of the cone to the centre of the section
of the acute-angled cone.

And if a cylinder be cut by two parallel planes meeting all
the sides [generators] of the cylinder, the sections will be either
circles or sections of acute-angled cones [ellipses] equal and
similar to one another. If then the sections be circles, 1t is
clear that the figure cut off from the cylinder between the
parallel planes will be a cylinder. But, if the sections be
sections of acute-angled cones [ellipses], let the figure cut off
from the cylinder between the parallel planes be called a
frustum (rouos) of a cylinder. And let the bases of the
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frustum be defined as the planes comprehended by the sections
of the acute-angled cones [ellipses], and the axis as the straight
line joining the centres of the sections of the acute-angled
cones, so that the axis will be in the same straight line with
the axis of the cylinder.”

Lemma.

If in an ascending arithmetical progression consisting of the
magnitudes A,, 4,, ... 4, the common difference be equal to the
least term A,, then

n A, <2(A4;+4,+...+4,),
and >2(A4, +4,+...+4,.).

[The proof of this is given incidentally in the treatise On
Spirals, Prop. 11. By placing lines side by side to represent
the terms of the progression and then producing each so as to
make it equal to the greatest term, Archimedes gives the
cquivalent of the following proof.

If Sp=A,+A4;+ ...+ A, + 4y,
we havealso S,=d,+dp+dns+...+4,.
And A+ A=A, + A, ,=...=4,.

Therefore 28, =(n+1)4,,
whence n.4,<?28,,
and n. 4, >28,.

Thus, if the progression is a, 2a, ... na,

g, =" (n2+ 1) a,
and na < 28,,
but >28,.,.]

Proposition 1.
If A,, B, C,, ...K, and A,, B,, C,, ...K, be two series of
magnitudes such that
A,:B=A4,:B,
B, :C,=B, :C,, and 80 on
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and if A, By, Cy, ...K; and A,, B, C,, ...K, be two other series
such that

A:A,=4,: 4,

B, :B;=18,:B,, and so on}

then (4, + B +C+...+K):(4;+ B+ Cs+... + K))
=(4,+B.+C,+ ...+ K):(A;+B,+ ... + K,).

The proof is as follows.

Since Ag: A, =4, 4,
and A,:B =A4,:B,,
while B,:B,=B,:B,,
we have, ex aequali, A,:B;=A4,:B,.
Similarly B,:C, =B, :C,, and so on } """ )

Again, 1t follows from equations (a) that
4,:4,=B,:B,=C,:C,=....
Therefore
A :A,=(4,+B,+C+...+ K): (4 + B, + ... + K)),
or (4,+B,+C+...+ K): A, =(4,+ B.+C,+ ... + K,): A,
and A A;=4,:4,,
while from equations () it follows in like manner that
A;: (A3 4+ B+ Cs+ ...+ K)=A,: (A, + B, +C, + ... + K)).
By the last three equatious, ex aequalz,
(A +B,+C+...+K):(4;+ B;+ C;+ ... + Ky)
=(A,+B,+Co+ ...+ K): (4,4 B;+C,+ ...+ K)).
Cor. If any terms in the third and fourth series corre-
sponding to terms in the first and sccond be left out, the

result is the same. For example, if the last terms K, K, are
absent,

A\ +B+C+... +K): (434 B;+ Gy + ... + 1))
=(4,+B,+Co+ ... + K)): (4 + B +C+ ...+ 1),

where 7 immediately precedes K in each series.
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Lemma to Proposition 2.

[On Spirals, Prop. 10.]

If A, A, A, ...A, be n lines forming an ascending
arithmetical progression in which the common difference is equal
to the least term A,, then

(n+1DA2+ A4, (4, + 4.+ 4;+...+4,)
=3(A24+ A2+ A3 +... + 4.

A

Al A, Ap_sAn.sApn

......

|
|
l

Let the lines A4,, 4,,, 44, ...4, be placed In a row
from left to right. Produce 4,_,, 4, ., ...4, until they are

each equal to A4,, so that the parts produced are respectively
equal to 4;, 4., ...4,,.

An An1 A g s A2 A

Taking each line successively, we have
24,7=24,%,
A+ 4, ) =A47+ A%, +24,. 4,
(Aot Ann)=d+ A% .+ 24,. 4, _,,

................................................

(An—-x + Al), = A’,,_, + -‘11' + 2An—-1 . A:-
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And, by addition,
n+ DA =2(A+4 + ...+ 4,
+24,. A4, +24, Aps+...+24,,.4,.
Therefore, in order to obtain the required result, we have to
prove that
204, 4Au A A+ + A, A)H A (A + 4, + A+ ..+ 4,)
=A + A+ o+ A0 e (@).
Now 24, 4, ,=A4,.44,_,, because 4,=24,,
24;. A,_,=A4,.64,_;, because 4, = 34,,

...........................

24, ,.4,=4,.2(n-1)A4,.
It follows that
204, Ap + A4, An ot + 40 A)+ A (A + Aut ..+ Ap)
=A A, +84, ,+ 540+ ... +(2n—-1)4,}.
And this last expression can be proved to be egual to
AF+ A5+ ...+ A5
For Al=4,(n.4,)
=4, {4, +(rn-1)4,}
=4, {4, +2(An + An + ...+ 4],
because (r —1)4,=A4,,+ 4,
+ A, .+ 4,

+ A] '+' A”—l'
Similarly 4%, = 4,{A, +2(An_y + Apy + oo + 42},

...........................

A3 =A4,(4,+24),
4=4,.4,;
whence, by addition,
AP+ A2+ A8+ ...+ 4,
=A, {4,484, +54,,+ ... +(An—1)A4,}.
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Thus the equation marked (a) above is true; and it follows
that

(n+DAS+ A4, (A, + 4, + Ay ... +4,)=3(4A+ A} + ...+ 4,)).
CoR. 1. From this it 1s evident that
R A <A+ AP 4+ A e, (1).
Also Al=A4,{4,+2(4, .+ A, ,+...+4))}, as above,
so that Al > A4, (4, +Apy+...+4),
and therefore
A+ 4,(4,+ A, +...+4,)<24,°
It follows from the proposition that
n. A >8(AS+ A2+ b A% ) s ().

Cor. 2. All these results will hold if we substitute stmilar

Sigures for squares on all the lines; for similar figures are in the
duplicate ratio of their sides.

[In the above proposition the symbols 4,, 4,, ...4, have
been used instead of a, 2a, 3a, ...na in order to exhibit the
geometrical character of the proof; but, if we now substitute
the latter terms in the various results, we have (1)

(n+Dr**+a(a+2a+... +na)
=3 {a"+ (2a)* + (3a)* + ... + (na)?).
Therefore @+ (2a) + (3e)' + ... + (na)
_a IR
- §{(n+l)n gt
n(n+1)(2n+1)
e i
Also (2) <3(1*+2°+ 3 +... +0%),
and (3) >3+ 2°+ 3+ ... +n—-1[%)]

=(]/2
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Proposition 2.
If A, 4, ... A, be any number of areas such that*
A, =az+ 2,
A,=a.2z+ (22),
As=a.3z + (3z)’,

......................

A, =a.nz + (nz),
then n.Aﬂ:(A,+A2+...+A,,)<(a+7w):(%+n§>,

and  n.An: (A + A+ ...+ 4q)>(a+n2): <%+%w)

For, by the Lemma immediately preceding Prop. 1,
n.anz< 2(ax+a.22+ ... +a.nx),
and >2(az+a.2z4 ... +a.n— 1z
Also, by the Lemma preceding this proposition,
n.(no) < 8 2 + (22)* + (Bz) + ... + (n2)’)

and >3 {2+ (22) +... + (n — L 2)?}.

Hence

m;x n('gm) <[(az+ 2*) + [a. 224 (22)") + ... + {a. nz +(nz)"}],
and

> [(az+ ") + (. 20+ (20)} + ... + {a.n =1z +(n—T2)}],
9 2
anTw-}-n(g{t) < A1+A2+ + An;
and SA+ Ao+ ..+ Aps
It follows that

Ay (A, +4,+ ...+ Ay)<nfa.nz +(ne)’} : {

or

an’ L (na:)

2
or  n.dpi (At Ayt +A,) < (a+na): (“ "g)
also n.A,.;(A,+A,,+...+A,,_,)>(a+m);(§+’i§).

* The phraseology of Archimedes here is that associated with the traditional
method of application of areas: el xa...wap éxdorav adrdv wapawéop Ti xwplov
dwepBéAhor elde: Terpaydvyp, **if to each of the lines there be applied & space
[rectangle]} exceeding by a square figure.” Thus 4, is a rectangle of height z ap-
plied to a line a but overlapping it so that the base extendsa distance z beyond a.
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Proposition 3.

(1) If TP, TP’ be two tangents to any conic meeting in T,
and if Qq, Q'q’ be any two chords parallel respectively to TP,
TP’ and meeting in O, then

Q0.0g:Q0.0¢ =TP*. TP".
“ And this is proved in the elements of conics®.”

(2) If QQ' bea chord of a parabola bisected in V by the
diameter PV, and if PV be of constant length, then the areas of
the triangle PQQ’ and of the segment PQQ’ are both constant
whatever be the direction of QQ'.

Let ABB’ be the particular segment of the parabola whose
vertex is 4, so that BB’ is bisected perpendicularly by the axis
at the point I, where AH =PV.

Draw @D perpendicular to PV.

Q
B8
E P D
c ( /v
M o/ : Pylp
TaN, H M
v
Q
Bl

Let p, be the parameter of the principal ordinates, and let
p be another line of such length that

RQV::QD*=p: py;
it will then follow that p is equal to the parameter of the ordi-
nates to the diameter PV, i.e. those which are parallel to QV.

* i,e. in the treatises on conics by Aristaeus and Euclid.
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“ For this is proved in the conics*.”

Thus QV'=p.PV.

And BH?=p,.AH, while AH=PV.
Therefore QV*: BH =1p: p,.

But QV*:QD*=p: p,;
hence BH =QD.

Thus BH.AH=QD.PV,
and therefore AABB' = APQQ’;

that is, the area of the triangle PQQ’ is constant so long as PV
is of constant length.

Hence also the area of the segment PQ@’ is constant under
the same conditions; for the segment is equal to $APQQ".
[Quadrature of the Parabola, Prop. 17 or 24.]

* The theorem which is here assumed by Archimedes as known can be
proved in various ways.

(1) It is easily deduced from Apollonius I. 49 (cf. dpollonius of Perga,
pp. hii, 39). If 1 the figure the tangents at 4 and P be drawn, the former
meeting PV in E, and the latter meeting the axis in T, and it AE, PT meet
at C, the proposition of Apollonius is to the effect that

CP:PE=p:2PT,
where p is the parameter of the ordinates to PV.
(2) It may be proved independently as follows.
Let QQ’ meet the axis in O, and let QAf, Q'M’, PN be ordinates to the axis.

Then AM: AM'=QM3: QM7= 0M?:0M",

whence AM: MM'=0M?*: OM2- OM"

=0M?2:(OM-0M'), MM,

so that OM3=AM . (OM - OM").

That is to say, (AM-40)2=4AM.(AM+AM’'-240),

or AOQ*=AM . AM'.
And, since QM2=p,.AM, and Q'M"?=p, AM’,

it follows that QM.QM' =p,. A0 .. ... ... .. P (3 X
Now QVE: QDI=QV?: (@1?“2@” )

=qv: (P o g

=QV?: (PN + QM. Q'M")
=p.PV:.p,.(AN+40), by (a).
But PV=TO=A4AN+40.
Therefore QV3:QD*=p: p,.
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Proposition 4.
The area of any ellipse is to that of the aualiary circle as
the minor azis to the major.

Let AA’ be the major and BB’ the minor axis of the
ellipse, and let BB’ meet the auxiliary circle in b, .

Suppose O to be such a circle that
(circle 464°Y): O=CA : CB.
Then shall O be equal to the area of the ellipse.
For, if not, O must be either greater or less than the
ellipse.
L. If possible, let O be greater than the ellipse.

We can then inscribe in the circle O an equilateral polygon
of 4n sides such that its area is greater than that of the ellipse.
[cf. On the Sphere and Cylinder, 1. 6.]

f/k\g

/Jm
F G
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Let this be done, and inscribe in the auxiliary circle of the
ellipse the polygon AefbghA’... similar to that inscribed in O.
Let the perpendiculars eM, fN,... on AA’ meet the ellipse in
E, F,... respectively. Join AE, EF, FB,....

Suppose that P’ denotes the area of the polygon inscribed
in the auxiliary circle, and P that of the polygon inscribed in
the ellipse.

H. A, 8
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Then, since all the lines eM, fN,... are cut in the same
proportions at E, F,...,
le. eM: EM=fN:FN=...=bC: BC,

the pairs of triangles, as eAM, EAM, and the pairs of trapeziums,
a8 eMNf, EMNF, are all in the same ratio to one another
as bC to BC, or as CA to CB.

Therefore, by addition,
P :P=CA:CB
Now P’ : (polygon inscribed in O)
= (circle 4bA'b): O
= ('A : CB, by hypothesis.
Therefore P is equal to the polygon inscribed in 0.

But this is impossible, because the latter polygon is by
hypothesis greater than the ellipse, and a fortiort greater
than P.

Hence O is not greater than the ellipse.

II. If possible, let O be less than the ellipse.

In this case we inscribe in the ellipse a polygon P with 4n
equal sides such that P> 0.

Let the perpendiculars from the angular points on the
axis AA’ be produced to meet the auxiliary circle, and let the
corresponding polygon (P’) in the circle be formed.

Inscribe in O a polygon similar to P,

Then P.:P=C4:CB
=(circle 4bA'V’): O, by hypothesis,
=P’ : (polygon inscribed 1n O).

Therefore the polygon inscribed in O is equal to the
polygon P; which is impossible, because I’ > 0.

Hence O, being neither greater nor less than the ecllipse, is
equal to it; and the required result follows.
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Proposition 5.

If AA', BB’ be the mujor and minor axis of an ellipse

respectively, and if d be the diameter of any circle, then

(area of ellipse) : (area of circley= AA’. BB': d*
For
(area of ellipse) : (area of auxiliary circle) = BB': AA’ [Prop. 4]
=AA’.BB’: 44"
And
(arca of aux. circle) : (area of circle with diam. d)=A4": d".

Therefore the required result follows ex aequals.

Proposition 6.

The areas of ellipses are as the rectangles under their axes.
This follows at once from Props. 4, 3.

Cor. The areas of simalar ellipses are as the squares of
corresponding a.res.

Proposition 7.

Given an ellipse with centre C, and a line CO drawn per-
pendicular to s plane, it is possible to find a circular cone
with vertex O and such that the given ellipse is a section of
[or, in other words, to find the circular sections of the cone with
vertex O passing through the circumference of the ellipse].

Jonceive an ellipse with BB’ as its minor axis and lying in
a plane perpendicular to that of the paper. Let CO be drawn
perpendicular to the plane of the ellipse, and let O be the
vertex of the required cone. Produce OB, OC, OB’, and in the
same plane with them draw BED meeting OC, OB’ produced
in £, D respectively and in such a direction that

BE.ED : EO*=C4* : CO*,
where (4 is half the major axis of the ellipse.
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“ And this is possible, since
BE . ED : EO*>BC.CB': COY”
[Both the construction and this proposition are assumed as

known.]
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Now conceive a circle with BD as diameter lying in a plane
at right angles to that of the paper, and describe a cone with
this circle for its base and with vertex O.

We have therefore to prove that the given ellipse is a
section of the cone, or, if P be any point on the ellipse, that P>
lies on the surface of the cone.

Draw PN perpendicular to BB’. Join ON and produce it
to meet BD in M, and let MQ be drawn in the plane of the
circle on BD as diameter perpendicular to BD and meeting the
circle in . Also let G, HK be drawn through E, M respec-
tively parallel to BB".

We have then

QM : HM MK =BM.MD : HM. MK
=BE.ED:FE EG
=(BE.ED : E0").(EQO': FE.EG)
=(C4*: C0").(CO*: BC.CB")
=(04': CB?
=PN': BN.NB.
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Thercfore QM* : PN*= HM MK : BN.NB’
=O0M*: ON?;
whence, since PN, QM are parallel, OPQ is a straight line.

But @ is on the circumference of the circle on BD as
diameter; thercfore OQ is a generator of the cone, and hence
P lies on the cone.

Thus the cone passes through all points on the ellipse.

Proposition 8.

Griven an ellipse, a plane through one of its aves 44" and
perpendicular to the plane of the ellipse, and a line CO drawn
from C, the centre, in the given plane through AA’ but not
perpendicular to AA’, it is possible to find a cone with vertex O
such that the given ellipse s a section of it [or, in other words,
to find the circular sections of the cone with vertex O whose
surface passes through the circumference of the ellipse).

By hypothesis, 04, OA’ are unequal. Produce 04’ to D so
that 04 =0D. Join 4D, and draw FG through C parallel to it.

The given ellipse is to be supposed to lie in a plane per-
pendicular to the plane of the paper. Let BB’ be the other
axis of the ellipse.

Conceive a plane through AD perpendicular to the plane
of the paper, and in it describe either (a), if OCB*=FC.CG, a
circle with diameter 4D, or (b), if not, an ellipse on AD as
axis such that, if d be the other axis,

d*: AD*=CB*: FC.CQ.

Take a cone with vertex O whose surface passes through
the circle or ellipse just drawn. This is possible even when the
curve is an ellipse, because the line from O to the middle point
of AD is perpendicular to the plane of the ellipse, and the
construction is effected by means of Prop. 7.

Let P be any point on the given ellipse, and we have only
to prove that P lies on the surface of the cone so described.
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Draw PN perpendicular to 4A4’. Join ON, and produce it
to meet AD in M. Through M draw HK parallel to 4'A.

K

Lastly, draw MQ perpendicular to the plane of the paper
(and therefore perpendicular to both HK and 4.D) meeting the
ellipse or circle about AD (and therefore the surface of the cone)

in Q.
Then
QM : HM MK = (QM*: DM . MA).(DM .MA : HM . MK)
=(d’: AD*).(FC.CG: 4’C.CA)
=(CB*: FC.CG).(F(U.CG : A'C.C4)
=CB*: C4*
=PN*: A'N.NA.
Therefore, alternately,
QM*: PN*=HM.MK : A’'N.NA
=0M*: ON*
Thus, since PN, QM are parallel, OPQ is a straight line;

and, Q being on the surface of the cone, it follows that P is also
on the surface of the cone.

Similarly all points on the ellipse are also on the cone, and
the ellipse is therefore a section of the cone.
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Proposition 9.

Given an ellipse, a plane through one of its axzes and perpen-
dicular to that of the ellipse, and a straight line CO drawn from
the centre C of the ellipse in the given plane through the axis but
not perpendicular to that azvs, 1t ws possible to find a cylinder
with axis OC such that the ellipse is a section of it [or, in other
words, to find the circular sections of the cylinder with axs OC
whose surface passes through the circumference of the given
ellipse).

Let A4’ be an axis of the ellipse, and suppose the plane
of the ellipse to be perpendicular to that of the paper, so that
OC lies in the plane of the paper.

Draw AD, A'E parallel to CO, and let DE be the lie
through O perpendicular to both AD and A’E.

We have now three different cases according as the other
axis BB’ of the ellipse is (1) equal to, (2) greater than, or
(8) less than, DE.

(1) Suppose BB’ = DE.

Draw a plane through DE at right angles to OC, and in
this plane describe a circle on DE as diameter. Through this
circle describe a cylinder with axis OC.

This cylinder shall be the cylinder required, or its surface
shall pass through every point P of the ellipse.

For, if P be any point on the ellipse, draw PN perpendicular
to AA’; through N draw NM parallel to CO meeting DE in
M, and through ¥, in the plane of the circle on DE as diameter,
draw MQ perpendicular to DE, meeting the circle in Q.
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Then, since DE = BB’,
PN*: AN .NA'=D0O*: AC.C4".

And DM.ME : AN.NA = D0O*: AC?,
since AD, NM, CO, 4'FE are paraliel.

Therefore PN'=DM . ME

= QM?*

by the property of the circle.

Hence, since PN, QM are cqual as well as parallel, PQ is
parallel to MN and therefore to CO. It follows that PQ is a

generator of the cylinder, whose surface accordingly passes
through P.

(2) If BB’> DE, we take E’ on A'E such that DK’'= BB’
and describe a circle on DE’ as diameter in a plane perpen-
dicular to that of the paper; and the rest of the construction
and proof is exactly similar to those given for case (1).

(8) Suppose BB’ < DE.

Take a point K on CO produced such that

DO* - CB*= 0OK*.

From K draw KR perpendicular to the plane of the paper
and equal to UB.

Thus OR*=0K*+CB*=0D"

In the plane containing DE, OR describe a circle on DE as
diameter. Through this circle (which must pass through R)
draw a cylinder with axis OC.
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We have then to prove that, if P be any point on the given
ellipse, P lies on the cylinder so described.

Draw PN perpendicular to A44’, and through N draw N.M
parallel to CO meeting DE in M. In the plane of the circle on
DE as diameter draw MQ perpendicular to DE and meeting
the circle in Q.

Lastly, draw QH perpendicular to NM produced. QH will
then be perpendicular to the planc containing A4C, DE, i.e. the
plane of the paper.

Now QH*®: QM*=KR?: OR’, by similar triangles.
And  QM*: AN.NA'=DM.ME: AN.NA’
=0D*: CA*

Hence, ez aequali, since OR = OD,
QH*: AN .NA'=KR*: CA*
=CRB*: C4*
=PN*: AN.NA"
Thus QH = PN. And QH, PN are also parallel. Accordingly

PQ is parallel to MY, and therefore to €O, so that PQ is a
generator, and the cylinder passes through P.

Proposition 10.

It was proved by the earlier geometers that any two cones
have to one another the ratio compounded of the ratios of their
bases and of thetr heights*. The same method of proof will
show that any segments of cones have to one another the ratio
compounded of the ratios of their bases and of their heights.

The proposition that any ‘frustum’ of a cylinder is triple
of the conical segment which has the same base as the frustum
and equal height is also proved in the same manner as the
proposition that the cylinder is triple of the cone which has
the same base as the cylinder and equal heightt.

* This follows from Euecl. x11. 11 and 14 taken together. Cf. On the Sphere
and Cylinder 1, Lemma 1.

+ This proposition was proved by Eudoxus, as stated in the preface to On
the Sphere and Cylinder 1. Cf. Eucl. xn. 10.
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Proposition 11.

(1) If a parabolvid of revolution be cut by a plane through,
or parallel to, the axis, the section will be a parabola equal to the
original parabola which by its revolution generates the paraboloid.
And the axis of the section wnll be the intersection between the
cutting plane and the plane through the ams of the paraboloid
at right angles to the cutting plane.

If the paraboloid be cut by a plane at right angles to its
azis, the section will be a circle whose centre is on the axis.

(2) If a hyperboloid of revolution be cut by a plane through
the axvs, parallel to the axis, or through the centre, the section
unll be a hyperbola, (a) if the section be through the awxis, equal,
() if parallel to the axis, stmilar, (c) if through the centre,
not similar, to the original hyperbole which by its revolution
generates the hyperbuloid. And the azis of the section will be
the intersection of the cutting plane and the plane through the
axis of the hyperboloid at right angles to the cutting plane.

Any section of the hyperboloid by a plane at right angles to
the axis will be a circle whose centre is on the axis.

(3) If any of the spherovidal figures be cut by a plane through
the axis or parallel to the axis, the section will be an ellipse,
(@) of the section be through the axis, equal, (b) of parallel to the
axis, ssmilar, to the ellipse which by its revolution generates the
figure. And the axis of the section will be the intersection of the
cutting plane and the plane through the axis of the spheroid
at mght angles to the cutting plane.

If the section be by u plane at right angles to the axis of the
spheroid, it unll be a circle whose centre is on the axis.

(4) If any of the said figures be cut by a plane through the
azis, and if a perpendicular be drawn to the plane of section
Jrom any point on the surface of the figure but not on the section,
that perpendicular will fall within the section.

“ And the proofs of all these propositions are evident.”*

* Cf. the Introduction, chapter 111. § 4.
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Proposition 12,

If a parabolowd of revolution be cut by a plane neither parallel
nor perpendicular to the axis, and if the plane through the ams
perpendicular fo the cutting plane intersect it in a straight line
of which the portion intercepted within the paraboloid is BR/,
the section of the paraboloid wnll be an ellipse whose major azis
s RR' and whose minor axis is equal to the perpendicular
distance between the lines through R, R parallel to the awis
of the paraboloid.

Suppose the cutting plane to be perpendicular to the plane
of the paper, and let the latter be the plane through the axis
ANYF of the paraboloid which intersects the cutting plane at
right angles in RR". Let RH be parallel to the axis of the
paraboloid, and B’H perpendicular to RBH.

Let @ be any point on the scction made by the cutting
plane, and from Q draw QM perpendicular to RR'. QM will
therefore be perpendicular to the plane of the paper.

Through M draw DMFE perpendicular to the axis ANF
meeting the parabolic section made by the plane of the paper
in D, E. Then QM is perpendicular to DE, and, if a planc be
drawn through DE, QM, it will be perpendicular to the axis
and will cut the paraboloid in a circular section,

Since @ is on this circle,
QM*=DM . ME.
Again, if PT be that tangent to the parabolic section in the
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plane of the paper which is parallel to RR’, and if the tangent
at A meet PT in O, then, from the property of the parabola,
DM .ME: RM.MR' =A0*: OP* [Prop. 3 (1)]
=A0%: 0T since AN=AT.
Therefore QM*: RM. MR’ = A0*: OT"
=R'H*: RR",
by similar triangles.
Hence Q lies on an ellipse whose major axis is RR’ and
whose minor axis is equal to R'H.

Propositions 13, 14.

If a hyperboloid of revolution be cut by a plane meeting all
the generators of the enveloping cone, or if an ‘ oblong’ spheroid
be cut by a plane not perpendicular to the axis*, and if a plane
through the axis intersect the cutting plane at right angles in a
stratght line on which the hyperboloid or spheroid intercepts
a length RR', then the section by the cutting plane will be an
ellipse whose major axis is RR'.

Suppose the cutting plane to bc at right angles to the
plane of the paper, and suppose the latter plane to be that

* Archimedes begins Prop. 14 for the spheroid with the remark that, when the
cutting plane passes throngh or is parallel to the axis, the case is clear (55)ov).
Cf. Prop. 11 (3).
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through the axis ANF which intersects the cutting plane
at right angles in RR’. The section of the hyperboloid or
spheroid by the plane of the paper is thus a hyperbola or ellipse
having ANYF for its transverse or major axis,

Take any point on the section made by the cutting plane,
as @, and draw @QJ perpendicular to RR’. QM will then
be perpendicular to the plane of the paper.

Through M draw DFE at right angles to the axis ANF
meeting the hyperbola or ellipse in D, £; and through QJ,
DE let a plane be described. This plane will accordingly be
perpendicular to the axis and will cut the hyperboloid or
spheroid in a circular section.

Thus QM*=DM.ME.

Let PT be that tangent to the hyperbola or ellipse which
is parallel to RR’, and let the tangent at 4 meet PT in O.

Then, by the property of the hyperbola or ellipse,
DM .ME : RM.MR' =0A*: OP*,
or QM*: RM. MR = 04*: OP*
Now (1) in the hyperbola 04 < OP, because AT < AN*, and
accordingly OT < OP, while 04 < 0T,

(2) in the ellipse, if KX’ be the diameter parallel to RR’,
and BB’ the minor axis,
BC.CB: KC.CK’'=04*: OP*;
and BC.CB' < KC.CK’, so that 04 < OP.
Hence in both cases the locus of @ is an ellipse whose major
axis is RR’.
Cor. 1. If the spheroid be a ‘flat’ spheroid, the section will

be an ellipse, and everything will proceed as before except that
RR' will in this case be the minor axis.

Cor. 2. In all conoids or spheroids parallel sections will be
similar, since the ratio OA®: OP* is the same for all the
parallel sections.

* With reference to this assumption cf. the Introduction, chapter 1. § 3.
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Proposition 15.

(1) If from any point on the surface of a conoid a line be
drawn, in the case of the paraboloid, parallel to the axts, and, in
the case of the hyperboloid, parallel to any line passing through
the vertex of the enveloping cone, the part of the strawght line
which ©s in the same direction as the convexity of the surface will
JSall wnthout <t, and the part which s in the other direction
within it

For, if a plane be drawn, in the case of the paraboloid,
through the axis and the point, and, in the case of the hyperbo-
loid, through the given point and through the given straight
line drawn through the vertex of the enveloping cone, the
section by the plane will be (a) mn the paraboloid a parabola
whose axis is the axis of the paraboloid, (b) in the hyperboloid
a hyperbola in which the given line through the vertex of the
enveloping conc is a diameter *, [Prop. 11]

Hence the property follows from the plane properties of the
conics,

(2) If o plane touch a conotd without cutting t, @t will
touch it at one point only, and the plane drawn through the
pornt of contact and the ams of the conoid will be at right
angles to the plane which touches 1.

For, if possible, let the plane touch at two points. Draw
through each point a parallel to the axis. The plane passing
through both parallels will therefore either pass through, or be
parallel to, the axis. Hence the section of the conoid made by
this plane will be a conic [Prop. 11 (1), (2)], the two points
will lie on this conic, and the line joining them will lie within
the conic and therefore within the conoid. But this line
will be in the tangent plane, since the two points are in it.
Therefore some portion of the tangent plane will be within
the conoid; which is impossible, since the plane does not
cut it.

* There seems to be some error in the text here, which says that * the
diameter » (i.e. axis) of the hyperbola is * the straight line drawn in the conoid
from the vertex of the cone.” But this straight line is not, in general, the
azis of the section.
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Therefore the tangent plane touches in one poiut only.

That the plane through the point of contact and the axis is
perpendicular to the tangent plane is evident in the particular
case where the point of contact is the vertex of the conoid.
For, if two planes through the axis cut it in two conics, the
tangents at the vertex in both conics will be perpendicular
to the axis of the conoid. And all such tangents will be in the
tangent plane, which must therefore be perpendicular to the
axis and to any plane through the axis.

If the point of contact P is not the vertex, draw the plane
passing through the axis AN and the pomnt P.
It will cut the conoid in a conic whose axis is
AN and the tangent plane in a line DPE
touching the conic at . Draw PNF perpen-
dicular to the axis, and draw a plane through 1t
also perpendicular to the axis This plane will
make a circular section and meet the tangent
plane in a tangent to the circle, which will
therefore be at right angles to PN. Hence the
tangent to the circle will be at right angles to the plane
containing PN, AN; and it follows that this last plane is
perpendicular to the tangent planc.

E

Proposition 16.

(1) If a plane touch any of the spheroidal figures without
cutting it, it will touch at one point only, and the plane through
the point of contact and the axvs wnll be at right angles to the
tangent plane.

This is proved by the same method as the last proposition.

(2) If any conoid or spheroid be cut by a plane through the
azis, and if through any tangent to the resulting conic a plane be
erected at right angles to the plane of section, the plane so erected
will touch the comoid or spheroid in the same point as that in
which the line touches the conic.

For it cannot meet the surface at any other point. If it
did, the perpendicular from the second point on the cutting
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plane would be perpendicular also to the tangent to the conic
and would therefore fall outside the surface. But it must fall
within it. [Prop. 11 (4)]

(8) If two parallel planes touch any of the spheroidal

Sigures, the line jorning the points of contact will pass through
the centre of the spheroid.

If the planes are at right angles to the axis, the proposition
1s obvious. If not, the plane through the axis and one point of
contact is at right angles to the tangent plane at that point.
It is therefore at right angles to the parallel tangent plane, and
therefore passes through the second point of contact. Hence
both points of contact lie on one plane through the axis, and
the proposition is reduced to a plane one.

Proposition 17.

If two parallel planes touch any of the spheroidal figures,
and another plane be drawn parallel to the tangent planes and
passing through the centre, the line drawn through any point of
the circumference of the resulting section parallel to the chord
of contact of the tangent planes will full outside the spheroid.

This is proved at once by reduction to a plane proposition.

Archimedes adds that it is evident that, if the plane
parallel to the tangent planes does not pass through the
centre, a straight line drawn in the manner described will
fall without the spheroid in the direction of the smaller
segment but within it in the other direction.

Proposition 18.

Any spheroidal figure which is cut by a plane through the
centre 15 divided, both as regards its surface and its volume, snto
two equal parts by that plane.

To prove this, Archimedes takes another equal and similar
spheroid, divides it similarly by a plane through the centre, and
then uses the method of application.
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Propositions 19, 20.

Given a segment cut off by a plane from a paraboloid or
hyperboloid of revolution, or a segment of a spheroid less than
half the spheroid also cut off by a plane. it @s possible to inscribe
in the segment one solid figure and to circumscribe about it
another solid figure, each made up of cylinders or ‘ frusta’ of
cylinders of equal herght, and such that the circumscribed figure
exceeds the inscribed figure by a volume less than that of any
given solid.

Let the plane base of the segment be perpendicular to the
plane of the paper, and let the plaune of the paper be the plane
throngh the axis of the conoid or spheroid which cuts the base
of the segment at right angles in BC. The section in the plane
of the paper is theun a conic BAC. [Prop. 11])

Let EAF be that tangent to the conic which is parallel to
BC, and let A be the point of contact. Through FAF draw
a plane parallel to the plane through BC bounding the
segment. The plane so drawn will then touch the conoid
or spheroid at 4. [Prop. 16]

(1) If the base of the segment is at right angles to the
axis of the conoid or spheroid, 4 will be the vertex of the
conoid or spheroid, and its axis AD will bisect BC at right
angles.

(2) If the base of the segment is not at right angles to the
axis of the conoid or spheroid, we draw AD

(¢) in the paraboloid, parallel to the axis,

(b) 1in the hyperboloid, through the centre (or the vertex of
the enveloping cone),

(¢) 1in the spheroid, through the centre,
and in all the cases it will follow that A D bisects BC in D.

Then 4 will be the vertex of the segment, and 4D will be
its axis.

Further, the base of the segment will be a circle or an

ellipse with BC as diameter or as an axis respectively, and
with centre D. We can therefore describe through this circle

H. A, 9



130 ARCHIMEDES

or ellipse a cylinder or a ‘frustum’ of a cylinder whose axis is

AD. [Prop. 9]
E A G F
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Dividing this cylinder or frustum continually into equal
parts by planes parallel to the base, we shall at length arrive
at a cylinder or frustum less in volume than any given solid.

Let this cylinder or frustum be that whose axis is 0D, and
let AD be divided into parts equal to OD, at L, M,.... Through
L, M,... draw lines parallel to BC meeting the conic in P, @,...,
and through these lines draw planes parallel to the base of the
segment. These will cut the conoid or spheroid in circles or
similar ellipses. On cach of these circles or ellipses describe
two cylinders or frusta of cylinders cach with axis equal to 0D,
one of them lying in the direction of 4 and the other in the
direction of D, as shown in the figure.

Then the cylinders or frusta of cylinders drawn in the
direction of 4 make up a circumscribed figure, and those in
the direction of D an inscribed figure, in relation to the
segment.

Also the cylinder or frustum P@ in the circumscribed figure
is equal to the cylinder or frustum PH in the inscribed figure,
QI in the circumscribed figure is equal to QK in the inscribed
figure, and so on.

Therefore, by addition,

(circumscribed fig.) = (inser. fig.)
+ (cylinder or frustum whose axis is OD).

But the cylinder or frustum whose axis is 0D is less than
the given solid figure; whence the proposition follows.

“Having set out these preliminary propositions, let us
proceed to demonstrate the theorems propounded with reference
to the figures.”



ON CONOIDS AND SPHEROIDS. 131

Propositions 21, 22.

Any segment of a paraboloid of revolution is half as large
again as the cone or segment of @ cone which has the same base
and the same axis.

Let the base of the segment be perpendicular to the planc of
the paper, and let the plane of the paper be the plane through
the axis of the paraboloid which cuts the base of the segment
at right angles in BC and makes the parabolic section BAC.

Let EF be that tangent to the parabola which is parallel to
BC, and let 4 be the point of contact.

Then (1), if the plane of the base of the segment is
perpendicular to the axis of the paraboloid, that axis is the
line AD bisecting BC at right angles in D.

(2) If the plane of the base is not perpendicular to the
axis of the paraboloid, draw AD parallel to the axis of the
paraboloid. A D will then bisect BC, but not at right angles.

Draw through £F a plane parallel to the base of the seg-
ment. This will touch the paraboloid at 4, and 4 will be
the vertex of the segment, 4D its axis.

The base of the segment will be a circle with diameter BC
or an ellipse with BC as major axis.

Accordingly a cylinder or a frustum of a cylinder can be
found passing through the circle or ellipse and having 4D for
its axis [Prop. 9]; and likewise a cone or a segment of a cone
can be drawn passing through the circle or ellipse and having
4 for vertex and A.D for axis. [Prop. 8]

Suppose X to be a cone equal to § (cone or segment of
cone ABC). The cone X is therefore equal to half the cylinder
or frustum of a cylinder EC. [Cf. Prop. 10]

We shall prove that the volumne of the scgment of the
paraboloid is equal to X.

If not, the segment must be either greater or less than X,

I. If possible, let the segment be greater than X.

We can then inscribe and circumscribe, as in the last
9—2
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proposition, figures made up of cylinders or frusta of cylinders
with equal height and such that
(circumsecribed fig.) — (inscribed fig.) < (segment) — X.

Let the greatest of the cylinders or frusta forming the
circumscribed figure be that whose base is the circle or ellipse
about BC and whose axis is 0D, and let the smallest of them be
that whose base is the circle or ellipse about PP’ and whose
axis i8 AL.

Let the greatest of the cylinders forming the inscribed
figure be that whose base is the circle or cllipse about RR’ and
whose axis is 0D, and let the smallest be that whose base is
the circle or ellipse about PP’ and whose axis is LY.

Produce all the plane bases of the cylinders or frusta to
meet the surface of the complete cylinder or frustum £C.
Now, since
(circumscribed fig.) — (inscr. fig.) < (segment) — X,
it follows that (inscribed figure) > X ......c.oeee.ee. (a).
Next, comparing successively the cylinders or frusta with
heights equal to OD and respectively forming parts of the
complete cylinder or frustum ZC and of the inscribed figure,
we have
(first cylinder or frustum in £C) : (first in inscr. fig.)
=BD*: RO*
=4D: A0
= BD : TO, where AB meets OR in T
And (second cylinder or frustum in EC) : (second in inscr. fig.)
= HO : 8N, in like manner,
and so on.
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Hence [Prop. 1] (cylinder or frustum EC) : (inscribed figure)
=(BD+HO+..):(T0+ 8N +...),
where BD, HOQ,... are all equal, and BD, T0, SN,... diminish in
arithmetical progression.
But [Lemma preceding Prop. 1]
BD+HO+...>2(TO+8N+...).
Therefore (cylinder or frustum EC) > 2 (inscribed fig.),
or X > (inscribed fig.);
which is impossible, by («) above.
II. If possible, let the segment be less than X.
In this case we inscribe and circumscribe figures as before,
but such that
(circumscr. fig.) — (inser. fig.) < X — (segment),
whence 1t follows that
(circumscribed figure)< X ............... B).
And, comparing the cylinders or frusta making up the
complete cylinder or frustum CE and the circumscribed figure
respectively, we have
(first cylinder or frustum in CE) : (first in circumser. fig.)
= BD*: BD*
= BD: BD.
(second in CE) : (second in circumser. fig.)
= HO*: RO?
=4D: A0
=HO:TO,

and so on,
Hence [Prop. 1]
(cylinder or frustum CE) : (circumscribed fig.)
=(BD+ HO+...): (BD+T0+...),
<2:1, [Lemma preceding Prop. 1]
and it follows that
X < (circumscribed fig.);
which is impossible, by (8).
Thus the segment, being neither greater nor less than X, is
equal to 1t, and therefore to § (cone or segment of cone 4 BC).
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Proposition 23.

If from a paraboloid of revolution two segments be cut off,
one by a plane perpendicular to the axis, the other by a plane not
perpendicular to the awis, and if the axes of the segments are
equal, the segments will be equal in volume.

Let the two planes be supposced perpendicular to the planc
of the paper, and let the latter plane be the plane through the
axis of the paraboloid cutting the other two planes at right
angles in BB’, Q@' respectively and the paraboloid itsclf in the
parabola QPQ’B'.

Let AN, PV be the equal axes of the scgments, and 4, P
their respective vertices.

Draw QL parallel to AN or PT1" and Q'L perpendicular
to QL.

Now, since the segments of the parabolic section cut off by
BB’, Q' have equal axes, the triangles A BB’, PQQ’ are equal
[Prop. 8]. Also, if QD be perpendicular to PV, QD= BN (as
in the same Prop. 3).

Conceive two cones drawn with the same bases as the

segments and with 4, P as vertices respectively. The height
of the cone PQQ’ is then PK, where PK is perpendicular to

QQ".
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Now the cones are in the ratio compounded of the ratios of
their bases and of their heights, i.e. the ratio compounded of
(1) the ratio of the circle about BB’ to the ellipse about QQ’,
and (2) the ratio of AN to PK.

That is to say, we have, by means of Props. 5, 12,

(cone ABB’) : (cone PQQY=(BB*:QQ'.Q'L).(AN : PK).

And BB’ =2BN =2QD = @'L, while Q@' =2QV.

Therefore

(cone ABB’) : (cone PQQ"Y=(QD : QV).(AN : PK)
=(PK : PV).(AN : PK)
=4N:DPV.

Since AN = PV, the ratio of the cones is a ratio of equality .
and 1t follows that the segments, being each half as large again
as the respective cones [Prop. 22], are equal,

Proposition 24.

If from a paraboloid of revolution two segments be cut off by
planes drawn in uny manner, the segments will be to one another
as the squares on their azes.

For let the paraboloid be cut by a plane through the axis
in the parabolic section P'PApp’, and let the axis of the
parabola and paraboloid be ANN.

Measurc along ANN’ the lengths AN, AN’ equal to the
respective axes of the given segments,

and through N, N’ draw planes perpen- P
dicular to the axis, making circular o
sections on Pp, P’p’ as diameters re-

spectively. With these circles as bases .

and with the common vertex A let two
cones be described.

Now the segments of the paraboloid
whose bascs are the circles about Pp,
P’p’ are equal to the given segments
respectively, since their respective axes
are equal [Prop. 23]; and, since the »
segments APp, AP’p’ are half as large p’
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again as the cones APp, AP’p" respectively, we have only
to show that the cones are in the ratio of AN” to AN".

But
(cone APp): (cone APp')y=(PN*: P'N'").(AN: AN’)
=(AN: AN'). (AN : AN')
=AN?: AN";
thus the proposition is proved.

Propositions 25, 26.

In any hyperboloid of revolution, tf A be the vertex and AD
the axis of any segment cut off by a plane, and if CA be the
semidiameter of the hyperboloid through A (CA being of course
in the same straight line with A D), then

(segment) : (cone unth same base and azis)
=(AD+3CA): (AD + 2C4).

Let the plane cutting off the segment be perpendicular to
the plane of the paper, and let the latter plane be the plane
through the axis of the hyperboloid which intersects the cutting
plane at right angles in BB’, and makes the hyperbolic
segment BAB’. Let C be the centre of the hyperboloid (or
the vertex of the enveloping cone).

Let EF be that tangent to the hyperbolic section which 1s
parallel to BB’. Let EF touch at 4, and join CA. Then C4
produced will bisect BB’ at D, CA will be a semi-diameter of
the hyperboloid, 4 will be the vertex of the segment, and AD
its axis. Produce AC to A’ and H, so that AC=CA4A’'=A'H.

Through E'F draw a plane parallel to the base of the seg-
ment. This plane will touch the hyperboloid at 4.

Then (1), if the base of the segment 18 at right angles to the
axis of the hyperboloid, 4 will be the vertex, and 4D the axis,
of the hyperboloid as well as of the segment, and the base of the
segment will be a circle on BB’ as diameter.
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(2) If the base of the segment is not perpendicular to the
axis of the hyperboloid, the base will be an ellipse on BB’ as
major axis. [Prop. 13]

H
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Then we can draw a cylinder or a frustum of a cylinder
EBB'F passing through the circle or ellipse about BB’ and
having AD for its axis; also we can describe a cone or a
segment of a cone through the circle or ellipse and having 4
for its vertex.

We have to prove that
(segment A BB’): (cone or segment of cone ABB’)=HD : A'D.
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Let V be a cone such that
V : (cone or segment of cone ABBy=HD: A'D.,...... (2)
and we have to prove that V is equal to the segment.
Now
(cylinder or frustum EB’) : (cone or segmt. of cone ABB')=3 :1.
Therefore, by means of (a),

(cylinder or frustum EB’): V=A4"D : ng ...... (B).

If the scgment is not equal to V, it must cither be greater
or less.

I. If possible, let the segment be greater than V.

Inscribe and circumscribe to the segment figures made up
of cylinders or frusta of cylinders, with axes along 4D and all
equal to one another, such that

(circumseribed fig.) — (inscr. fig.) < (segmt.)— V,
whence (inscribed figure)> V .oveneniniinnnen. ().

Produce all the planes forming the bases of the cylinders or
frusta of cylinders to meet the surface of the complete cylinder
or frustum EB’.

Then, if ND be the axis of the greatest cylinder or frustum
in the circumscribed figure, the complete cylinder will be
divided into cylinders or frusta cach equal to this greatest
cylinder or frustum.

Let there be a number of straight lines a equal to A4’ and
as many in number as the parts into which 4D is divided by
the bases of the cylinders or frusta. To each line a apply a
rectangle which shall overlap it by a square, and let the greatest
of the rectangles be equal to the rectangle AD.A4’D and the
least equal to the rectangle AL . A’L; also let the sides of the
overlapping squares b, p, g,... be in descending arithmetical
progression. Thus b, p, ¢....I will be respectively equal to 4D,
AN, AM,... AL, and the rectangles (ab+10°), (ap + p*),...(al + 1)
will be respectively equal to AD.A'D, AN.A'N,.. AL . A'L.
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Suppose, further, that we have a series of spaces S each
equal to the largest rectangle AD. 4'D and as many in number
as the diminishing rectangles.

Comparing now the successive cylinders or frusta (1) in the
complete cylinder or frustum EB’ and (2) in the inscribed
figure, beginning from the base of the segment, we have

(first cylinder or frustum in £B’) : (first in inscr. figure)
=DBD*: PN*?
=AD.A’'D: AN. A'N, from the hyperbola,
=S8 (ap + p°).

Again
(sccond cylinder or frustum in £B’) : (second in inscr. fig.)
=BD*: QM*
=AD.A'D: AM . A'M
=8:(ag +¢),

and so on.

The last cylinder or frustum in the complete cylinder or
frustum ZB’ has no cylinder or frustum corresponding to it in
the inscribed figure.

Combining the proportions, we have [Prop. 1]
(cylinder or frustum E£B’): (inscribed figure)
= (sum of all the spaces S): (ap+ p*)+(aqg+ ¢*) + ...

> (a+b): (‘2’ + g) [Prop. 2]

>A'D: %D, since a=AA’, b=A4D,
>(£B’): V, by (B) above.

Hence (inscribed figure) < V.

But this is impossible, because, by (y) above, the inscribed
figure 18 greater than V.,



140 ARCHIMEDES
II. Next suppose, if possible, that the segment is less
than V.
In this case we circumscribe and inscribe figures such that
(circumscribed fig.) — (inscribed fig.) < ¥V — (segment),
whence we derive
V > (circumscribed figure)............... (8).

We now compare successive cylinders or frusta in the
complete cylinder or frustum and in the circumscribed figure ;
and we have

(first cylinder or frustum in ZB’) : (first in circumscribed fig.)
=8:8
=8 : (ab+b%),
(second in EB’) : (second in circumscribed fig.)

=8:(ap +p"),
and so on.
Hence [Prop. 1]
(cylinder or frustum EB’) : (circumscribed fig.)

= (sum of all spaces S) : (ab + b*) + (ap +p*) + ...

<(a+b): (g + g) [Prop. 2]

<ap. 2P
3
<(EB’): V, by (B) above.

Hence the circumscribed figure is greater than V'; which is
impossible, by (8) above.

Thus the segment is neither greater nor less than ¥, and is
therefore equal to it.
Therefore, by (a),

(segment ABB’): (cone or segment of cone ABB’)
=(AD+3C4): (4D +2CA).
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Propositions 27, 28, 29, 30.

(1) In any spheroid whose centre is C, if o plane meeting
the azis cut off a segment not greater than half the spheroid and
having A for s vertex and AD for its axis, and if A’D be the
axs of the remaining segment of the spheroid, then

(first segmt.) : (cone or segmt. of cone with same base and axis)
=CA+A4’'D: 4'D
[=3CA—-AD:2CA - AD).

(2) As a particular case, if the plane passes through the
centre, so that the segment is half the spheroid, half the spheroid
s double of the cone or segment of a cone which has the same
vertex and axis.

Let the plane cutting off the segment be at right angles to
the plane of the paper, and let the latter planc be the plane
through the axis of the spheroid which intersects the cutting
plane in BB’ and makes the elliptic section A BA'B’.

Let EF, E'F’ be the two tangents to the ellipse which are
parallel to BB’, let them touch it in 4, 4’, and through the
tangents draw planes parallel to the base of the segment.
These planes will touch the spheroid at 4, 4’, which will
be the vertices of the two segments into which it is divided.
Also A A’ will pass through the centre C' and bisect BB’
in D.

Then (1) if the base of the segments be perpendicular to
the axis of the spheroid, A, A’ will be the vertices of the
spheroid as well as of the segments, 44" will be the axis
of the spheroid, and the base of the segments will be a circle on
BB’ as diameter;

(2) if the base of the segments be not perpendicular to the
axis of the spheroid, the base of the segments will be an
ellipse of which BB’ is one axis, and 4D, A’D will be the
axes of the segments respectively.
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We can now draw a cylinder or a frustum of a cylinder
EBB'F through the circle or ellipsc about BB’ and having AD
for its axis; and we can also draw a cone or a segment of
a conc passing through the circle or ellipse about BB’ and
having A for its vertex.

E
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We have then to show that, if CA’ be produced to H so
that CA'= A'H,
(segment A BB') : (cone or segment of cone ABB"y=HD: A'D.
Let V be such a cone that
V : (cone or segment of cone ABBY=HD:A'D ...(a);
and we have to show that the segment A BB’ is equal to V.
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But, since

(cylinder or frustum EB’) : (cone or segment of cone ABB’)
=3:1,
we have, by the aid of (),

(cylinder or frustum EB) : V=A'D: g (B)

Now, if the segment ABB’ is not equal to ¥V, it must
be either greater or less.

I. Suppose, if possible, that the segment is greater
than V.

Let figures be inscribed and circumscribed to the segment
consisting of cylinders or frusta of cylinders, with axes along
AD and all equal to one another, such that

(circumscribed fig.) — (inscribed fig.) < (segment) — V5,
whence it follows that

(inscribed fig.) >V ... - ()

Produce all the planes forming the bases of the cylinders or
frusta to meet the surface of the complete cylinder or frustum
EB’. Thus, if ND be the axis of the greatest cylinder or
frustum of a cylinder in the circumscribed figure, the complete
cylinder or frustum B’ will be divided into cylinders or frusta
of cylinders each equal to the greatest of those in the circum-
scribed figure.

Take straight lines da’ each equal to A’D and as many in
number as the parts into which 4D is divided by the bases of
the cylinders or frusta, and measure da along da’ equal to 4D,
It follows that aa’ = 2CD.

Apply to each of the lines a’d rectangles with height equal
to ad, and draw the squares on each of the lines ad as in
the figure. Let S denote the area of each complete rectangle.

From the first rectangle take away a gnomon with breadth
equal to AN (i.e. with each end of a length equal to AN);
take away from the second rectangle a gnomon with breadth
equal to AM, and so on, the last rectangle having no gnomon
taken from it.
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Then
the first gnomon=A'D. AD—'ND.(A’D - AN)
=A'D.AN + ND.AN
=AN.A'N.
Similarly,
the second gnomon =AM . A'M,
and so on.

And the last gnomon (that in the last rectangle but one) is
equal to AL. A'L.

Also, after the gnomons are taken away from the successive
rectangles, the remainders (which we will call R, R,,... R,,
where 7 is the number of rectangles and accordingly R, =8)
are rectangles applied to straight lines each of length aa’ and
“exceeding by squares” whose sides are respectively equal
to DN, DM,... DA.

For brevity, let DN be denoted by z, and aa’ or 2CD by ¢,
so that B, = cz + 2°, R, =c .2z + (22)’,...

Then, comparing successively the cylinders or frusta of
cylinders (1) in the complete cylinder or frustum EB’ and
(2) in the inscribed figure, we have

(first cylinder or frustum in EB’) : (first in 1nscribed fig.)

=BD*: PN?
=AD.A'D: AN.A'N
=8 (first gnomon);
(second cylinder or frustum in EB’): (second in inscribed fig.)
=8 : (second gnomon),
and so on.

The last of the cylinders or frusta in the cylinder or
frustum EB’ has none corresponding to it in the inscribed
figure, and there is no corresponding gnomon.

Combining the proportions, we have [by Prop. 1]

(cylinder or frustum £B’) : (inscribed fig.)
= (sum of all spaces S) : (sum of gnomons).
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Now the differences between S and the successive gnomons
are R, R,,... R,, while
R =cx+ o,
R, =c.2z + (22),

......................

R,=ch+b' =8
where b =nz=A4D.
Hence [Prop. 2]
(sum of all spaces 8) : (B, + R, + ... + R.) < (¢ +b): (%4-3)
1t follows that
(sum of all spaces §) : (sum of gnomons) > (c + b): (% + _2_36)
>A'D: %D.
Thus (cylinder or frustum EB’): (inscribed fig.)
iy, HD
>A'D: -3

> (cylivder or frustum EB’): V,

from (3) above.
Thercfore (inscribed fig.) < V;

which is impossible, by (y) above.
Hence the segment ABJ’ is not greater than V.
II. If possible, let the segment 4 BB’ be less than V.
We then inscribe and circumscribe figures such that
(circumscribed fig.) — (inscribed fig.) < V — (segment),
whence V' > (circumseribed fig.)................. (3).
In this case we compare the cylinders or frusta in (£B’)

with those in the circumscribed figure.

Thus
(first cylinder or frustum in £B’) : (first in circumseribed fig.)

=S:8,
(second 1n EB’) : (second in circumseribed fig.)
=8 : (first gnomon),
and 8o on.
H. A 10
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Lastly (last in £B’) : (last in circumscribed fig.)

=8 : (last gnomon).
Now

(S + (all the gnomons)} = nS — (&, +- Ry +. . + Ryy).

. b
And n8: R+ Rot ...+ Ruo> (c+b): (;+§) [Prop. 2]
so that

nS : {S + (all the gnomons)} < (c+b): (% + %b>

It follows that, if we combine the above proportions as in
Prop. 1, we obtain

(cylinder or frustum EB’): (circumscribed fig.)

<(c+b):(%+§)>
. HD
<AD‘T

<(EB’):V, by (B) above.

Hence the circumscribed figure is greater than V; which is
impossible, by (&) above.

Thus, since the scgment A BB’ is neither greater nor less
than V| 1t is equal to it and the proposition is proved.

(2) The particular case [Props. 27, 28] where the scgment
is half the spheroid differs from the above in that the distance
CD or ¢/2 vanishes, and the rectangles cb + b* are simply squares

(b*), so that the gnomons are simply the differences between b*
and 2%, b* and (22)*, and so on.

Tnstead therefore of Prop. 2 we use the Lemma to Prop. 2,
Cor. 1, given above [On Spirals, Prop. 10], and instead of the

ratio (c +b) : (g + gg) we obtain the ratio 3 : 2, whence

(segment ABB’) : (cone or segment of cone ABB) =2 : 1.

[This result can also be obtained by simply substituting
C4 for AD in the ratio (3CA — AD): (2CA — AD))
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Propositions 31, 32.

If a plane dwide a spheroid into two unequal segments, and
tf AN, A'N be the axes of the lesser and greater segments
respectively, while C s the centre of the spheroid, then
(greater segmt.) : (cone or segmt. of cone with sume base and awis)

=CA+AN: AN.

Let the plane dividing the spheroid be that through PP’
perpendicular to the plane of the paper, and let the latter plane
be that through the axis of the spheroid which intersects the
cutting plane in PP’ and makes the elliptic section PAP’4’.

L
c/(,'

P/ B

Draw the tangents to the ellipse which are parallel to PP’;
let them touch the ellipse at 4, A’, and through the tangents
draw planes parallel to the basc of the segments. These planes
will touch the spheroid at A, A’, the line 44" will pass
through the centre €' and bisect PP’ in N, while AN, A’'N will
be the axes of the segments.

Then (1) if the cutting plane be perpendicular to the axis
of the spheroid, A4’ will be that axis, and A, 4’ will be the
vertices of the spheroid as well as of the segments. Also the
sections of the spheroid by the cutting plane and all planes
parallel to it will be circles.

(2) If the cutting plane be not perpendicular to the axis,
10—2
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the base of the segments will be an ellipse of which PP’ is an
axis, and the sections of the spheroid by all planes parallel
to the cutting plane will be similar ellipses.

Draw a plane through C parallel to the base of the segments
and meeting the plane of the paper in BB’

Construct three cones or segments of cones, two having A
for their common vertex and the plane sections through PP’,
BB’ for their respective bases, and a third having the plane
section through PP’ for its base and A’ for its vertex.

Produce CA to H and CA’ to H' so that
AH=A'H' = CA.
We have then to prove that
(segment A’PP’) : (cone or segment of cone A’'PP’)
=CA + AN : AN
=NH : AN.

Now half the spheroid is double of the cone or segment of a
cone ABRB’ [Props. 27, 28]. Therefore

(the spheroid) = 4 (cone or segment of cone ABB’).
But
(cone or segmt. of cone ABB’): (cone or segmt. of cone 4 PP’)
=(CA: AN).(BC*: PN?)
=(CA:AN).(CA.CA’: AN_A'N)...(a).
If we measure 4K along 44’ so that
AK : AC=AC: AN,
we have AK . A'N:AC.A'N=CA : AN,
and the compound ratio in (&) becomes
(AK.A'N:CA.A'N).(CA.CA": AN .A'N),
Le. AK.CA’: AN.A'N.
Thus
(cone or segmt. of cone ABB’) : (cone or segmt. of cone 4 PP’)
=AK.CA’": AN .A'N.
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But  (cone or segment of cone APP’) : (segment 4 PP")
=A'N : NH' [Props. 29, 30]
=AN.A'N:AN.NH'"

Therefore, ex aequali,

(cone or segment of cone A BB’) : (segment 4 PP’)
=AK.CA": AN.NH’,

so that (spheroid) : (segment A PP’)
=HH .AK:AN.NH',
since HH' =404".

Hence (segment A’PP’) : (segment A PP’)
~(HH .AK-AN.NH'): AN .NH'
=(AK.NH+NH'.NK): AN .NH'
Further,
(segment APP’) : (cone or segment of cone A PP’)
=NH': A'N
=AN.NH': AN.A'N,
and
(cone or segmt. of cone APP’) : (cone or segmt. of cone A'PP’)
=AN: A'N
=AN.A'N : A'N?,
From the last three proportions we obtain, ex aequalr,
(segment A’PP’) : (conc or segment of cone 4'PP’)
=(4K.NH+ NH'.NK) : A'N*
=(AK.NH+ NH'.NK) : (CA*+ NH'.CN)
=(AK.NH+ NH' .NK): (AK.AN + NH'.CN)...(B).
But
AK . NH :AK . AN=NH: AN
=CA+AN : AN
=AK+CA :CA
(since AK : AC=AC: AN)
=HK:CA
=HK—-NH:CA—-AN
=NK:CN
=NH'.NK : NH'.CN.
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Hence the ratio in (B) is equal to the ratio
AK.NH : AK.AN, or NH : AN.
Therefore
(segment A’PP’) : (cone or segment of cone 4’PP’)
=NH: AN
=C4+4+ 4N : AN.

[(If (z, y) be the coordinates of P referred to the conjugate
diameters AA’, BB’ as axes of z, y, and if 2a, 2b be the lengths
of the diameters respectively, we have, since

(spheroid) — (lesser segment) = (groater segment),
4. b*—i—“” ¥ la—n)="2" 7y (a+a)

and the above proposition is the geometncal proof of the truth
of this equation where z, y are connected by the equation
z Ly

bn = 1']



ON SPIRALS.

“ ARCHIMEDES to Dositheus greeting

Of most of the theorems which I sent to Conon, and of
which you ask me from time to time to send you the proofs, the
demonstrations arc already before you in the books brought to
you by Heracleides ; and some more are also contained in that
which I now send you. Do not be surprised at my taking a
considerable time before publishing these proofs. This has
been owing to my desire to comwunicate them first to persons
engaged in mathematical studies and anxious to investigate
them. In fact, how many theorems in geometry which have
seemed at first impracticable are in time successfully worked out!
Now Conon died before he had sufficient time to investigate
the theorems referred to; otherwise he would have discovered
and made manifest all these things, and would have enriched
geometry by many other discoveries besides For I know well
that it was no common ability that he brought to bear on
mathematics, and that his industry was extraordinary. But,
though many years have elapsed since Conon’s death, 1 do not
find that any one of the problems has been stirred by a single
person. 1 wish now to put them in review one by one,
particularly as it happens that there are two included among
them which are impossible of realisation* [and which may
serve as a warning] how those who claim to discover every-
thing but produce no proofs of the same may be confuted as
having actually pretended to discover the impossible

* Heiberg reads réhos 8¢ xofeobueva, but F has Téhous, so that the true reading
is perhaps réhovs 3¢ woridebpeva. The meaning appears to be simply ‘ wrong.’
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What are the problems I mean, and what are those of which
you have already received the proofs, and those of which the
proofs are contained in this book respectively, I think it proper
to specify. The first of the problems was, Given a sphere, to find
a plane area equal to the surface of the sphere; and this was
first made manifest on the publication of the book concerning the
sphere, for, when it is once proved that the surface of any sphere
18 four times the greatest circle in the sphere, it is clear that it
is possible to find a plane area equal to the surface of the sphere.
The second was, Given a cone or a cylinder, to find a sphere
equal to the conc or cylinder; the third, To cut a given sphere
by a plane so that the segments of it have to one another an
assigned ratio ; the fourth, To cut a given sphere by a plane so
that the segments of the surface have to one another an assigned
ratio; the fifth, To make a given segment of a sphere similar to
a given segment of a sphere*; the sixth, Given two segments of
either the same or different spheres, to find a segment of a sphere
which shall be similar to one of the segments and have its
surface equal to the surface of the other segment. The seventh
was, From a given sphere to cut off a segment by a planc so
that the segment bears to the cone which has the same base as
the segment and equal height an assigned ratio greater than
that of three to two. Of all the propositions just enumerated
Heracleides brought you the proofs. The proposition stated
next after these was wrong, viz. that, if a sphere be cut by a
plane into unequal parts, the greater segment will have to the
less the duplicate ratio of that which the greater surface has to
the less. That this is wrong is obvious by what I sent you
before ; for it included this proposition: If a sphere be cut into
unequal parts by a plane at right angles to any diameter in the
sphere, the greater segment of the surface will have to the less
the same ratio as the greater segment of the diameter has
to the less, while the greater segment of the sphere has to the
less a ratio less than the duplicate ratio of that which the

* 78 dofér Tudua opalpas Ty Sobévr. Tuduar. opalpas duodoas, i6, to make &
segment of a sphere sumilar to one given segment and equal in content to
another given segment. [Cf. On the Sphere and Cylinder, 1L 5.]
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greater surface has to the less, but greater than the sesqui-
alterate® of that ratio. The last of the problems was also wrong,
viz. that, if the diameter of any sphere be cut so that the square
on the greater segment is triple of the square on the lesser
segment, and if through the point thus arrived at a plane be
drawn at right angles to the diameter and cutting the sphere,
the figure in such a form as is the greater segment of the sphere
is the greatest of all the segments which have an equal surface.
That this is wrong is also clear from the theorems which I
before sent you. For it was there proved that the hemisphere
is the greatest of all the segments of a sphere bounded by an
equal surface.

After these theorems the following were propounded con-
cerning the conet. If a section of a right-angled cone [a
parabola), in which the diameter [axis] remains fixed, be made to
revolve so that the diameter [axis] is the axis [of revolution],
let the figure described by the section of the right-angled cone
be called a conoid. And if a plane touch the conoidal figure
and another plane drawn parallel to the tangent plane cut off
a segment of the conoid, let the dase of the segment cut off be
defined as the cutting plane, and the vertez as the point in which
the other plane touches the conoid. Now, if the said figure be
cut by a plane at right angles to the axis, it is clear that the
section will be a circle; but it needs to be proved that the
segment cut off will be half as large again as the cone which has
the same base as the segment and equal height. And if two
segments be cut off from the conoid by planes drawn in any
manner, it is clear that the sections will be sections of acute-
angled cones [ellipses] if the cutting plaves be not at right
angles to the axis; but it nceds to be proved that the
segments will bear to one another the ratio of the squares on
the lines drawn from their vertices parallel to the axis to meet
the cutting planes. The proofs of these propositions are not
yet sent to you.

After these came the following propositions about the spiral,

* (Aoyov) pelora 7 Hubhior 7od, 6v Exer k.7.\., L.e. & ratio greater than (the

ratio of the surfaces)¥. See On the Sphere and Cylinder, 11. 8.
+ This should be presurably * the conoid,’ not ¢ the cone.’
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which are as it were another sort of problem having nothing
in common with the foregoing; and I have written out the
proofs of them for you in this book. They are as follows. If a
straight line of which one extremity remains fixed be made to
revolve at a uniform rate in a plane until it returns to the
position from which it started, and if, at the same time as the
straight line revolves, a point move at a uniform rate along the
straight line, starting from the fixed extremity, the point will
describe a spiral in the plane. I say then that the area
bounded by the spiral and the straight line which has returned
to the position from which it started is a third part of the circle
described with the fixed point as centre and with radius the
length traversed by the point along the straight line during the
one revolution. And, if a straight line touch the spiral at the
extreme end of the spiral, and another straight line be drawn at
right angles to the line which has revolved and resumed its
posttion from the fixed extremity of it, so as to meet the
tangent, I say that the straight line so drawn to meet it is
cqual to the circumference of the circle. Again, if the revolving
line and the point moving along it make several revolutions
and return to the position from which the straight line started,
I say that the arca added by the spiral in the third revolution
will be double of that added in the second, that in the fourth
three times, that in the fifth four times, and generally the areas
added in the later revolutions will be multiples of that added in
the second revolution according to the successive numbers,
while the arca bounded by the spiral in the first revolution is a
sixth part of that added in the second revolution. Also, if on
the spiral described in one revolution two points be taken and
straight lines be drawn joining them to the fixed extremity of
the revolving line, and if two circles be drawn with the fixed
point as centre and radii the lines drawn to the fixed extremity
of the straight line, and the shorter of the two lines be produced,
I say that (1) the area bounded by the circumference of the
greater circle in the direction of (the part of ) the spiral included
between the straight lines, the spiral (itself) and the produced
straight line will bear to (2) the area bounded by the circum-
ference of the lesser circle, the same (part of the) spiral and the
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straight line joining their extremities the ratio which (3) the
radius of the lesser circle together with two thirds of the excess
of the radius of the greater circle over the radius of the lesser
bears to (4) the radius of the lesser circle together with one
third of the said excess.

The proofs then of these theorems and others relating to the
spiral are given in the present book. Prefixed to them, after the
manner usual in other geometrical works, are the propositions
necessary to the proofs of them. And here too, as in the books
previously published, I assume the following lemma, that, if
there be (two) unequal lines or (two) unequal areas, the excess
by which the greater exceeds the less can, by being [continually]
added to itself, be made to cxceed any given magnitude among
those which are comparable with [it and with] one another.”

Proposition 1.

If a point move at a uniform rate along any line, and two
lengths be taken on i, they uill be proportional to the times of
describing them.

Two unequal lengths arc taken on a straight line, and two
lengths on another straight line representing the times; and
they are proved to be proportional by taking equimultiples of
each length and the corresponding time after the manner of
Eucl. V. Def. 5.

Proposition 2.

If euch of two points on different lines respectively move ulong
them each at a uniform rate, and if lengths be taken, one on each
line, forming pairs, such that each pair are described in equal
times, the lengths will be proportionals.

This is proved at once by equating the ratio of the lengths
taken on one line to that of the times of description, which
must also be equal to the ratio of the lengths taken on the other
line.
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Proposition 3.

@iven any number of circles, it is possible to find a straight
line greater than the sum of all their circumferences.

For we have only to describe polygons about each and then
take a straight line equal to the sum of the perimeters of the
polygons.

Proposition 4.

Given two unequal lines, viz. a straight line and the circum-
Jerence of a circle, it s possible to find a straight line less than
the greater of the two lines and greater than the less.

For, by the Lemma, the excess can, by being added a sufficient
number of times to itself, be made to exceed the lesser line.

Thus e.g, if ¢ > (where ¢ is the circumference of the circle
and ! the length of the straight line), we can find a number n
such that

n(c—=0>L

Therefore c—1> %,

and c>l+£>l.
T

Hence we have only to divide ! into n equal parts and add
one of them to I. The resulting line will satisfy the condition.

Proposition 5.

Giiven a circle with centre O, and the tangent to it at a point
A, it 18 possible to draw from O a straight line OPF, meeting the
circle in P and the tangent in F, such that, if ¢ be the circum-
Serence of any given circle whatever,

FP:0P<(arc AP) : c.

Take a straight line, as D, greater than the circumference c.
[Prop. 3]
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Through O draw OH parallel to the given tangent, and
draw through 4 a line A PH, meeting the circle in P and OH

A

F

)

in H, such that the portion PH intercepted between the circle
and the line OH may be equal to D* Join OP and produce
it to meet the tangent in ¥,
Then FP . OP = AP : PH, by parallels,
=AP:D
<(arc 4P) :c.

Proposition 6.

Given a circle with centre O, a chord AB less than the
diameter, and OM the perpendicular on AB from 0,1t 18 possible
to draw a straight line OF P, meeting the chord AB in F and the
crrcle in P, such that

FP:PB=D:FE,
where D : E is any given ratio less than BM : MO.

Draw OH parallel to A8, and BT perpendicular to BO
meeting OH in 7.

Then the triangles BMO, OBT are similar, and therefore

BM : MO =0B: BT,

whence D:E<OB: BT

* This construction, which is assumed without any explanation as to how it
is to be effected, is described in the orginal Greek thus: ‘‘let PH be placed
{xelofw) equsl to D, verging (vesovoa) towards 4.” This is the usnal phraseology
used in the type of problem known by the name of veious.
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Suppose that a line PH (greater than BT) is taken such

that
D:E=0B: PH,

E

and let PH be so placed that it passes through B and P lies on
the circumference of the circle, while H is on the line OH*.
(PH will fall outside BT, because PH > BI') Join OP meeting
ABin F.

We now have

FP:PB=0P: PH
=0B:PH
=D:FE.

Proposition 7.

Gwen a circle with centre O, a chord AB less than the
diameter, and OM the perpendicular on it from O, ¥ is possible
to draw from O a straight line OPF, meeting the circle in P and
AB produced in F, such that

FP:PB=D:E,
where D : E is any given ratio greater than BM : MO.

Draw OT parallel to AB, and BT perpendicular to BO

meeting 0T in T.

* The Greek phrase is “‘let PH be placed between the circumference snd the
straight line (OH) through B.” The construction is assumed, like the similar
one in the last proposition.
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In this case, D:E>BM: M0
> OB : BT, by similar triangles.

Take a line PH (less than BT') such that
D:E=08:PH
and place PH so that P, H are on the circle and on OT respec-
tively, while HP produced passes through B*.
Then FP:PB=0P:PH
=D:FE

Proposition 8.

Given a circle with centre O, a chord ADB less than the
diameter, the tangent at B, and the perpendicular OM from 0
on AB, it is posstble to draw frem O a straight line OFP,
meeting the chord A B in F, the circle in P and the tangent in G,
such that

FP:BG=1D:FE,
where D : E vs any given ratio less than BM : MO.
If OT be drawn parallel to A B meeting the tangent at Bin T,
BM: MO=0B: BT,
so that D:E<0B:BT.
Take a point C on TB produced such that
D:E=0B:BC,
whence BC > BT.

* PH is described in the Greek as vedovaar éwl (verging to) the point B. As
before the construction is assumed.
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Through the points O, 7, C describe a circle, and let OB be
produced to meet this circle in K.
Q

Then, since BC > BT, and OB is perpendicular to CT, it is
possible to draw from O a straight line 0GQ, meeting C7 in G
and the circle about O7'C in Q, such that GQ = BK*.

Let OGQ meet AB in F and the original circle in P.

Now CQ.GT=0G.GQ;
and OF : OG = BT : GT,
so that OF.GT=0G.BT

It follows that
CG.GT:0F.GT = 0G.GQ: 0G.BT,
or CG:0F=GQ: BT
= BK: BT, by construction,
=BC:0B
= BC : OP.
Hence OP : OF = BC : CQ,
and therefore PF:0P =BG : BC,
or PF:BG=0P:BC
=0B: BC
= DK

* The Greek words used are: *it is possible to place another [straight line]
GQ equal to KB verging (rvefovoar) towards 0.” This particular refoss is
discussed by Pappus (p. 298, ed. Hultsch). See the Introduotion, chapter v.
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Proposition 9.

Given a circle with centre O, a chord AB less than the
diameter, the tangent at B, and the perpendicular OM from O
on AB, it is possible to draw from O o straight line OPGPF,
meeting the circle in P, the tangent in G, and A B produced in F,
such that

FP:BG=D:E,

where D : E is any given ratio greater than BM : MO.

Let OT be drawn parallel to AB meeting the tangent at B
in T.

Then D:E>BM: MO
> OB : BT, by similar triangles.
Produce TB to C so that
D:E=0B : BC,
whence BC < BT.

Describe a circle through the points O, T, C, and produce OB
to meet this circle in K.

Then, since 7B > BC, and OB is perpendicular to C7, it is
possible to draw from O a line 0G'Q, meeting C7 in @, and the

H. A, 11
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circle about OTC in @, such that GQ = BK*. Let 0OQ meet
the original circle in P and AB produced in F.
We now prove, exactly as in the last proposition, that
CG:OF=BK: BT

=BC : OP.
Thus, as before,
OP : OF = BC : CQ,

and OP : PF = BC : BG,

whence PF :BG =0P: BC
=0B: BC
= D:E

Proposition 10.

If A\, 4,, 4,,...4, be n lines forming an ascending arith-
metical progression tn which the common difference is equal
to A,, the least term, then

(n+ 1A+ A4, (A, + A+ ...+ 4,) =834+ A5 +... + 4,0

[Archimedes’ proof of this proposition is given above, p. 107
9, and it is there pointed out that the result is equivalent to

14204 8 gt =Dt 1)6(2”+ D)
Cor. 1. It follows from this proposition that

n Al <3(A+ A0+ ...+ A,
and also that
n A2 >3(A7+ A8+ ...+ 4,2

[For the proof of the latter inequality see p. 109 above.]
Cor. 2. All the results will equally hold if similar figures
are substituted for squares.

* Bee the note on the last proposition.
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Proposition 11.

If A,, A,,...A, be n lines forming an ascending arith-
metical progression [in which the common difference vs equal to
the least term A,]*, then

(n—1)A;": (4, + 4"+ ... + 4))

<A : {4, A, +3 (4.~ A4)};
but

(n=1)A4," : (Ap"+An '+ ... + 4))
> A2 (An. A+ 3 (A~ A,)).

[Archimedes sets out the terms side by side in the manner
shown in the figure, where BC=A4,,DE=A4, ,,...RS=4,, and
produces DE, F@G,...RS until they are
respectively equal to BC or A,,s0 that ¢ 4 , T U
EH, GI,...8U in the figure arc re-
spectively equal to 4,, 4,...4,_,. He Er
further measures lengths BK, DI, GW*
FM,...PV along BC, DE, F@,...PQ re-
spectively each equal to RS.

The figure makes the relations at
between the terms easier to see with
the eye, but the use of so large a
number of letters makes the proof B ° F PR
somewhat difficult to follow, and it
may be more clearly represented as follows.]

It is evident that (4, — 4,)=4,,.

Kt Lt 1M vi 8t

The following proportion is therefore obviously true, viz.

(=14, : (n=1)(4,. 4, +1 4,
=4, {4,. A, +}(4d,— 4)}.

* The proposition is true even when the common difference is not equal to
4,, and is assumed in the more general form in Props, 25 and 26. But, as
Archimedes’ proof assumes the equslity of 4, and the common difference, the
words are here inserted to prevent misapprehension.

11—-2
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In order therefore to prove the desired result, we have only
to show that

m=1)A,. A, +3(n—1) Ap"< (43" + 4" +...+ 4))
but >(Apa*+Adn+...+ 40,
I. To prove the first inequality, we have
(n=-1)4,. 4, +(n-1) A,
=(n-1) A +(n—1)A4,. Ay +}(n—=1) 4, ...(1).
And
A+ A4, P +...+ A}
=(An+A) '+ A+ 4) '+ ...+ (4, + 4)
=(Anl+ Ayt ...+ A
+(n-1)47
+24,(Ap s+ Ans+ ...+ A)
=(dp S+ Ap"+...+ 47
+(n—-1)A4,"
+ A {Any+ An s+ Ay s+...+ 4,
+4, +A4, +...+An,+ 4,

= (A'n—I’ + An—;‘*’ et Alg)
+(n—-1)4;
FRA A e (2).

Comparing the right-hand sides of (1) and (2), we see that
(n—1) A4 is common to both sides, and

(n-1)4,. 4, ,<nd,. 4,
while, by Prop. 10, Cor. 1,

tn—-1)A4, <A, "+ 4, +... + 4,
It follows therefore that
(-4, A, +3i(n—D A, <A+ 4,2+ ...+ 45,
and hence the first part of the proposition is proved.

II. We have now, in order to prove the second result, to
show that

(n=1)An. A +3 (0 —1) Ay P> (A + Ayt + ... +4.5).
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The right-hand side is equal to
(Anzt+ A+ (Ans+ A )+ + (4, +4)+ A7

=A, + A, S +...+ 4"
+(rn—1)A7
+24,(4ps+Aps+...+4)

=(Ap"+Ap s +...+ 4
+(n-1)A}
+A1{ A, ,+4, ,+...+ A4, }

+4, +4, +...+A4,.,

=(Ap+4p s +...+ 47
+(n—-1)4;
+(n=2)A;. Agyeeiiniiiiiiiiianee (3).

Comparing this expression with the right-hand side of (1) above,
we sce that (n —1) 4,® is common to both sides, and

(n-14,.4,,>(n—-2)4,. A, ,,
while, by Prop. 10, Cor. 1,
Fn=-1)A4, *>(Ar+4r+...+4)).
Hence
(n—1D A, A+ (n=1)A4,*> A+ 4,7 +...+ 47);
and the second required result follows.

Cor. The résults in the above proposition are equally true if
simalar figures be substituted for squares on the several lines.

DEFINITIONS.

1. If a straight line drawn in a plane revolve at a uniform
rate about one extremity which remains fixed and return to
the position from which it started, and if, at the same time as
the line revolves, a point move at a uniform rate along the
straight line beginning from the extremity which remains fixed,
the point will describe a spiral (¥A:£) in the plane.

2. Let the extremity of the straight line which remains
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fixed while the straight line revolves be called the origin*
(apxd) of the spiral.

8. And let the position of the line from which the straight
line began to revolve be called the initial line® in the
revolution (dpya Tds mwepipopas).

4. Let the length which the point that moves along the
straight line deseribes in one revolution be called the first
distance, that which the same point describes in the second
revolution the second distance, and similarly let the distances
described in further revolutions be called after the number of
the particular revolution.

5. Let the area bounded by the spiral described in the
first revolution and the first distance be called the first area,
that bounded by the spiral described in the second revolution
and the second distance the second area, and similarly for the
rest in order.

6. If from the origin of the spiral any straight line be
drawn, let that side of it which is in the same direction as that
of the revolution be called forward (wpoayovueva), and that
which is in the other direction backward (émoueva).

7. Let the circle drawn with the origin as centre and the
first distance as radius be called the first circle, that drawn
with the same centre and twice the radius the second circle,
and similarly for the succeeding circles.

Proposition 12.

If any number of straight lines drawn from the origin to
meet the spiral make equal angles with one another, the lines will
be n arithmetical progression.

[The proof is obvious.]
* The literal translation would of course be the “beginning of the spiral ”’

and “the beginning of the revolution” respectively. But the modern names
will be more suitable for use later on, and are therefore employed here.
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Proposition 13.
If a straight line touch the spiral, it unll touch it tn one point
only.
Let O be the origin of the spiral, and BC a tangent to it.

If possible, let BC touch the spiral in two points P, Q.
Join OP, 0Q, and bisect the angle POQ by the straight line OR
meeting the spiral in R.

Then [Prop. 12] OR is an arithmetic mean between OP and
0Q, or .
OP + 0Q =20R.

But in any triangle POQ, if the bisector of the angle POQ
meets PQ in K,
OP + 0Q > 20K *.

Therefore OK < OR, and it follows that some point on BC
between P and @ lies within the spiral. Hence BC cuts the
spiral; which is contrary to the hypothesis.

Proposition 14.

If O be the origin, and P, Q two points on the first turn of
the spiral, and if OP, 0Q produced mest the ‘first circle’
ARP'Q in P’, Q respectively, OA being the initial line, then

OP : 0Q = (arc AKP’) : (arc AKQ').

For, while the revolving line OA moves about 0, the point

4 on it moves uniformly along the circumference of the circle

* This is assumed as & known proposition ; bat it is easily proved.
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AKP'Q, and at the same time the point describing the spiral
moves uniformly along OA.

p’

—

K

Thus, while A describes the arc A KP’, the moving point on
OA describes the length OP, and, while 4 describes the arc
AKQ', the moving point on OA describes the distance 0Q.

Hence OP:0Q=(arc AKP'):(arc AKXKQ"). [Prop. 2]

Proposition 15.

If P, Q be points on the second turn of the spiral, and OP,
0Q meet the ‘first circle’ AKP'Q’ in P’, @', as in the last
proposition, and if ¢ be the circumference of the first circle, then

OP:0Q=c+ (arc AKP’): ¢+ (arc AKQ").

For, while the moving point on OA describes the distance
OP, the point A describes the whole of the circumference of
the “first circle’ together with the arc AKP’; and, while the
moving point on OA describes the distance 0@, the point 4
describes the whole circumference of the ‘first circle’ together
with the arc 4XQ".

Cor. Similarly, if P,  are on the nth turn of the spiral,
OP:0Q=(n—1)c+ (arc AKP’): (n~1)c+ (arc AKQ’).
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Propositions 16, 17.

If BC be the tangent at P, any point on the spiral, PC being
the ¢ forward’ part of BC, and if OP be joined, the angle OPC
1s obtuse while the angle OPB 1s acute.

I Suppose P to be on the first turn of the spiral.

Let OA be the initial line, AKP’ the ‘first circle’ Draw
the circle DLP with centre O and radius OP, meeting 04 in
D. This circle must then, in the ¢ forward’ direction from P,

fall within the spiral, and in the ‘backward’ direction outside
it, since the radii vectores of the spiral are on the ‘ forward ’ side
greater, and on the ‘ backward’ side less, than OP. Hence the
angle OPC cannot be acute, since it cannot be less than the
angle between OP and the tangent to the circle at P, which is
a right angle.

It only remains therefore to prove that OPC is not a right
angle.

If possible, let it be a right angle. BC will then touch
the circle at P.

Therefore [Prop. 5] it is possible to draw a line 0QC
meeting the circle through P in @ and BC in C, such that

CQ : 0@ < (arc PQ) : (arc DLP)............(L).
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Suppose that OC meets the spiral in R and the *first circle’
in R’; and produce OP to meet the ‘first circle’ in P’

From (1) it follows, componendo, that
00 : 0Q < (arc DLQ) : (arc DLP)
< (arc AKR’) : (arc AKP’)
<OR: OP. [Prop. 14]
But this is impossible, because 0Q = OP, and OR < OC.

Hence the angle OPC is not a right angle. It was also
proved not to be acute.

Therefore the angle OPC is obtuse, and the angle OPB
consequently acute.

II. If P is on the second, or the nth turn, the proof is the
same, except that in the proportion (1) above we have to
substitute for the arc DLP an arc equal to (p+arc DLP) or
(n—1.p+arc DLP), where p is the perimeter of the circle

DLP through P. Similarly, in the later steps, p or (n—1) p
will be added to each of the arcs DLQ and DLP, and ¢ or
(n—1)c to each of the arcs AKR’, AKP’, where ¢ is the
circumference of the ‘first circle’ AKP’.
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Propositions 18, 19.

L If OA be the initial line, A the end of the first turn of
the spiral, and if the tangent to the spiral at A be drawn, the
straight line OB drawn from O perpendicular to OA wrll meet
the said tangent in some point B, and OB will be equal to the
circumference of the ‘ first circle.

II. If A’ be the end of the second turn, the perpendicular
OB will meet the tangent at A’ in some point B, and OB’ will
be equal to 2 (circumference of ‘ second circle’).

III. Generally, if A, be the end of the nth turn, and OB
meet the tangent at 4, in B,, then
OBn = NCy,
where cy, 18 the ctrcumference of the ‘ nth circle.’

1. Let AKC be the ‘first circle’ Then, since the ‘back-
ward ’ angle between 04 and the tangent at 4 is acute [Prop.
16], the tangent will meet the *first circle’ in a second point C.
And the angles €40, BOA are together less than two right
angles; therefore OB will meet AC produced in some point B.

K

Then, if ¢ be the circumference of the first circle, we have

to prove that
OB =c.

If not, OB must be either greater or less than c.
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(1) If possible, suppose OB > c.

Measure along OB a length OD less than OB but greater
than c.

We have then a circle AKC, a chord AC in it less than
the diameter, and a ratio A0 : OD which is greater than the
ratio 40 : OB or (what is, by similar triangles, equal to it) the
ratio of $4C to the perpendicular from O on AC. Therefore
[Prop. 7] we can draw a straight line OPF, meeting the circle
in P and CA4 produced in F, such that

FP:PA=A40:0D.

Thus, alternately, since 40 = PO,

FP:PO=PA:0D

< (arc P4):¢,
since (arc PA) > P4, and 0D > .
Componendo,
FO:PO<(c+arcP4):c
<0Q:04,
where OF meets the spiral in Q. [Prop. 15]
Therefore, since 04 = OP, FO < 0Q; which is impossible.
Hence OB % c.

(2) If possible, suppose OB < c.
Measurc OF along OB so that OF is greater than OB but
less than c.

In this case, since the ratio AO : OF is less than the ratio
AQ : OB (or the ratio of $4C to the perpendicular from O
on AC), we can [Prop. 8] draw a line OF'P'Q, meeting AC in
F’, the circle in P, and the tangent at A to the circle in G,
such that

F'P: 4G =A0 : OF.

Let OP'G cut the spiral in Q.
Then we have, alternately,
F'P:P0=AG:OF
>(arc AP): ¢,
because AG > (arc AP’), and OF <.
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Therefore
FO:PO<(arc AKP): ¢
<0¢ : 0A. [Prop. 14]
But this is impossible, since 04 = OP’, and 0Q' < OF".
Hence OB 4 c.
Since therefore OB is neither greater nor less than c,
OB =c.

II. Let A’K’'C’ be the ‘second circle, A’C’ being the
tangent to the spiral at 4’ (which will cut the second circle,
since the ‘backward’ angle 04’C’ is acute). Thus, as before,
the perpendicular OB’ to OA’ will meet A'C’ produced in some
point B’

If then ¢’ is the circumference of the ‘second circle, we
have to prove that OB’ = 2¢".

For, if not, OB’ must be either greater or less than 2¢’.

(1) 1If possible, suppose OB’ > 2¢.

Measure OIY along OB’ so that 0D’ is less than OB’ but
greater than 2¢”.

Then, as in the case of the *first circle’ above, we can draw
a straight line O PF meeting the ‘second circle’ in P and ¢'4’
produced in F, such that

FP:PA'=A4'0:0D.
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Let OF meet the spiral in Q.
We now have, since 4’0 = PO,
FpP:PO=PA : 0D
< (arc 4’P) : 2¢/,
because (arc 4’P) > A’P and 0D’ > 2¢'.
Therefore FO: PO < (2 +arc A’P): 2¢

<0Q:04" [Prop. 15, Cor.]
Hence FO < 0Q; which is impossible.
Thus OB’ % 2¢.
Similarly, as in the case of the *first circle’, we can prove that
OB’ 4 2¢'.
Therefore OB’ = 2¢..

III. Procecding, in like manner, to the ‘third’ and suc-
ceeding circles, we shall prove that

OB, = nc,.

Proposition 20.

I If P be any point on the first turn of the spiral and OT
be drawn perpendicular to OP, OT will meet the tangent at P to
the spiral in some povnt T'; and, of the circle drawn with centre
O and radius OPF meet the initial line in K, then OT is equal to
the arc of this circle between K and P measured in the ‘ forward’
direction of the spiral.

II. Generally, if P be a point on the nth turn, and the
notation be as before, while p represents the circumference of the
circle with radius OP,

OT = (n— 1) p + arc KP (measured ‘ forward’).

I. Let P be a point on the first turn of the spiral, 04 the
initial line, PR the tangent at P taken in the ‘backward’
direction.

Then [Prop. 16] the angle OPR is acute. Therefore PR
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meets the circle through P in some point R; and also OT will
meet PR produced in some point 7.

If now OT is not equal to the arc K RP, it must be either
greater or less,

A

(1) If possible, let OT be greater than the arc KRP.

Measure OU along OT less than OT but greater than the
arc KRP.

Then, since the ratio PO : QU is greater than the ratio
PO : OT, or (what is, by similar triangles, equal to it) the
ratio of }PR to the perpendicular from O on PR, we can draw
a line OQF, meeting the circle in @ and RP produced in 7,
such that

FQ: PQ=P0:0U. [Prop. 7]
Let OF meet the spiral in @'
We have then
FQ:Q0=PQ:0U
< (arc PQ) : (arc KRP), by hypothesis.
Componendo,
FO : QO < (arc KRQ) : (arc KRP)
< 0Q : OP. [Prop. 14]
But Q0 = OP.
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Therefore O < 0Q’; which is impossible.

Hence OT % (arc KRP).

(2) The proof that OT & (arc KRP) follows the method of
Prop. 18, I (2), exactly as the above follows that of Prop. 18,
L Q)

Since then OT is neither greater nor less than the arc KRP,
1t is equal to it.

II. If P be on the second turn, the same method shows
that
OT =p + (arc KRP);

and, similarly, we have, for a point P on the nth turn,

OT =(n~1)p + (arc KRP).

Propositions 21, 22, 23.

Given an area bounded by any arc of a spiral and the lines
joining the extrematies of the arc to the origin, v 7s possible to
circumscribe about the area ome figure, and to inscribe in it
another figure, each consisting of similar sectors of circles, and
such that the circumscribed figure exceeds the inscribed by less
than any assigned area.

For let BC be any arc of the spiral, O the origin. Draw
the circle with centre O and radius OC, where C is the ‘forward’
end of the arc.

Then, by bisecting the angle BOC, bisecting the resulting
angles, and so on continually, we shall ultimately arrive at
an angle COr cutting off a sector of the circle less than any
assigned area. Let COr be this sector.

Let the other lines dividing the angle BOC into equal parts
meet the spiral in P, @, and let Or meet it in B. With O as
centre and radii OB, OP, 0Q, OR respectively describe arcs of
circles Bp', bBq', pQr’, qRc', each meeting the adjacent radii as
shown in the figure. In each case the arc in the ‘forward’
direction from each point will fall within, and the arc in the
‘backward’ direction outside, the spiral.
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We have now a circumscribed figure and an inscribed figure
each consisting of similar sectors of circles. To compare their
areas, we take the successive sectors of each, beginning from OC,
and compare them.

The sector OCr in the circumscribed figure stands alone.
And (sector ORq) = (sector ORc),
(sector O@Qp) = (sector 0Qr'),
(sector OPb) = (sector OP¢’),
while the sector OBp’ in the inscribed figure stands alone.

Hence, if the equal sectors be taken away, the difference be-
tween the circumscribed and inscribed figures is equal to the
difference between the sectors OCr and OBp’; and this difference
is less than the sector OCr, which is itself less than any
assigned area.

The proof is exactly the same whatever be the number of
angles into which the angle BOC is
divided, the only difference being
that, whensthe arc begins from the
origin, the smallest scetors OPb, OPq’
in each figure are equal, and there is
therefore no inscribed sector standing
by itself, so that the difference
between the circumscribed and in-
scribed figures is equal to the sector
OCr itself.

H. A. 12
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Thus the proposition is universally true.

Cor. Since the area bounded by the spiral is intermediate
in magnitude between the circumscribed and inscribed figures,
it follows that

(1) a figure can be circumscribed to the area such that it
exceeds the area by less than any assigned space,

(2) a figure can be inscribed such that the area exceeds vt by
less than any assigned space.

Proposition 24.

The area bounded by the first turn of the spiral and the
initial line 1is equal to one-third of the ‘ first circle’ [=3m (2ma)’,
where the spiral 1s » =a#)].

[The same proof shows equally that, if OP be any radius
vector in the first turn of the spiral, the area of the portion of
the spiral bounded thereby is equal to one-third of that sector of
the circle drawn with radius OP which s bounded by the tnitial
line and OP, measured in the ‘forward’ direction from the
inatial line.]

Let O be the origin, O4 the initial line, 4 the extremity of
the first turn.

Draw the ‘first circle, ie. the circle with O as centre and
0A as radius.

Then, if C, be the area of the first circle, B, that of the first
turn of the spiral bounded by 04, we have to prove that

R, =1C..
For, if not, R, must be either greater or less than C,.

1. If possible, suppose R, < 3C,.
We can then circumscribe a figure about R, made up of
similar sectors of circles such that, if ¥ be the area of this

figure,
& F—R<iCi-R,

whence F < (..
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Let OP, 0Q, ... be the radii of the circular sectors, beginning
from the smallest. The radius of the largest is of course OA4.

The radii then form an ascending arithmetical progression
in which the common difference is equal to the least term OP.
If n be the number of the sectors, we have [by Prop. 10, Cor. 1]

n.04*< 3 (0P*+ 0Q* + ... + 04%);

QO

and, since the similar sectors are proportional to the squares on
their radii, it follows that

C, < 8F,

or F>10,.
But this is impossible, since F was less than C,.

Therefore R, 410,

II. If possible, suppose R, > C,.

We can then inscribe a figure made up of similar sectors of
circles such that, if / be its area,

R, —f <R, ~ &Cn
whence f> 4C,.

If there are (n — 1) sectors, their radii, as OP, 0Q,..., form
an ascending arithmetical progression in which the least term
is equal to the common difference, and the greatest term, as
07, is equal to (n —1) OP.

12—2
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Thus [Prop. 10, Cor. 1]
n.04%>8(0P°+ 0Q* + ...+ 0Y?),

whence C. >3,
or f<10;
which is impossible, since f> }C,.
Therefore R, $ 1C..
Since then R, is neither greater nor less than ),
R,=3C..

[Archimedes does not actually find the area of the spiral
cut off by the radius vector OP, where P is any point on the
first turn ; but, in order to do this, we have only to substitute

P

L

in the above proof the area of the sector KLP of the circle
drawn with O as centre and OP as radius for the area C, of
the “ first circle’, while the two figures made up of similar sectors
have to be circumscribed about and inscribed in the portion
OEP of the spiral. The same method of proof then applies
exactly, and the area of OEP is seen to be } (sector KLP).

We can prove also, by the same method, that, if P be a
point on the second, or any later turn, as the nth, the complete
area described by the radius vector from the beginning up to
the time when it reaches the position OP is, if C denote the
area of the complete circle with O as centre and OP as radius,
4 (C + sector KLP) or } (n—1.C + sector KLP) respectively.

The area 80 described by the radius vector is of course not
the same thing as the area bounded by the last complete turn
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of the spiral ending at P and the intercepted portion of the
radius vector OP. Thus, suppose R, to be the area bounded
by the first turn of the spiral and 04, (the first turn ending at
A, on the initial line), R, the area added to this by the second
complete turn ending at 4, on the initial line, and so on. R, has
then been described fwice by the radius vector when it arrives
at the position O4,; when the radius vector arrives at the
position O4,, it has described R, three times, the ring R, twice,
and the ring R, once; and so on.

Thus, generally, if C, denote the area of the ‘nth circle’ we
shall have
nCh=R,+2R, ,+ 38R, ,+... +nR,,
while the actual area bounded by the outside, or the complete
nth, turn and the intercepted portion of 04, will be equal to

R,+R, ,+R, ,+...+R,.

It can now be seen that the results of the later Props. 25
and 26 may be obtained from the extension of Prop. 24 just
given.

To obtain the general result of Prop. 26, suppose BC to be
an arc on any turn whatever of the spiral, being itself less than
a complete turn, and suppose B to be beyond 4, the extremity
of the nth complete turn, while C is ‘ forward’ from B.

Let g be the fraction of a turn between the end of the nth

turn and the point B.

Then the area described by the radius vector up to the
position OB (starting from the beginning of the spiral) is
equal to

%(n+1—;) (circle with rad. OB).

Also the area described by the radius vector from the beginning
up to the position OC is

3 {(w%’) (cirele with rad. OC) + (sector B’MC’)}.
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The area bounded by OB, OC and the portion BEC of the
spiral is equal to the difference between these two expressions ;
and, since the circles are to one another as OB* to OC*, the
difference may be expressed as

2
3 {(n +§) (1 - —g—g,) (circle with rad OC) + (sector B’MC)} .

But, by Prop. 15, Cor.,
(n +1_q’) (circle B'MC) : { (n +1'§’) (circle B'MC) + (sector B’MC')}
=0B: 0C,

so that
(n +§) (circle B’MC) : (sector B'’MC)= 0B : (0C — OB).
area BEC OB OB?

Ths < ctor Bar0 =} {(oa' ~on) (1~ 0c) 1}
_, OB(OC +0B)+0¢C*
- % . 00:
_0C.0B+4(0C— 0By
- oc? :

The result of Prop. 25 is a particular case of this, and the
result of Prop. 27 follows immediately, as shown under that

proposition.]
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Propositions 25, 26, 27.

[Prop. 25.] If A, be the end of the second turn of the spiral,
the area bounded by the second turn and OA, 1s to the area
of the ‘second circle’ in the ratio of 7 to 12, being the ratio of
{rarv+ 3 (ry = 1)} to )}, where r,, r, ave the radis of the ‘ first’
and ‘ second’ circles respectively.

[Prop. 26.] If BC be any arc measured in the ‘ forward’
direction on any turn of a spiral, not being greater than the
complete turn, and if a circle be drawn with O as centre and OC
as radius meeting OB in B’, then

(area of spiral between OB, OC) : (sector OB’C)
={0C. 0B +}4(0C - OBY} : OC*.

[Prop. 27.] If R, be the area of the first turn of the spiral
bounded by the initial line, R, the area of the ring added by the
second complete turn, R, that of the ring added by the third turn,
and so on, then

R,=2R,, R,=3R,, R,=4R,,...,R,=(n-1)R,
Also R,=6R,.

[Archimedes’ proof of Prop. 25 is, mutatis mutandss, the
same as his proof of the more general Prop. 26. The latter
will accordingly be given here, and applied to Prop. 25 as a
particular case.]

Let BC be an arc measured in the ‘forward’ direction on
any turn of the spiral, CKB’ the circle drawn with O as centre
and OC as radius.

Take a circle such that the square of its radius is equal
to OC.0B+}(0C~— OBY', and let o be a sector in it whose
central angle is equal to the angle BOC.

Thus & : (sector OB’C)={0C. OB + 4(0OC — OB)*} : OC*,
and we have therefore to prove that
(area of spiral OBC)=o.

For, if not, the area of the spiral OBC (which we will call S)
must be either greater or less than o.
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I.  Suppose, if possible, S < 0.

Circumscribe to the area S a figure made up of similar
sectors of circles, such that, if F be the area of the figure,

) F-S<o-3§,

whence F<o.

Let the radii of the successive sectors, starting from OB,
be OP, 0Q,...0C. Produce OP, 0Q,... to meet the circle
CKB,...

If then the lines OB, OP, 0Q,... OC be n in number, the
number of sectors in the circumscribed figure will be (n — 1),
and the sector OB’C will also be divided into (n — 1) equal
sectors. Also OB, OP, 0Q,... OC will form an ascending
arithmetical progression of n terms.

Therefore [see Prop. 11 and Cor.]
(n—1)0C*: (OP*+ 0Q* +... + OC?)
< 0C*:{0C. 0B + }(0C - 0B)*}
< (sector OB’C) : o, by hypothesis.
Hence, since similar sectors are as the squares of their radii,
(sector OB’C) : F < (sector 0B’C) : o,
go that F>o.
But this is impossible, because ¥ < o.
Therefore S<&o.
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II. Suppose, if possible, S > a.

Inscribe in the area S a figure made up of similar sectors of
circles such that, if f/ be its area,

S- f <8S- a,
whence f>a

Suppose OB, OP,...0Y to be the radii of the successive
sectors making up the figure f, being (n — 1) in number.

We shall have in this case [see Prop. 11 and Cor.]

(n—1)0C* : (OB*+ OP*+...+ 0Y?)
> 0C*: {0C.0B + $(0C - 0B)'},
whence (sector OB’C) : f> (sector OB'C) : o,
80 that f<o.
But this is impossible, because f > a.

Therefore S#o.

Since then S is neither greater nor less than o, it follows that
S=o.

In the particular case where B coincides with 4,, the end
of the first turn of the spiral, and C with 4,, the end of the
second turn, the sector OB’C becomes the complete ‘second
circle, that, namely, with 04, (or r;) as radius.

Thus

(area of spiral bounded by 04,) : (“sccond circle’)
={rm+3r—n)}:r
=(2+4):4 (since r;=2n)
=7:12
Again, the area of the spiral bounded by 04, is equal to
R, + R, (ie. the area bounded by the first turn and OA4,,
together with the ring added by the second turn). Also the
‘gsecond circle’ is four times the ‘first circle, and therefore
equal to 12 R,.
Hence (R, + R,): 12R, =7 : 12,
or R, + R,=17R,.
Thus Ry=6Rcceeevecnnanan (1).
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Next, for the third turn, we have
(R, + R, + Ry) : (“third circle ") = {rgr, + § (15 — 17} 1 7'

=(8.2+}):8
=19 :27,
and (“ third cirele’) = 9 (‘first circle’)
=27R,;
therefore R +R,+ R;=19R,,
and, by (1) above, it follows that
R,=12R,
= 2Ry (2),
and so on.

Generally, we have
(B, + B,+... + R,) : (nth circle) = {ryruy + } (rn — 7))t 720,
(R,+ Ry +...+ R,_) : (n— 1th circle)
= {Pao1 Tree + § (Tnoa — Tamo)?} £ 70’
and (nth circle) : (n_—_lth circle) = r,* : #,.%
Therefore
B+ R+...+R):(Bi+ R +... + Ry)
- D4 -1 (- 2)+
=Br(r-1+1}]:8(rn-1)(n-2)+1]}.

Dirvmendo,

R,:(®+R,+...+ R,)
=6(n=1):{8(n—-1)(r—=2)+1} ......... (a).

Similarly

R, ,:(Ri+Ri+..+R,,)=6(n-2):{8(n—2)(n—3)+1},
from which we derive
Ry, :(Ri+Ry+...+R,.)
=6(n—2):(6(n—-2)+3(n—-2)(n-3)+1}
=6n—-2): 8(n—-1)(n-2)+1}............ (B)-
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Combining («) and (8), we obtain

Ry:Ry ,=(n—=-1):(n-2)
Thus

R,, Ry, R,, ... R, are in the ratio of the successive numbers
1,2,3...(n—1).

Proposition 28.

If O be the origin and BC any arc measured vn the ‘forward’
dirvection on any turn of the spiral, let two circles be drawn
(1) with centre O, and radius OB, meeting OC in C’, and
(2) with centre O and radius OC, meeting OB produced in B'.
Then, if E denote the area bounded by the larger circular arc
B'C, the line B’B, and the spiral BC, while F denotes the area
bounded by the smaller arc BC’, the line CC’ and the spiral BC,

E:F={0B+3(0C—-0B)}:{0B+}(0C-0B).

Let o denote the area of the lesser sector OBC’; then the
larger sector OB’C is equal to o + F + E.

Thus [Prop. 26]
(c+F): (6 + F+E)={0C.0B +}(0C—-0B)" : 0C*...(1),
whence
E:(c+F)={0C(0C-0B)—4(0C - OBy}
: {OC.0B + 4 (0C - OB)"}

={0B(0C - OB) + 3 (0C — OB)}
. {0C. 0B + 3 (0C = OBY}.....con... ).
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Agein (c+F+E):0=00":0B"
Therefore, by the first proportion above, ez aequals,
(¢+F):0={0C.0B+4(0C - OB)} : OB,
whence
(e+F): F={0C.0B+ }(0C - OB)}
: {OB(0C ~ OB) + {(0C — OBYY}.
Combining this with (2) above, we obtain
E:F={0B(0C-O0B)+%(0C— 0B)}
: {OB(OC — OB) + 4(0C — OB)Y}
={0OB +3(0C~ 0B)} : {OB + }(0C - OB)].



ON THE EQUILIBRIUM OF PLANES
OR

THE CENTRES OF GRAVITY OF PLANES.

BOOK I

“I POSTULATE the following:

1. Equal weights at cqual distances are in equilibrium,
and equal weights at unequal distances are not in equilibrium
but incline towards the weight which is at the greater distance,

2. If, when weights at certain distances are in equilibrium,
something be added to one of the weights, they are not in
equilibrium but incline towards that weight to which the
addition was made.

3. Similarly, if anything be taken away from one of the
weights, they are not in equilibrium but incline towards the
weight from which nothing was taken.

4. When cqual and similar plane figures coincide if applied
to one another, their centres of gravity similarly coincide.

5. In figures which are unequal but similar the centres of
gravity will be similarly situated. By points similarly situated
in relation to similar figures I mean points such that, if straight
lines be drawn from: them to the equal angles, they make equal
angles with the corresponding sides.
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6. If magnitudes at certain distances be in equilibrium,
(other) magnitudes equal to them will also be in equilibrium at
the same distances.

7. In any figure whose perimeter is concave in (one and)
the same direction the centre of gravity must be within the
figure.”

Proposition 1.

Weights which balance at equal distances are equal.

For, if they are unequal, take away from the greater the
difference between the two. The remainders will then not
balance [Post. 3]; which is absurd.

Therefore the weights cannot be unequal.

Proposition 2.

Unequal weights at equal distances will not balance but will
wncline towards the greater weight.

For take away from the greater the differcnce between the
two. The equal remainders will thercfore balance [Post. 1].
Hence, if we add the difference again, the weights will not
balance but incline towards the greater [Post. 2].

Proposition 3.

Unequal weights urll balance at unequal distances, the greater
weight being at the lesser distance.

Let A, B be two unequal weights (of which 4 is the
greater) balancing about €' at distances AC, BC respectively.

Then shall AC be less than BC. For, if not, take away
from A the weight (A —B.) The remainders will then incline
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towards B [Post. 3]. But this is impossible, for (1) if AC=CB,
the equal remainders will balance, or (2) if AC > CB, they will
incline towards A at the greater distance [Post. 1]

Hence 4C < CB.

Conversely, if the weights balance, and 4C< CB, then
4>B,

Proposition 4,

If two equal weights have not the same centre of gravity, the
centre of gravity of both taken together is at the middle point of
the line jorning thevr centres of gravity.

[Proved from Prop. 8 by reductio ad absurdum. Archimedes
assumes that the centre of gravity of both together is on the
straight line joining the centres of gravity of each, saying that
this had been proved before (wpodédeixrar). The allusion is no
doubt to the lost treatise On levers (wepi fvydv).]

Proposition 5.

If three equal magnitudes have their centres of gravity on a
straight line at equal distances, the centre of grawity of the
system will coincide with that of the middle magnitude.

[This follows immediately from Prop. 4.]

Cor 1. The same is true of any odd number of magnitudes
tf those which are at equal distances from the middle one are
equal, while the distances between their centres of gravity are
equal.

Cor. 2. If there be an even number of magnitudes with
their centres of gravity situated at equal distances on one straight
line, and if the two middle ones be equal, while those which are
equidistant from them (on each side) are equal respectively, the
centre of gravity of the system is the middle point of the line
joining the centres of gravity of the two middle ones.
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Propositions 6, 7.

Two magnitudes, whether commensurable [Prop. 6] or in-
commensurable [Prop. 7], balance at distances reciprocally
proportional to the magnitudes.

I. Suppose the magnitudes 4, B to be commensurable,
and the points 4, B to be their centres of gravity. Let DE be
a straight line so divided at C that

A:B=DC:CE.

We have then to prove that, if 4 be placed at £ and B at
D, C is the centre of gravity of the two taken together.

A .

N

Since 4, B are commensurable, so are DC, CE. Let N be
& common measure of DC, CE. Make DH, DK cach equal to
CE, and EL (on CE produced) equal to CD. Then EH =CD,
since DH =CE. Thereforce LH is bisected at E, as HK is
bisected at D.

Thus LH, HK must each contain N an even number of
times.

Take a magnitude O such that O is contained as many
times in A as N is contained in LH, whence

A:0=LH : N.
But B:A=CFE : DC
=HK: LH.

Hence, ez aequali, B: O=HK : N, or O is contained in B as
many times as N is contained in HK.

Thus O is a common measure of 4, B,
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Divide LH, HK into parts each equal to N, and A4, B into
parts each equal to 0. The parts of 4 will therefore be equal
in number to those of LH, and the parts of B equal in number
to those of HK. Place one of the parts of A at the middle
point of each of the parts N of LII, and one of the parts of B
at the middle point of each of the parts N of HK.

Then the centre of gravity of the parts of 4 placed at equal
distances on LH will be at &, the middle point of LH [Prop. 3,
Cor. 2], and the centre of gravity of the parts of B placed at
equal distances along HK will be at D, the middle point of HK.

Thus we may suppose A itself applied at £, and B itself
applied at D.

But the system formed by the parts O of 4 and B together
is a system of equal magnitudes even in number and placed at
equal distances along LK. And, since LE =CD, and £C = DK,
L(C = CK, so that C is the middle point of LK. Therefore C is
the centre of gravity of the system ranged along LK.

Therefore A acting at £ and B acting at D balance about
the point C.

II. Suppose the magnitudes to be incommensurable, and
let them be (A +a) and B respectively. Let DE be a line
divided at C so that

(4 +a): B=DC:CFE.

D c E

+

Then, if (4 +a) placed at ¥ and B placed at D do not
balance about C, (4 + a) is either too great to balance B, or not
great enough.

Suppose, if possible, that (A + @) is too great to balance B.
Take from (4 +a) a magnitude a smaller than the deduction
which would make the remainder balance B, but such that the
remainder 4 and the magnitude B are commensurable.

H. A, 13
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Then, since A, B are commensurable, and
A :B<DC:CE,
A and B will not balance [Prop. 6], but D will be depressed.

But this is impossible, since the deduction «¢ was an
insufficient deduction from (4 + a) to produce equilibrium, so
that £ was still depressed.

Therefore (4 +a) is not too great to balance B; and
similarly it may be proved that B is not too great to balance
(4 +a)

Hence (4 +a), B taken together have their centre of
gravity at C.

Proposition 8.

If AB be a magnitude whose centre of gravity s C, and 4D
a part of it whose centre of grawity is F, then the centre of
gravity of the remaining part will be a point G on FC produced

such that
GC : CF=(AD): (DE).

D B

For, if the centre of gravity of the remainder (DE) be not
G, let it be a point H. Then an absurdity follows at once from

Props. 6, 7.

Proposition 9.

The centre of grawty of any parallelogram lies on the
straight line joining the middle points of opposite sides.

Let ABCOD be a parallelogram, and let E¥ join the middle
points of the opposite sides 4D, BC.

If the centre of gravity does not lie on EF, suppose it to be
H, and draw HK parallel to A D or BC meeting £F in K.
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Then it is possible, by bisecting ED, then bisecting the
halves, and so on continually, to arrive at a length EL less

TITHIT

than KH. Divide both AE and ED into parts each equal
to EL, and through the points of division draw parallels to 4B
or CD.

We have then a number of equal and similar parallelograms,
and, if any one be applied to any other, their centres of gravity
coincide [Post. 4]. Thus we have an even number of equal
magnitudes whose centres of gravity lie at equal distances along
a straight line. Hence the centre of gravity of the whole
parallelogram will lie on the line joining the centres of gravity
of the two middle parallclograms [Prop. 5, Cor. 2].

But this is impossible, for H is outside the middle
parallelograms.

Therefore the centre of gravity cannot but lic on EF.

Proposition 10.

The centre of gravity of a parallelogram s the point of
intersection of its diagonals.

For, by the last proposition, the centre of gravity lies on
each of the lines which bisect opposite sides. Therefore it
is at the point of their intersection; and this is also the
point of intersection of the diagonals.

Alternative proof.

Let ABCD be the given parallelogram, and BD a diagonal.
Then the triangles ABD, CDB are equal and similar, so that
[Post. 4], if one be applied to the other, their centres of gravity
will fall one upon the other.

13—2
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Suppose F to be the centre of gravity of the triangle ABD.
Let G be the middle point of BD.
Join F@G and produce it to H, so
that FG' = GH.

If we then apply the triangle
ABD to the triangle CDB so that
AD falls on CB and AB on CD,the B
point F will fall on H.

But [by Post. 4] F will fall on the centre of gravity of
CDB. Therefore H is the centre of gravity of CDB.

Hence, since F, H are the centres of gravity of the two
equal triangles, the centre of gravity of the whole parallelogram
1s at the middle point of FH,ie. at the middle point of BD,
which is the intersection of the two diagonals.

A D

Proposition 11.

If abe, ABC be two similar triangles, and g, G two points wn
them svmilarly situated with respect to them respectively, then, if
g be the centre of gravity of the triangle abc, G must be the centre
of gravity of the triangle ABC.

Suppose ab : bc : ca=AB : BC : CA.

LN

b c B C

The proposition is proved by an obvious reductio ad
absurdum. For, if G be not the centre of gravity of the
triangle ABC, suppose H to be its centre of gravity.

Post. 5 requires that g, H shall be similarly situated with
respect to the triangles respectively; and this leads at once
to the absurdity that the angles HAB, GAB are equal.
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Proposition 12.

Ghiven two similar triangles abe, ABC, and d, D the middle
points of be, BC respectively, then, if the centre of gravity of abe
lie on ad, that of ABC will lie on AD.

Let g be the point on ad which is the centre of gravity
of abe.

A

LI / \
Take G on AD such that
ad :ag=AD : AG,
and join gb, gc, GB, GC.
Then, since the triangles are similar, and bd, BD are the
halves of be, BC respectively,
ab:bd=A4B : BD,
and the angles abd, ABD are equal.
Therefore the triangles abd, ABD arc similar, and
£zbad =2« BAD.
Also ba:ad=BA : AD,
while, from above, ad :ag=A4D : AG.
Therefore ba : ag=BA : AG, while the angles bag, BAG
are equal.
Hence the triangles bag, BAG arc similar, and
Zabg =<« ABG.
And, since the angles abd, ABD are equal, it follows that
2gbd=s GBD.
In cxactly the same manner we prove that
Zgac=2£GAC,
Zacg=2 ACG,
£Zged= < GCD,
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Therefore g, (G are similarly situated with respect to the
triangles respectively; whence [Prop. 11] G is the centre of
gravity of ABC.

Proposition 13.

In any triangle the centre of gravity lies on the straight line
joiming any angle to the middle point of the opposite side.

Let ABC be a triangle and D the middle point of BC.
Join AD. Then shall the centre of gravity lie on AD.

For, if possible, let this not be the case, and let H be the
centre of gravity. Draw HI parallel to CB meeting 4D in Z.

Then, if we bisect DC, then bisect the halves, and so on,
we shall at length arrive at a length, as DE, less than HI.

A

[} N

VAR .
A\ e
A

Divide both BD and DC into lengths cach equal to DE, and
through the points of division draw lines cach parallel to DA
meeting BA and AC in points as K, L, M and N, P, Q
respectively.

Join MN, LP, KQ, which lines will then be each parallel
to BC.

We have now a series of parallelograms as FQ, TP, SN,
and AD bisects opposite sides in each. Thus the centre
of gravity of each parallelogram lies on AD [Prop. 9], and
therefore the centre of gravity of the figure made up of them
all lies on 4D.
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Let the centre of gravity of all the parallelograms taken
together be 0. Join OH and produce it; also draw CV
parallel to DA meeting OH produced in V.

Now, if n be the number of parts into which 4C is divided,
AADC : (sum of triangles on AN, NP, ...)
=AC* : (AN*+ NP*+..)

=n’:n
=n:1
=AC: AN.
Similarly
A ABD : (sum of triangles on AM, ML,..)=AB : AM.
And AC:AN=4B:AM.

It follows that
A ABC : (sum of all the small As)=CA : AN
> V0 : OH, by parallels.
Suppose OV produced to X so that
A ABC : (sum of small As)=X0: OH,
whence, dividendo,
(sum of parallelograms) : (sum of small As)=XH : HO.

Since then the centre of gravity of the triangle ABC is at H,
and the centre of gravity of the part of it made up of the
parallelograms is at O, 1t follows from Prop. 8 that the centre
of gravity of the remaining portion consisting of all the small
triangles taken together is at X.

But this is impossible, since all the triangles are on one side
of the line through X parallel to AD.

Therefore the centre of gravity of the triangle cannot but
lie on AD.

Alternative proof.

Suppose, if possible, that H, not lying on 4D, is the centre
of gravity of the triangle ABC. Join AH, BH, CH. Let
E, F be’ the middle points of C'A, AB respectively, and join
DE, EF, FD. Let EF meet AD in M.
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Draw FK, EL parallel to AH meeting BH, CH in K, L
respectively, Join KD, HD, LD, KL. Let KL meet DH in
N, and join MN.

Since DE is parallel to AB, the triangles ABC, EDC are
similar.

And, since CE=EA, and KL is parallel to AH, it follows
that CL=LH. And CD= DB. Therefore BH is parallel
to DL.

Thus in the similar and similarly situated triangles ABC,
EDC the straight lines AH, BH arc respectively parallel to
EL,DL; and it follows that H, L are similarly situated with
respect to the triangles respectively.

But H is, by hypothesis, the centre of gravity of 4BC.
Therefore L is the centre of gravity of EDC. [Prop. 11]

Similarly the point K is the centre of gravity of the
triangle FBD.

And the triangles FBD, EDC arc equal, so that the centre
of gravity of both together is at the middle point of KL, i.e. at
the point N.

The remainder of the triangle A BC, after the triangles FBD,
EDC are deducted, is the parallelogram AFDE, and the centre
of gravity of this parallelogram is at M, the intersection of its
diagonals.

It follows that the centre of gravity of the whole triangle
ABC must lie on MN; that is, MN must pass through H, which
is impossible (since MXN is parallel to 4 H).

Therefore the centre of gravity of the triangle 4 BC cannot
but lie on AD.
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Proposition 14.

It follows at once from the last proposition that the centre
of gravity of any triangle ts at the intersection of the lines drawn
Jrom any two angles to the middle points of the opposite sides
respectively.

Proposition 15.

If AD, BC be the two parallel sides of a trapezium ABCD,
AD being the smaller, and of AD, BC be bisected at E, F
respectively, then the centre of grawty of the trapezium is at @
point G on EF such that

GE : GF=(2BC+ AD): (24D + BC).
Produce BA, CD to meet at 0. Then FE produced will
also pass through O, since AE = ED, and BF = FC.

il

Now the centre of gravity of the triangle 0AD will lic on
OF, and that of the triangle OBC will lie on OF. [Prop. 13]

It follows that the centre of gravity of the remainder, the
trapezium 4 BCD, will also lie on OF. [Prop. 8]

Join BD, and divide it at L, M into three equal parts.
Through L, M draw P, RS parallel to BC meeting BA in
P, R FEin W, V,and CD in @, S respectively.

Join DF, BE meeting PQ in H and RS in K respectively.

Now, since BL =} BD,

FH=}FD.
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Therefore H is the centre of gravity of the triangle DBC*.

Similarly, since £K =% BE, it follows that K is the centre
of gravity of the triangle ADB.

Therefore the centre of gravity of the triangles DBC, ADB
together, i.e. of the trapezium, lies on the line HK.

But 1t also lies on OF.

Therefore, if OF, HK meet in @, G is the centre of gravity
of the trapezium.

Hence [Props. 6, 7]
ADBC: AABD=KG:GH
=VG: GW.
But ADBC:AABD=BC: AD.
Therefore BC:AD=VG: GW.
It follows that
(2BC+ AD): (2AD+BC)=2V@+GW): QGW + V()

=FKG : GF.
Q. E. D.

* This easy deduction from Prop. 14 is assumed by Archimedes without
proof.
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BOOK IIL

Proposition 1.

If P, P’ be two parabolic segments and D, E their centres
of gravity respectively, the centre of gravity of the two seyments
taken together will be at a point C on DI determined by the
relation

P.P'=CE:.CD*

In the same straight line with DE mecasure £H, EL each
equal to DC, and DK equal to DH; whence it follows at once
that DK = CE, and also that KC = CL.

{®)
)

[o]

/] [ )

T)JNH c7"s /
% V

* This proposition is really & particular case of Props. 6, 7 of Book I and
is therefore hardly necessary. As, however, Book II. relates oxclusively to
parabolic segments, Archimedes’ object was perhaps to emphasize the fact
that the magnitades in L 6, 7 might be parabolic segments as well as
rectilinear figures. His procedure 18 to substitute for the segments reect-
angles of equal area, a substitution which is rendered possible by the results
obtained in his separate treatise on the Quadrature of the Parabola.

-
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Apply a rectangle MN equal in area to the parabolic
segment P to a base equal to KH, and place the rectangle so
that K H bisects it, and is parallel to its base.

Then D is the centre of gravity of MN, since KD = DH.

Produce the sides of the rectangle which are parallel to KH,
and complete the rectangle NO whose base is equal to HL.
Then £ is the centre of gravity of the rectangle NO.

Now (MN):(NO)=KH : HL
=DH : EH
=CE:.CD
=P P

But (MN)=P.

Therefore NO)=P"

Also, since C is the middle point of KL, C is the centre
of gravity of the whole parallclogram made up of the two
parallelograms (MN), (NO), which are equal to, and have the
same centres of gravity as, P, P’ respectively.

Hence C is the centre of gravity of P, P’ taken together.

Definition and lemmas preliminary to Proposition 2.

“If in a segment bounded by a straight line and a section
of a right-angled cone [a parabola] a triangle be inscribed
having the same base as the segment and equal height, if again
triangles be inscribed in the remaining segments having the
same bases as the segments and equal height, and if in the
remaining segments triangles be inscribed in the same manner,
let the resulting figure be said to be inscribed in the
recognised manner (yvwpiuws éyypadesbac) in the segment.

And it is plain

(1) that the lines jotning the two angles of the figure so inscribed
which are nearest to the vertex of the segment, and the next
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pairs of angles in order, will be parallel to the base of the
segment,

(2) that the said lines will be bisected by the diameter of the
segment, and

(3) that they will cut the diameter in the proportions of the
successtve odd numbers, the number one having reference to [the
length adjacent to) the vertex of the segment.

And these properties will have to be proved in their proper
places (év Tals Tafeow).”

[The last words indicate an intention to give these pro-
positions in their proper connexion with systematic proofs; but
the intention does not appear to have been carried out, or at
least we know of no lost work of Archimedes in which they
could have appeared. The results can however be casily
derived from propositions given in the Quadrature of the
Parabola as follows.

(1) Let BRQPApqrb be a figure inscribed ‘in the recog-
nised manner’ in the parabolic segment BAb of which Bb is
the base, A the vertex and 40 the diameter.

Bisect each of the lines BQ, BA, QA, Agq, Ab, gb, and
through the middle points draw lines parallel to 40 meeting
Bbin G, F, E, ¢, f, g respectively.
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These lines will then pass through the vertices R, @, P,
P, g, r of the respective parabolic segments [Quadrature of the
Parabola, Prop. 18], ic. through the angular points of the
inscribed figure (since the triangles and segments are of equal
height).

Also BG=GF=FE=EO, and Oe=¢f=fg=gb. But
BO = 0b, and therefore all the parts into which Bb is divided
are equal.

If now AB, RG meet in L, and 4D, rg in I, we have

BG : GL=BO : 04, by parallels,
=b0:04

=bg: g,
whence GL =gl.

Again [bid., Prop. 4]
GL:LR=B0: 0G
=b0: Og

=gl:lr;
and, since GL=gl, LR=Ir.

Therefore GR, gr are equal as well as parallel.
Hence GRrg is a parallelogram, and Rr is parallel to Bb.

Similarly it may be shown that Pp, Q¢ are each parallel
to Bb.

(2) Since RGgr is a parallelogram, and RG@, rg are
parallel to A0, while GO = Oy, it follows that Rr is bisected
by AO.

And similarly for Pp, Qq.

(3) Lastly, if ¥V, W, X be the points of bisection of Pp,
Qq, Rr,

AV : AW :4AX : AO=PV*:QW*: RX*: BO*
=1:4:9:16,
whence AV : VW : WX :X0=1:8:5:17]
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Proposition 2.

If a figure be ‘inscribed in the recognised manner’ in @
parabolic segment, the centre of gravity of the figure so inscribed
will lie on the diameter of the segment.

For, in the figure of the foregoing lemmas, the centre of
gravity of the trapezium BRrb must lie on X0, that of the
trapezium RQqr on WX, and so on, while the centre of gravity
of the triangle PAp lies on A V.

Hence the centre of gravity of the whole figure lies on 40.

Proposition 3.

If BAB’, bab" be two stmilar parabolic segments whose
diameters are AO, ao respectively, and if a figure be inscribed
i each segment ‘in the recognised manner, the number of sides
in each figure being equal, the centres of grawty of the inscribed
Jigures will divide AO, ao in the same ratio.

[Archimedes enunciates this proposition as true of stmilar
segments, but it is equally true of segments which are not
similar, as the course of the proof will show.]

Suppose BRQPAP'Q'R'B’, brgpap'qr't’ to be the two
figures inscribed ‘in the recognised manner.” Join PF’, QQ’,
RR' meeting AO in L, M, N, and pp’, q¢', m’ meeting ao
in {, m, n.

Then [Lemma (3)]

AL :LM: MN:NO
=1:8:5:7
=al:lm: mn: no,
so that 40, ao are divided in the same proportion.
Also, by reversing the proof of Lemma, (3), we see that
PP :pp'=QQ :q¢'=RR’ : rr'=BB’ : bb".

Since then RR’: BB'=rr’:bb’, and these ratios respec-

tively determine the proportion in which NO, no are divided
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by the centres of gravity of the trapezia BRR'B’, brr'd’ [1. 15),
it follows that the centres of gravity of the trapezia divide NO,
no in the same ratio.

Similarly the centres of gravity of the trapezia RQQ'R’,
rqqr’ divide MN, mn in the same ratio respectively, and so on.

Lastly, the centres of gravity of the triangles PAP’, pap’
divide AL, al respectively in the same ratio.

Moreover the corresponding trapezia and triangles are, each
to each, in the same proportion (since their sides and heights
are respectively proportional), while A0, ao are divided in
the same proportion.

Therefore the centres of gravity of the complete inscribed
figures divide A0, ao in the same proportion.

Proposition 4.

The centre of gravity of any parabolic segment cut off by a
straight line lies on the diameter of the segment.

Let BAB’ be a parabolic segment, A its vertex and A0 its
diameter.

Then, if the centre of gravity of the segment does not lic on
AO, suppose it to be, if possible, the point F. Draw FE
parallel to A0 meeting BB’ in K.
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Inscribe in the segment the triangle A BB’ having the same
vertex and height as the segment, and take an area S such
that

A ABB' : S=BE : EO.

B’

We can then inscribe in the segment ‘in the recognised
manner’ a figure such that the segments of the parabola left
over arc together less than S. [For Prop. 20 of the Quadrature
of the Parabola proves that, if in any segment the triangle with
the same base and height be inscribed, the triangle is greater
than half the segment; whence it appears that, each time that
we increase the number of the sides of the figure inscribed ‘in
the recognised manner, we take away more than half of the
remaining segments.]

Let the inscribed figure be drawn accordingly; its centre
of gravity then lies on A0 [Prop. 2]. Let it be the point H.

Join HF and produce it to meet in K the line through B
parallel to 40.

Then we have
(inscribed figure) : (remainder of segmt.) > AABB’ : S
>BE: EO
>KF: FH,

Suppose L taken on HK produced so that the former ratio is
equal to the ratio LF : FH.

H. A. 14
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Then, since H is the centre of gravity of the inscribed
figure, and F that of the segment, L must be the centre
of gravity of all the segments taken together which form the
remainder of the original segment. (1. 8]

But this is impossible, since all these segments lie on one
side of the line drawn through L parallel to 40 [Cf. Post. 7].

Hence the centre of gravity of the segment cannot but lie
on A0.

Proposition 5.

If in a parabolic segment a figure be inscribed ‘in the
recognised manner, the centre of gravity of the segment is nearer
to the vertex of the segment than the centre of gravity of the
inscribed figure is.

Let BAB’ be the given segment, and AQ its diameter.
First, let ABB’ be the triangle in-
scribed ‘in the recognised manner.

Divide AQin ¥ so that AF =2F0;
F is then the centre of gravity of the
triangle ABB’.

Bisect AB, AB’ in D, D’ respce-
tively, and join DI’ meeting A0 in E.
Draw DQ, D’Q’ parallel to OA to meet
the curve. QD, Q'D’ will then be the
diameters of the segments whose bases
are AB, AB’, and the centres of gravity
of those segments will lie respectively
on @D, Q'D’ [Prop. 4] Let them be H, H’, and join HH'
meeting 40 in K.

Now @D, Q'D’ are equal*, and therefore the segments of
which they are the diameters are equal [On Conoids and
Spheroids, Prop. 3].

* This may either be inferred from Lemma (1) above (since QQ’, DD’ are
both parallel to BB’), or from Prop. 19 of the Quadrature of the Parabola, which
applies equally to @ or Q.
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Also, since @D, Q'D’ are parallel*, and DE=ED’, K is the
middle point of HH'.

Hence the centre of gravity of the equal segments AQB,
AQ'B’ taken together is K, where K lies between E and A4.
And the centre of gravity of the triangle ABB’ is F.

It follows that the centre of gravity of the whole segment
BAB’ lies between K and F, and is thercfore nearer to the
vertex A than ¥ is.

Secondly, take the five-sided figure BQAQ B’ inscribed ‘in
the recognised manner,’ @D, ¢’ being, as before, the diameters
of the segments AQB, AQ'B’.

Then, by the first part of this proposition, the centre of
gravity of the segment AQB (lying of course on QD) is nearer
to @ than the centre of gravity of the triangle AQB is. Let
the centre of gravity of the segment be H, and that of the
triangle 1.

Similarly let H’ be the centre of gravity of the segment
AQ’B’,and I’ that of the triangle AQ'B’.

It follows that the centre of gravity
of the two segments AQB, AQ'B’ taken
together is K, the middle point of HH’,
and that of the two triangles AQB, AQ'B’
is L, the middle point of 71",

If now the centre of gravity of the
triangle ABB’ be F, the centre of gravity
of the whole segment BAB’ (ie. that of
the triangle ABB’ and the two segments
AQB, AQ'B’ taken together) is a point
(¢ on KF determined by the proportion
(sum of segments AQB, AQ'B’) : AABB'=FG : GK. [1.6,7]

* There is clearly some interpolation in the text here, which has the words
xal érel wapal\ghéypauudy éori 70 OZHI. It is not yet proved that H'D'DH is
a parallelogram ; this can only be inferred from the fact that H, H' divide @D,
Q’D’ respectively in the same ratio. But this latter property does not appear
till Prop. 7, and is then only enunciated of similar segments. The interpolation
must have been made before Eutocius’ time, because he has a note on the
phrase, and explains it by gravely assuming that H, H' divide QD, @'D’ respec-
tively in the same ratio.

14—2
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And the centre of gravity of the inscribed figure BQAQ’'B’
is & point F” on LF determined by the proportion

(AAQB+AAQ'B"Y: AABB'=FF' : F'L. [1.6,7)

[Hence FG:GK>FF : FL,
or GK : FG< F'L : FF',
and, componendo, FK : FG < FL : FF’, while FK > FL.]
Therefore F'G > FF', or G lies nearer than F’ to the vertex 4.

Using this last result, and proceeding in the samec way,
we can prove the proposition for any figure inscribed ‘in the
recognised manner.’

Proposition 6.

Given a segment of a parabola cut off by a straight line, it is
possible to inscribe in 1t ‘ in the recognised manner’ a figure such
that the distance between the centres of gravity of the segment and
of the inscribed figure is less than any assigned length.

Let BAB’ be the segment, A0 its diameter, G its centre
of gravity, and ABB’ the triangle inscribed ‘in the recognised

manner.’
Let D be the assigned length and S an area such that
AG:D=AABB :S.

In the segment inscribe ‘in the recognised manuer’ a figure
such that the sum of the segments left over is less than S.
Let F be the centre of gravity of the inscribed figure.

We shall prove that FG < D.
For, if not, FG must be either equal to, or greater than, D.
And clearly
(inscribed fig.) : (sum of remaining segmts.)
>AABB : 8§
>AG:D
> AG : F@G, by hypothesis (since FG < D).
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Let the first ratio be equal to the ratio KG : FG (where K
lies on GA produced); and it follows that A is the centre of
gravity of the small segments taken together. [1. 8]

But this is impossible, since the segments are all on the
same side of a line drawn through K parallel to BB’

Hence FG cannot but be less than D.

Proposition 7.

If there be two stmilar parabolic segments, their cenires of
gravity divide their diameters in the same ratio.

[This proposition, though enunciated of stmilar segments
only, like Prop. 3 on which it depends, is equally true of
any segments. This fact did not escape Archimedes, who
uscs the proposition in its more general form for the proof of
Prop. 8 immediately following.]

Let BAB’, bab’ be the two similar segments, 40, ao their
diameters, and G, g their centres of gravity respectively.

Then, if G, g do not divide 40, ao respectively in the same
ratio, suppose H to be such a point on AO that

AH : HO=ag:go;
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and inscribe in the segment BAB’ ‘in the recognised manner’
a figure such that, if ¥ be its centre of gravity,

GF<GH. [Prop. 6]

Inscribe in the scgment bad’ ‘in the recognised manner’ a
similar figure; then, if f be the centre of gravity of this figure,

ag <af. [Prop. 5]
And, by Prop. 3, af:fo=AF: FO.
But AF:FO< AH : HO
< ag : go, by hypothesis.
Therefore af : fo<ag : go; which is impossible.

It follows that G, g cannot but divide A0, ao in the same
ratio.

Proposition 8.

If AO be the diameter of a parabolic segment, and G its

centre of grawty, then
AG=3GO.

Let the segment be BAB’. Inscribe the triangle ABB' ‘in
the recognised manner,’ and let F be its centre of gravity.

Bisect AB, AB’ in D, D’, and draw D@, D’Q’ parallel to 04
to meet the curve, so that QD, ¢'D’ are the diameters of the
segments 4QB, AQ’B’ respectively.

Let H, H’ be the centres of gravity of the segments AQB,
AQ'B’ respectively. Join QQ’, HH' meeting A0 in V, K
respectively.
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K is then the centre of gravity of the two segments AQB,
AQ B’ taken together.

Now AG:G0=QH: HD,
[Prop. 7]
whence A0 :0G=¢D : HD.
But A0=4QD [as is easily proved
by means of Lemma (3), p. 206).
Therefore 0G=4HD;
and, by subtraction, AG=4QH.
Also, by Lemma (2), QQ’ is paral-

lel to BB’ and therefore to DD’. It
follows from Prop. 7 that HH’ is also parallel to QQ' or DD’,

and hence QH=VK.
Therefore AG=4VK,
and AV+KG@=3VK.
Measuring VL along VK so that VL=} AV, we have
KG=3LK....cccovuvvvuninnnnann.., (1)
Again A0=44V [Lemma (3)]
=34L, since 4V=3VL,
whence AL=340=0F.................. (2).
Now, by L. 6, 7,

AABB’ : (sum of scgmts. AQB, AQ'B’)=KG : GF,
and AABB’ =3 (sum of segments AQB, AQ’'B’)

[since the segment ABB’ is equal to 4 A ABB’ (Quadrature of
the Parabola, Props. 17, 24)].

Hence KG=3GF.
But KG=38LK, from (1) above.
Therefore LF=LK+KG+GF

=5@QF.
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And, from (2),
LF=(A0—AL-OF)=}A0=OF.
Therefore OF =5@GF,
and 0G =6GF.
But AO0=30F=15GPF.
Therefore, by subtraction,
AG=9GF
=3 GO.

Proposition 9 (Lemma).

If a, b, ¢, d be four lines in continued proportion and in
descending order of magnitude, and if
d:(a—d)=z:2(a—c),
and (2¢+ 4b+6¢+3d) : (5a+10b+10¢ + 3d) =y : (¢ —¢),
it s required to prove that

z+y=4%a.
[The following is the proof given by Archimedes, with
the only difference that it is set out in A

algebraical instead of geomectrical notation.
This is done in the particular case simply in

order to make the proof easier to follow. o ir
Archimedes exhibits his lines in the figure

reproduced in the margin, but, now that it is a
possible to use algebraical notation, therc is  {H Jg

no advantage in using the figure and the more

cumbrous notation which only obscures the course z
of the proof. The relation between Archimedes’
figure and the letters used below is as follows; 8

AB=a, I'B=b,AB=¢, EB=d, ZH=2 HO=y, AO =2.]

a b ¢
We have p g T g ),
a—b b—c c¢c-
whence = =g
a-b b—-c _a b ¢

and therefore BT eTd b e Td (2).

2c ¢
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And, in like manner,
b+c_b+c ¢ _a-c

i = ¢ dTezd
It follows from the last two relations that

a—c 2a+3b+c¢

'c_ d= 20 -;_d— .................. (3).
Suppose z to be so taken that

2a+4vb+4c+2d a—c (4)
2c+d —'z ooooooooooooooo )

0 that 2 < (¢ — d).

Therefore 2—-°¢%+2_ 2a+ 4b+6c + 3d

a—c 2(a+d)+4G+c)
And, by hypothesis,
a—c_5(a+d)+10(b+c¢)

y  2a+4b+6c+3d
a—c+z )(a+d)+10(b+c) 5 .
Again, dividing (3) by (4) crosswisc, we obtain
z _ 2a+3b+c
c—d 2(a+d)+4b+c)
c—d—z_ b+3c+2d \
whence c=d " ZT(atditadbio) (6).
But, by (2),
c=d_a—-b_30-0_2(-d
d b~ 3 2
{ c—d_(a—b)+3(d—c)+2(c—d)
so that 5 = b430%9d e (7).
Combining (6) and (7) we have
c-—d-z_(@=8)+8(0b-c)+2(c—d)
d 2(a+d)+4(b+o)
c—2z 3a + 6b + 3¢
whence g =2(a+d)+4‘(b+—c) ............... (8).
And, since [by (1)]
c—d_b-c_a-b
c+d b+c a+bd’
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c—d_ c¢+d
a—c b+c+a+d’
a—d a+2b+2c+d 2(a+d)+4(b+c
whence 4 o= a+%4c =__2(a-:-“c)+(4'b ) ... (9).
a—d 2(a+d)+4(h+c)
$a—c) E#(2(a+c)+4b}
and therefore, by hypothesis,
d_2(a+d)+4(b+o)

z §{2(a+c)+4b]
c—z_  3a+6b+3c
d 20 a+d)+4(b+c)’

and it follows, ez aequals, that

we have

Thus

But, by (8),

c—z_ 3(at+c)+6b _5 3_5
z  §{2(a+c)+4b} 3 2 2
. a—c+2z 5
And, by (0), v =§,
Therefore % = ¢ _
2 z+y
or 2+ y = ta.

Proposition 10.

If PP'B'B be the portion of a parabola intercepted between
two parallel chords PP', BB bisected respectively in N, O by
the diameter ANO (N being nearer than O to A, the vertex
of the segments), and if NO be divided into five equal parts of
which LM is the middle one (L being nearer than M to N), then,
if @ be a point on LM such that

LG : GM=B0*.(2PN + BO) : PN*.(2BO + PN),
G will be the centre of gravity of the area PP'B'B.

Take a line ao equal to A0, and an on it equal to AN. Let

P, g be points on the line ao such that

AO:AN=QQ AP +ovovenrrenennnnnnnnn (2),
[whence ao : ag = aq : an = an : ap, or ao, ag, an, ap are lines in
continued proportion and in descending order of magnitude].
Measure along GA a length GF such that
op:ap=0L:GF.......c.ocueeeen.. (3).
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Then, since PN, BO arc ordinates to ANO,
BO* : PN*=AQ0: AN
=q0 : an
=@a0: ag’, by (1),

so0 that BO:PN=a0:aq .ccocovvvviiniiniinniins 4),
and BO®: PN®=ao*: ag’

= (a0 : ag).(aq : an).(an : ap)

FAO TP e (3).

B
P
A N F ° e pn q L)
[~
BI

Thus (scgment BAB’) : (scgment PAP’)
= ABAB’ : APAP

= B0O*: PN*®
=ao : ap,
whence
(area PP'B’B) : (segment PAP')y=o0p : ap
= 0L : GF, by (3),
=30N:GF......... (6)

Now BO*.(2PN + B0) : BO*=(2PN + BO) : BO
=(2aq + a0) : ao, by (4),
BO®: PN*=qo : ap, by (5),
and PN®:PN*.(2BO+PN)=PN :(2BO+ PN)
=aq : (2a0 +ag), by (4),
=ap: (2an+ap), by (2).
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Hence, ez agquali,
BO*.(2PN + BO) : PN*.(2B0O + PN) = (2aq + ao) : (2an + ap),
so that, by hypothesis,
LG : GM =(2aq + ao) : (2an + ap).
Componendo, and multiplying the antecedents by 3,
ON : GM = {5 (a0 +ap) + 10 (aq + an)} : (2an + ap).
But ON:0M=5:2
= {5 (a0 + ap) + 10 (ag + an)} : {2(ao + ap) + 4 (ag + an)).

It follows that
ON : 0G = {5 (a0 + ap)+ 10 (ag + an)} : (2a0 + 4aq + 6an + 3ap).
Therefore
(2a0 + 4aq + 6an + 3ap) : {5 (a0 +ap) + 10 (aq + an)} = 0G : ON

=0G : on.
And ap : (a0 —ap)=ap : op
= GF : OL, by hypothesis,
=GF : jon,

while ao, aq, an, ap are in continued proportion.
Therefore, by Prop. 9,
GF+0G=0F=4%a0=30A4.
Thus F is the centre of gravity of the segment BAB’. [Prop. 8]

Let H be the centre of gravity of the segment PAP’, so
that AH=234N.

And, since AF=340,
we have, by subtraction, HF =30N.
But, by (6) above,
(area PP'B’'B) : (segment PAP')=340N : GF
=HF : FG.

Thus, since ¥, H are the centres of gravity of the segments
BAB', PAP’ respectively, it follows [by I. 6, 7] that G is the
centre of gravity of the area PP’'B’B,



THE SAND-RECKONER.

“THERE are some, king Gelon, who think that the number
of the sand is infinite in multitude; and I mean by the sand
not only that which exists about Syracuse and the rest of Sicily
but also that which is found 1n every region whether inhabited
or uninhabited. Again there are some who, without regarding
it as infinite, yet think that no number has been named which
is great enough to exceed its multitude. And it is clear that
they who hold this view, if they imagined a mass made up of
sand in other respects as large as the mass of the earth, in-
cluding in it all the seas and the hollows of the earth filled up
to a height equal to that of the highest of the mountains,
would be many times further still from recognising that any
number could be expressed which exceeded the multitude of
the sand so taken. But I will try to show you by means of
geometrical proofs, which you will be able to follow, that, of the
numbers named by me and given in the work which I sent to
Zeuxippus, some exceed not only the number of the mass of
sand equal in magnitude to the earth filled up in the way
described, but also that of a mass equal in magnitude to the
universe. Now you are aware that ‘universe’ is the name
given by most astronomers to the sphere whose centre is the
centre of the earth and whose radius is equal to the straight
line between the centre of the sun and the centre of the earth.
This is the common account (e ypapoueva), as you have heard
from astronomers. But Aristarchus of Samos brought out a
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book consisting of some hypotheses, in which the premisses lead
to the result that the universe is many times greater than that
now so called. His hypotheses are that the fized stars and the
sun remain unmoved, that the earth revolves about the sun in
the circumference of a circle, the sun lying in the middle of the
orbit, and that the sphere of the fixed stars, situated about the
same centre as the sun, is so great that the circle in which he
supposes the earth to revolve bears such a proportion to the
distance of the fixed stars as the centre of the sphere bears to
its surface. Now it is easy to see that this is impossible; for,
since the centre of the sphere has no magnitude, we cannot
conceive it to bear any ratio whatever to the surface of the
sphere. We must however take Aristarchus to mean this:
since we conceive the earth to be, as it were, the centre of
the universe, the ratio which the earth bears to what we
describe as the ‘universe’ is the same as the ratio which the
sphere containing the circle in which he supposes the earth to
revolve bears to the sphere of the fixed stars. For he adapts
the proofs of his results to a hypothesis of this kind, and in
particular he appears to suppose the magnitude of the sphere
in which he represents the earth as moving to be equal to what
we call the ¢ universe’

I say then that, even if a sphere were made up of the sand,
as great as Aristarchus supposes the sphere of the fixed stars
to be, I shall still prove that, of the numbers named in the
Principles*, some exceed in multitude the number of the
sand which is equal in magnitude to the sphere referred to,
provided that the following assumptions be made.

1. The pervmeter of the earth is about 3,000,000 stadia and
not greater.

It is true that some have tried, as you are of course aware,
to prove that the said perimeter is about 300,000 stadia. But
I go further and, putting the magnitude of the earth at ten
times the size that my predecessors thought it, I suppose its
perimeter to be about 3,000,000 stadia and not greater.

* ’Apxal was apparently the title of the work sent to Zeuxippus. Cf. the

note attached to the enumeration of lost worke of Archimedes in the Introduction,
Chapter I1., ad fin.
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2. The diameter of the earth is greater than the diameter of
the moon, and the diameter of the sun is greater than the dvameter
of the earth.

In this assumption I follow most of the earlier astronomers.

3. The diameter of the sun is about 30 times the diameter of
the moon and not greater.

It is true that, of the earlier astronomers, Eudoxus declared
it to be about nine times as great, and Pheidias my father*
twelve times, while Aristarchus tried to prove that the diameter
of the sun is greater than 18 times but less than 20 times the
diameter of the moon. But I go even further than Aristarchus,
in order that the truth of my proposition may be established
beyond dispute, and I suppose the diameter of the sun to be
about 30 times that of the moon and not greater.

4. The diameter of the sun is greater than the side of the
chiliagon inscribed in the greatest circle in the (sphere of the)
untverse.

I make this assumptiont because Aristarchus discovered
that the sun appeared to be about ;l;th part of the circle of
the zodiac, and I myself tried, by a method which I will now
describe, to find experimentally (épyavikss) the angle sub-
tended by the sun and having its vertex at the eye (rav yoviay,
els @v 0 anos évapudles Tav kopvdav Exovoay moti 7@ dyrer).”

[Up to this point the treatise has been literally translated
because of the historical interest attaching to the ipsissima
verba of Archimedes on such a subject. The rest of the work
can now be more freely reproduced, and, before proceeding to
the mathematical contents of it, it is only necessary to remark
that Archimedes next describes how he arrived at a higher and
a lower limit for the angle subtended by the sun. This he did

* 700 auod warpds is the correction of Blass for 7of "Axovmarpos (Jahrd. f.
Philol. cxxvir. 1883).

+ This is not, striotly speaking, an assumption ; it is a proposition proved
later (pp. 224—6) by means of the result of an experiment about to be
described.
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by taking a long rod or ruler (xvavwv), fastening on the end of it
a small cylinder or disc, pointing the rod in the direction of the
sun just after its rising (so that it was possible to look directly
at it), then putting the cylinder at such a distance that it just
concealed, and just failed to conceal, the sun, and lastly measur-
ing the angles subtended by the cylinder. He explains also the
correetion which he thought it necessary to make because “ the
eye does not sec from one point but from a certain area” (émet
al dYries ovx dad’ évos capeiov BAémovT, dANG dmwé Tivos
peyéBeos).]

The result of the experiment was to show that the angle
subtended by the diameter of the sun was less than 1};th part,
and greater than 5};th part, of a right angle.

To prove that (on this assumption) the diameter of the sun
1s greater than the side of a chiliagon, or figure with 1000 equal
stdes, inscribed in a great circle of the ‘ universe.

Suppose the plane of the paper to be the plane passing
through the centre of the sun, the centre of the earth and the
eye, at the time when the sun has just risen above the borizon.
Let the plane cut the earth in the circle ZHL and the sun
in the circle FK @G, the centres of the earth and sun being C, O
respectively, and £ being the position of the eye.

Further, let the plane cut the sphere of the ‘universe’ (i.e.
the sphere whose centre is C and radius CO) in the great
circle AOB.

Draw from E two tangents to the circle FXG touching it
at P, @, and from C draw two other tangents to the same circle
touching it in F, G respectively.

Let CO meet the sections of the earth and sun in H, K
respectively ; and let C¥, CG produced meet the great circle
AOBin A, B.

Join EO, OF, 0G, OP, 0Q, AB, and let AB meet CO in M.

Now CO > EO, since the sun is just above the horizon.
Therefore ¢ PEQ > £ FCQG.
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And 2PEQ> gsR

but < bt R} where R represents a right angle.

Thus £ FCG < 44 R, a fortiori,

and the chord AB subtends an arc of the great circle which is
less than zizth of the circumference of that circle, ie.

AB < (side of 656-sided polygon inscribed in the circle).

Now the perimeter of any polygon inscribed in the great
circle is less than $2C0. [Cf. Measurement of a circle, Prop. 3.]

Therefore AB:C0<11:1148,
and, a fortiort, AB< 3500...ccociiiiiiininniinns (a).

Again, since C4 =00, and AM is perpendicular to CO,
while OF is perpendicular to C4,

AM = OF.
Therefore AB=2AM = (diameter of sun).
Thus (diameter of sun) < 35C0, by (),
and, a fortiors,
(diameter of earth) < 3;CO. [Assumption 2]

H. A, 15
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Hence CH + OK < 1}5C0,
so that HK > #8500,
or CO : HK <100 : 99.
And CO>CF,
while HEK < EQ.
Therefore CF:EQ<100:99................. B).

Now in the right-angled triangles CFO, EQO, of the sides
about the right angles,

OF = 0Q, but EQ < CF (since EO < CO).

Therefore £LOEQ: £OCF > C(CO : EQ,
but < CF: EQ*
Doubling the angles,

£4PEQ:2ACB< CF: EQ
< 100 : 99, by (8) above.

But < PEQ > 335 R, by hypothesis.
Therefore 2 ACB> w20 R
> g3z R.

It follows that the arc 4B is greater than g}yth of the circum-
ference of the great circle A0B.

Hence, a fortiort,
AB > (side of chiliagon inscribed in great circle),

and AB is equal to the diameter of the sun, as proved above.

The following results can now be proved :
(diameter of ‘universe’) < 10,000 (diameter of earth),
and (diameter of ‘ universe’) < 10,000,000,000 stadia.

* The proposition here assamed is of course equivalent to the trigonometrical
formula which states that, if a, 8 are the circular measures of two angles, each
less than a right angle, of which a is the greater, then

t.ana)a)aina
tang” B mnp"’
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(1) Suppose, for brevity, that d, represents the diameter
of the ‘universe,’ d, that of the sun, d, that of the earth, and A
that of the moon,

By hypothesis, d; 3 30d,,, [Assumption 3]
and d.>dp; [Assumption 2]
therefore d, < 30d,.

Now, by the last proposition,
ds > (side of chiliagon inscribed in great circle),
so that (perimeter of chiliagon) < 1000d,
< 30,0004,

But the perimeter of any regular polygon with more sides
than 6 inscribed 1 a circle is greater than that of the inscribed
regular hexagon, and therefore greater than three times the
diameter. Hence

(perimeter of chiliagon) > 8d,,.

It follows that dy < 10,0004,.

(2) (Perimeter of earth) 3 3,000,000 stadia.

[Assumption 1]
and (perimeter of earth) > 8d,.

Therefore d, < 1,000,000 stadia,
whence d,. < 10,000,000,000 stadia.

Adssumption 5.
Suppose a quantity of sand taken not greater than a poppy-
seed, and suppose that it contains not more than 10,000 grains.

Next suppose the diameter of the poppy-seed to be not less
than Jsth of a finger-breadth.

Orders and periods of numbers.

I. We have traditional names for numbers up to a
myriad (10,000); we can therefore express numbers up to a
myriad myriads (100,000,000). Let these numbers be called
numbers of the first order.

Suppose the 100,000,000 to be the unit of the second order,
and let the second order consist of the numbers from that unit
up to (100,000,000)*.

15—2
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Let this again be the unit of the third order of numbers
ending with (100,000,000)°; and so on, until we reach the
100,000,000tk order of numbers ending with (100,000,000) %000,
which we will call P,

II. Suppose the numbers from 1 to P just described to
form the first period.

Let P be the unit of the first order of the second period, and
let this consist of the numbers from P up to 100,000,000 P.

Let the last number be the unit of the second order of the
second period, and let this end with (100,000,000)* P.

We can go on in this way till we reach the 100,000,000th order
of the second period ending with (100,000,000)%x.% P, or P*,

III. Taking P*as the unit of the first order of the third
period, we procced in the same way till we reach the
100,000,000tk order of the third period ending with P°

IV. Taking P°* as the unit of the first order of the fourth
period, we continue the same process until we arrive at the
100,000,000tk order of the 100,000,000tk period ending with
Pwwow  Thig Jast number is expressed by Archimedes as “a
myriad-myriad units of the myriad-myriad-th order of the
myriad-myriad-th period (a: pvpiariapvpiootas mepiodov pvpia-
xiopvpocTov dplbudv pupiar pupiades),” which is easily seen
to be 100,000,000 times the product of (100,000,000)%.% and

Pw,m,su’ i.e‘ P 100,000,000

[The scheme of numbers thus described can be exhibited
more clearly by means of indzces as follows.

FIRST PERIOD.
First order. Numbers from 1 to 108
Second order. ” »  10% to 10%,
Third order. ” » 10 to 10%,

(10%)th order. " » 108090 0 10819 (P, gay).
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SECOND PERIOD.
First order. Numbers from P.1 to P.10%
Second order. » » P.108 to P.10%,

(10%th order. ,  P.10%000 o
P .10% (or PY)

(10%)Tr i‘ERIOD.

First order. ” » P11 to P 108,
Second order. N ,  PY1.108 to P 10,
(10‘)th. order. " y P 108000 g

Pr= 1(08.10° (ie Pw’)

The prodxglous extent of this scheme will be appreciated
when it is considered that the last number in the first period
would be represented now by 1 followed by 800,000,000 ciphers,
while the last number of the (10%)th period would require
100,000,000 times as many ciphers, i.e. 80,000 million millions
of ciphers.]

Octads.

Consider the series of terms in continued proportion of
which the first is 1 and the second 10 [i.e. the geometrical
progression 1, 10, 102 10%, ...]. The first octad of these terms
[te. 1, 10, 103,...107] fall accordingly under the first order
of the first period above described, the second octad [Le.
10% 10¢°,...10%] under the second order of the first period, the
first term of the octad being the unit of the corresponding
order in each case. Similarly for the third octad, and so on.
We can, in the same way, place any number of octads.

Theorem.

If there be any number of terms of a sertes in continued
proportion, say A,, A,, A,... Ap,... An,... Ay, .. of which
4,=1, A,=10 [so that the series forms the geometrical pro-
gression 1, 10", 10%,...10m™,...10"7,... 10"+, ], and if any
two terms as A,,, A, be taken and multiplied, the product
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A, A, will be a term in the same series and will be as many
terms distant from A, as A, ts distant from 4,; also it will be
distant from A, by a number of terms less by one than the sum
of the numbers of terms by which 4,, and A, respectively are
distant from A,.

Take the term which is distant from A, by the same
number of terms as A, is distant from 4,. This number of
terms is m (the first and last being both counted). Thus the
term to be taken is m terms distant from A,, and 1s therefore
the term A, n_.

We have therefore to prove that
Am . An = Am+n—1-
Now terms equally distant from other terms in the con-
tinued proportion are proportional.

'A’"l — Am+n_—1
Thus 4= 4, -
But Adn=A,..4,, since A,=1.
Therefore Bon i =Ap . Apeoviniiiiiiiinnn.. (1)

The second result is now obvious, since 4, is m terms
distant from 4,, 4, is n terms distant from 4,, and 4,4 is
(m + n — 1) terms distant from 4,.

Application to the number of the sand.
By Assumption 5 [p. 227],
(diam. of poppy-seced) € ;7 (finger-breadth);

and, since spheres are to one another in the triplicate ratio
of their diameters, it follows that

(sphere of diam. 1 finger-breadth) $ 64,000 poppy-seeds

$ 64,000 x 10,000

$ 640,000,000

$ 6 units of second | grains
order + 40,000,000 > of
units of first order | sand.

(a fortiort) < 10 units of second

order of numbers.
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We now gradually increase the diameter of the supposed
sphere, multiplying it by 100 each time. Thus, remembering
that the sphere is thereby multiplied by 100® or 1,000,000, the
number of grains of sand which would be contained in a sphere
with each successive diameter may be arrived at as follows.

Diameter of sphere.
(1) 100 finger-breadths

(2) 10,000 finger-breadths

(3) 1 stadium
(< 10,000 finger-breadths)
(4) 100 stadia

(5) 10,000 stadia

(6) 1,000,000 stadia

(7) 100,000,000 stadia

(8) 10,000,000,000 stadia

Corresponding number of grains of sand.

< 1,000,000 x 10 units of fecond order

< (7th term of series)x (10th term of
series)

< 16th term of series (i.e. 10]

<[107 or] 10,000,000 units of the sscond
order.

< 1,000,000 x (last number)

< (7th term of series) x (16th term)

< 22nd term of series [i.e. 10%1]

< [105 or] 100,000 units of third order.

< 100,000 units of third order.

< 1,000,000 x (last number)

< (7th term of series) x (22nd term)

< 28th term of series [10¥]
< {108 or] 1,000 units of fourth order.

< 1,000,000 x (last number)

< (7th term of series) x (28th term)

< 34th term of series [10%%]
< 10 units of fifth order.

< (7th term of series) x (34th term)

< 40th term [10%]
< [107 or] 10,000,000 units of fifth order.
< (7th term of series) x (40th term)

< 46th term [10%]
< [10° or] 100,000 units of siztk order.

< (7th term of series) x (46th term)

< 52nd term of series [10%1]
<[10° or] 1,000 units of seventh order.

But, by the proposition above [p. 227],
(diameter of ‘ universe ') < 10,000,000,000 stadia.
Hence the number of grains of sand which could be contained
in a sphere of the size of our ‘universe’ 18 less than 1,000 units
of the seventh order of numbers [or 10%].
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From this we can prove further that a sphere of the size
attributed by Aristarchus to the sphere of the fized stars would
contain a number of grains of sand less than 10,000,000 units
of the eighth order of numbers [or 10%+7 =10%],

For, by hypothesis,

(earth) : (‘ universe’) = (‘ universe’) : (sphere of fixed stars).
And [p. 227]
(diameter of ‘ universe ') < 10,000 (diam. of earth);
whence
(diam. of sphere of fized stars) < 10,000 (diam. of ‘ universe ’).

Therefore
(sphere of fixed stars) < (10,000)°. (‘ universe’).
It follows that the number of grains of sand which would be
contained in a sphere equal to the sphere of the fixed stars
< (10,000)* x 1,000 units of seventh order
< (13th term of series) x (52nd term of series)
< 64th term of series [1e. 10%]
< [107 or] 10,000,000 units of eighth order of numbers.

Conclusion.

“I conceive that these things, king Gelon, will appear
incredible to the great majority of people who have not studied
mathematics, but that to those who are conversant therewith
and have given thought to the question of the distances and
sizes of the earth the sun and moon and the whole universe the
proof will carry conviction. And it was for this reason that
I thought the subject would be not inappropriate for your
consideration.”



QUADRATURE OF THE PARABOLA.

“ ARCHIMEDES to Dositheus grecting.

“When I heard that Conon, who was my friend in his life-
time, was dead, but that you were acquainted with Conon and
withal versed in geometry, while I grieved for the loss not only
of a friend but of an admirable mathematician, I set myself the
task of communicating to you, as I had intended to send to
Conon, a certain geometrical theorem which had not been
investigated before but has now been investigated by me, and
which I first discovered by means of mechanics and then
exhibited by means of geometry. Now some of the earlier
geometers tried to prove it possible to find a rectilineal area
equal to a given circle and a given segment of a circle; and
after that they endeavoured to square the area bounded by the
section of the whole cone * and a straight line, assuming lemmas
not easily conceded, so that it was rccognised by most people
that the problem was not solved. But I am not aware that
any one of my predecessors has attempted to squarc the
segment bounded by a straight line and a section of a right-
angled cone [a parabola], of which problem I have now dis-
covered the solution. For it is here shown that every segment
bounded by a straight line and a section of a right-angled cone
[a parabola] is four-thirds of the triangle which has the same base
and equal height with the segment, and for the demonstration

* There appears to be some corruption here: the expression in the text is
7ds 8\ov 1ol xwov Topds, and it is not easy to give a natural and intelligible
meaning to it. The section of ¢the whole cone’ might perhaps mean a section
cutting right through it, i.e. an ellipse, and the * straight line’ might be an axis
or a diameter. But Heiberg objects to the suggestion to read rds éfvywrliov
xdwov Touds, in view of the addition of xal edfelas, on the ground that the former

axpression alwaye signifies the whole of an ellipse, never a segment of it
(Quaestiones Archimedeae, p. 149).
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of this property the following lemma is assumed: that the
excess by which the greater of (two) unequal areas exceeds
the less can, by being added to itself, be made to cxceed any
given finite area. The earlier geometers have also used this
lemma ; for it is by the usc of this same lemma that they have
shown that circles are to one another in the duplicate ratio of
their diameters, and that spheres are to one another in the
triplicate ratio of their diameters, and further that every
pyramid is one third part of the prism which has the same base
with the pyramid and equal height; also, that every cone is
one third part of the cylinder having the same base as thé cone
and equal height they proved by assuming a certain lemma
similar to that aforesaid. And, in the result, each of the afore-
said theorems has been acccpted® no less than those proved
without the lemma. As therefore my work now published has
satisfied the same test as the propositions referred to, I have
written out the proof and send it to you, first as investigated
by means of mechanics, and afterwards too as demonstrated by
geometry. Prefixed are, also, the elementary propositions in
conics which are of service in the proof (crouyeia kwrika ypeiav
éxovra é Tav amobefiv). Farewell.”

Proposition 1.

If from a point on a para-
bola a straight line be drawn
which is either itself the aavs or
parallel to the axis, as PV, and
of QQ° be a chord parallel to
the tangent to the parabola at P P v
and meeting PV in V, then

QY =77Q.
Conversely, if QV = V@', the
chord QQ’ wnll be parallel to the
tangent at P.

* The Greek of this passage is: ouvuBaivec 8¢ 7dv wpoeipnuérwr Bewpnudrwr
Exaorov undly fogor Tiv dvev Tobrov Tov Afuparos drodedayubvwy wemwrevkévad.
Here it would seem that wewwrevkévar must be wrong and that the passive
should have been used.
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Proposition 2.

If in a parabola QQ’ be u chord parallel to the tangent at P,
and if a straight line be drawn through P which is either itself
the axis or parallel to the azis, and which meets QQ’ in V and
the tangent at Q to the parabola in T, then

PV=PT.

Proposition 3.

If from a point on a parabola a straight line be drawn
which 1is either itself the axis or parallel to the axis, as PV,
and if from two other points Q, Q' on the parabola straight
lines be drawn parallel to the tangent at P and meeting PV in
V, V' respectively, then

PV:PV' =QV*:Q'V"
“ And these propositions are proved in the elements of conics.*’

Proposition 4.

If Qq be the base of any segment of a parabola, and P the
verter of the segment, and if the diameter through any other point
R meet Qq in O and QP (produced if necessary) in F, then

QV:VO=0F:FR,
Draw the ordinate RW to PV, meeting QP in K.

* i.e. in the treatises on conics by Euclid and Aristaeus.
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Then PV:PW=QV*: RW?*
whence, by parallels,
PQ: PK=PQ*: PF'

In other words, PQ, PF, PK are in continued proportion;

therefore
PQ: PF=PF:PK

=PQ+ PF: PF+PK

=QF : KF.
Hence, by parallels,

QV:VO0=0F:FR.
[It is easily seen that this equation is equivalent to a change of
axes of coordinates from the tangent and diameter to new axzes
consisting of the chord Qg (as axis of z, say) and the diameter
through @ (as axis of y).
2

For, if QV =a, PV=£, where p is the parameter of the
ordinates to PV.

Thus, if QO = z, and RO = y, the above result gives

a _ OF
z—a OF-y’
a
a oF “p
whence a— = =

2a—-2 y y
or py=z(2a-z)]
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Proposition 5.

If Qq be the base of any segment of a parabola, P the vertex
of the segment, and PV its diameter, and if the diameter of the
parabola through any other point R meet Qg in O and the
tangent at Q in E, then

Q0 : Og=ER : RO.

Let the diameter through R mect QP in F.

Then, by Prop. 4,
QV :V0=0F: FR.
Since QV = Vy, it follows that
QV:q0=0F:0R ... .... ... .. ..(1).
Also, if VP meet the tangent in 7',
PT =PV, and therefore KF =OF.
Accordingly, doubling the antecedents in (1), we have
Qg :9q0=0F: OR,
whence Q0 :0g9=ER : RO.
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Propositions 6, 7*.

Suppose a lever AOB placed horizontally and supported at
its middle point 0. Let o triangle BCD in whick the angle C 13
right or obtuse be suspended from B and O, so that C s attached
to O and CD s tn the same vertical line with O. Then,if P be
such an area as, when suspended from A, will keep the system in
equilibrium,

P=1ABCD.

Take a point E on OB such that BE=20F, and draw EFH
parallel to OCD meeting BC, BD in F, H respectively. Let @
be the middle point of FH.

A o E

o]
Then G is the centre of gravity of the triangle BCD.

Hence, if the angular points B, C be set free and the
triangle be suspended by attaching F to E, the triangle will
hang in the same position as before, because EFG is a vertical
straight line. “For this is proved+.”

Therefore, as before, there will be equilibrium.

Thus P:ABCD=0F: A0
=1:3,
or P=3}ABCD.

* In Prop. 6 Archimedes takes the separate case in which the angle BCD of
the triangle is a right angle so that C coincides with O in the figure and F with
E. He then proves, in Prop. 7, the same property for the triangle in which
BCD is an obtuse angle, by treating the triangle as the difference between two
right-angled triangles BOD, BOC and using the result of Prop. 6. I have com-
bined the two propositions in one proof, for the sake of brevity. The same
remark applies to the propositions following Props. 6, 7.

4+ Doubtless in the lost book wepl {vy&v. Cf. the Introduction, Chapter I1.,

ad fin.
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Propositions 8, 9.

Suppose a lever AOB placed horizontally and supported at
1ts middle point O. Let a triangle BCD, right-angled or obtuse-
angled at C, be suspended from the points B, E on OB, the
angular point C being so attached to E that the side CD is in the
same vertical line with E. Let @ be an area such that

A0 :0E=ABCD: Q.
Then, of an area P suspended from A keep the system in
equilibrium,
P< ABCD but > Q.

Take G the centre of gravity of the triangle BCD, and draw

GH parallel to DC, i.e. vertically, meeting BO in H.

A o E H B

We may now suppose the tiiangle BCD suspended from H,
and, since there is equilibrium,

D

ABCD:P=A0:0H.................. (1),
whenece P < ABCD.
Also ABCD :Q=A40: OF.
Therefore, by (1), ABCD:Q>ABCD: P,
and P> Q.

Propositions 10, 11.

Suppose a lever AOB placed korizontally and supported at O,
its middle point. Let CDEF be a trapezium which can be so
placed that its parallel sides CD, FE are vertical, while C s
vertically below O, and the other sides CF, DE meet in B. Let
EF meet BO in H, and let the trapezium be suspended by attaching
Fto H and Cto O. Further, suppose Q to be an area such that

A0 : OH = (trapezium CDEF) : Q.
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Then, if P be the area which, when suspended from A, keeps the

system in equilibrium,
P<Q

The same is true in the particular case where the angles at
C, F are right, and consequently C, F coincide with O, H
respectively.
Divide OH in K so that
(2CD + FE) : 2FE + CD)= HK : KO.

A o] K H B

[o

CP]

Q

D

Draw KG parallel to OD, and let G be the middle point of
the portion of KG intercepted within the trapezium. Then G
is the centre of gravity of the trapezium [On the equilibrium of
planes, 1. 15].

Thus we may suppose the trapezium suspended from X, and
the equilibrium will remain undisturbed.

Therefore

AQ : OK = (trapezium CDEF) : P,
and, by hypothesis,
AO : OH = (trapezium CDEF) : Q.
Since OK < OH, it follows that
P<Q.

Propositions 13, 13.

If the trapezium CDEF be placed as in the last propositions,
except that CD 7",’ vertically below a point L on OB instead of
being below O, and the trapezium 18 suspended from L, H,
suppose that Q, R are areas such that

AO : OH = (trapezium CDEF) : Q,
and AO : OL = (trapezium CDEF) : R.
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If then an area P suspended from A keep the system in
equilibrium,
P>R but <Q.
Take the centre of gravity @ of the trapezium, as in the
last propositions, and let the line through G parallel to DC
mect OB in K.

A o

=],

Then we may suppose the trapezium suspended from K,
and there will still be equilibrium.

Therefore (trapezium CDEF): P=A0: OK.
Hence
(trapezium CDEF) : P > (trapezium CDEF) : Q,
but < (trapezium CDEF) : R.
It follows that P< @ but >R.

-

Propositions 14, 15.

Let Qg be the base of any segment of a parabola. Then, 1t
two lines be drawn from @, ¢, each parallel to the axis of the
parabola and on the same side of Qq as the segment is, either
(1) the angles so formed at @, ¢ are both right angles, or
(2) one is acute and the other obtuse. In the latter case let
the angle at g be the obtuse angle.

Divide Qg into any number of equal parts at the points
Oy, O,,... 0,. Draw through ¢, 0,, O,, ... 0, diameters of the
parabola meeting the tangent at Q in E, E,, E,, ... E, and the
parabola itself in ¢, R,, R,, ... R.. Join QR,, QR,, ... QR,
neeting ¢F, O.E,, O.E,, ... Op,\E, , in F, F\,, F,, ... F,_,.

H. A, 16



242 ARCHIMEDES

Let the diameters Eq, E,0,, ... E,0, meet a straight line
QOA drawn through @ perpendicular to the diameters in the
points O, H,, H,, ... H, respectively. (In the particular casc
where Qg is itself perpendicular to the diameters ¢ will coincide
with O, O, with H,, and so on.)

It s required to prove that
(1) A EqQ< 3(sum of trapezia FO,, F\0,,... F, 0, and A E,0,Q),
(2) AEqQ>3(sumof trapezia R,0,, R,0,,... R, 0, and A R,0,Q).

A O H  Hy Hu1 Ha Q

P

P3

Pa+t)

Suppose AO made equal to 0Q, and conceive Q04 as a
lever placed horizontally and supported at 0. Suppose the
triangle EqQ suspended from OQ in the position drawn, and
suppose that the trapezium KO, in the position drawn is
balanced by an area P, suspended from 4, the trapezium £,0,
in the position drawn is balanced by the area P, suspended
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from A, and so on, the triangle E,0,Q being in like manner
balanced by Poy,.

Then P,+ P,+...+ P,_, will balance the whole triangle
E4qQ as drawn, and therefore

P4+ Pyt ...+ Pryy=40EqQ.  [Props. 6, 7]
Apgain AO: OH,=Q0 : OH,
= Qq . 901
= E,0, : O,R, [by means of Prop. 5]

= (trapezium EQ,) : (trapezium F0,);
whence [Props. 10, 11]

(FO,) > P,.
Next AU :OH,=EQ, : O\R,
=(E,0,) : (R,0,) «.cvuunune. . (a),
while AO:0OH,=FE,0,: O,R,
=(£,0,): (F10y) ccneenenn, B);

and, since («) and (B) arc simultaneously true, we have, by
Props. 12, 13,

(F,0,) > P, > (R,0.,).
Similarly it may be proved that

(F,05) > Py > (B.0,),
and so on.
Lastly {Props. 8, 9]

AE0,Q > P, > AR,0,0.

By addition, we obtain

1) (FO)+(F0)+...+(Fna0n)+ AEL0,Q> P+ Po+...+ Py,

>3AEqQ,

or AEqQ <3(FO,+ F.0,+ ...+ F,_ .0, + AE,0,Q).

(2) (R,0)+(R0:)+...+(R,0,) + AR 0,Q< Py+ Py +...+ P,
<P,+P,+...4 P,,, a fortior,
<38 EqQ,

or AEGQ>3(R,0,+ R,0,+ ... + R, ,0n + AR,0,Q).

16—2
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Proposition 16.

Suppose Qq to be the base of a parabolic segment, q being
not more distant than Q from the vertex of the parabola. Draw
through q the straight line qE parallel to the axis of the parabola
to meet the tangent at Q in E. It is required to prove that

(area of segment)=} AEqQ.

For, if not, the area of the scgment must be either greater
or less than § A EqQ.

I Suppose the area of the
segment greater than } A EqQ.
Then the excess can, if con-
tinually added to itself, be
made to exceed AEgQ. And
1t is possible to find a submul-
tiple of the triangle EgqQ less
than the said excess of the
segment over § AEqQ.

Let the triangle FgQ be such
a submultiple of the triangle / /
EqQ. Divide Eq into equal
parts each equal to ¢F, and let
all the points of division in-
cluding F be joined to @ meet- €
ing the parabola in R,, R,, ...
R, respectively. Through R,, R,, ... R, draw diameters of the
parabola meeting ¢@Q in O,, O,, ... O, respectively.

Let O, R, meet QR, in F,.
Let O, R, meet QR, in D, and QR; in F,.
Let O,R; meet QR, in D, and QR, in F;, and so0 on.

Q

We have, by hypothesis,
A FgQ < (area of segment) — § A EqQ,
or (area of segment) — AFgQ > 4 AEQQ ......... (a).
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Now, since all the parts of ¢Z, as ¢F and the rest, are equal,
O,R,=RF,, 0,D,= D\R, = R,F,, and so on; therefore
AF¢Q=(FO,+ R,0,+ D0y +...)

B =(FO,+ F\D\+ F.D,+... +F, D, .+ A E,R.Q)...(B).
ub

(area of segment) < (§0, + F,0, + ... +F,_,0, + A £,0,Q).
Subtracting, we have

(area of segment) — A FgQ < (R,0, + RO, + ...

+ Rni0n + AR, 0,Q),
whence, a fortior:, by (a),

IAEGQ < (RO, + R0, +...4+ R,_,0, + AR,0,Q).
But this is impossible, since [Props. 14, 15]
1AEGQ > (R0, + RO, +... + R0, + AR,0,0Q).

Therefore
(area of segment) $ 1A EgQ.

II. If possible, suppose the area of the secgment less than
JAEqQ.

Take a submultiple of the triangle Egq@Q, as the triangle
FgQ, less than the excess of JAEgQ over the area of the
segment, and make the same construction as before.

Since A FgQ < 3A EqQ — (area of segment),
it follows that
A FyQ + (area of segment) < 1 A EqQ)

<(FO,+ F0,+ ...+ F, ,0, + AE,0,0Q).
[Props. 14, 15]

Subtracting from cach side the area of the segment, we have
AFqQ < (sum of spaces ¢FR,, RF\R,, ... E,R,Q)
<(FO,+ F\D,+ ...+ F,, D, ,+ A E.R,Q), a fortior:;
which is impossible, because, by (8) above,
AFgQ =FO,+ F.D\+...+ Fo D, .+ AER.Q.
Hence (area of segment) ¢ 1A EqQ.

Since then the area of the segment is neither less nor
greater than } A BgQ, it is equal to it.
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Proposition 17.

It is now manifest that the area of any segment of a
parabola is four-thirds of the triangle which has the same base
as the segment and equal height.

Let Qg be the base of the segment, P its vertex. Then
PQq is the inscribed triangle with the
same base as the segment and equal
height. —]

7
Since P is the vertex* of the seg- & 4
ment, the diameter through P bisccts

Q

P
Qq. Let V be the point of bisection.
Let VP, and ¢F drawn parallel to
1t, meet the tangent at Q in 7, E re- /T
spectively. /
Then, by parallels,
gl =2VT,
and PV = PT, [Prop. 2]
/
so that VT =2PV. E

Hence AEqQ =44 PQyq.
But, by Prop. 16, the area of the segment is equal to } A EqQ.
Therefore (area of segment) = $ A PQq.

Der. “In segments bounded by a straight line and any
curve I call the straight line the base, and the height the
greatest perpendicular drawn from the curve to the base of the
segment, and the vertex the point from which the greatest
perpendicular is drawn.”

* Tt is curious that Archimedes uses the terms base and verter of a segment
here, but gives the definition of them later (at the end of the proposition)
Moreover he agsumes the converse of the property proved in Prop. 18.
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Proposition 18.
If Qq be the base of a segment of a parabola, and V the
middle point of Qq, and if the diameter through V meet the
curve 1 P, then P tis the vertez of the segment.

Q

9

For @q is parallel to the tangent at P [Prop. 1]. Therefore,
of all the perpendiculars which can be drawn from points on the
segment to the base Qg, that from P is the greatest. Hence,
by the definition, P is the vertex of the scgment.

Proposition 19.

If Qq be a chord of a parabola bisected in V by the diameter
PV, and if RM be a diameter bisecting QV in M, and RW
be the ordinate from R to PV, then

1)V=‘~§ RM.
Q

q
For, by the property of the parabola,
PV :PW=QV*. RW*
=4RW*: RW?
so that PV =4PW,
whence PV =§RM.
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Proposition 20.

If Qg be the base, and P the vertex, of a parabolic segment,
then the triangle PQq is greater than half the segment PQyq.

For the chord Qg is parallel to the tangent at P, and the
triangle PQg is half the parallelogram
formed by Qq, the tangent at P, and the
diameters through @, ¢.

Therefore the triangle Py is greater
than half the segment.

Cor. It follows that ¢t s possible
to tnscribe wn the segment a polygon such
that the segments left over are together
less than any assigned area.

Proposition 21.

If Qq be the base, and P the vertex, of any parabolic
segment, und if R be the vertex of the segment cut off by PQ,
then

APQg=8APRQ.

The diameter through R will bisect the chord £’¢), and
therefore also QV, where PV is the
diameter bisecting @g. Let the dia-
meter through R bisect PQ in ¥ and
QVin M. Join PM.

By Prop. 19,
PV =4RM.
Also PV =2YM.
Therefore YM=2RY,
and APQM =21 PRQ.
Hence APQV =4APRQ,

and APQqg=8APRQ.
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Also, if RW, the ordinate from R to PV, be produced to
meet the curve again in »,
RW=rW,
and the same proof shows that
APQgq=8APrq.

Proposition 22.

If there be a series of areas 4, B, C, D, ... each of which is
Jour times the next in order, and f the largest, A, be equul to the
triangle PQq inscribed in « parabolic segment PQq and having

the same base with it and equal height, then
(A+B+C+D+...)< (area of segment PQg).
For, since APQg=8APRQ =8APqr, where R, » are the
vertices of the segments cut off by PQ,
Pg, as in the last proposition, ;
APQe=4(APQR + APgr). R
Therefore, since APQq= A,
APQR + APgr=B.

In like manner we prove that the
triangles similarly inscribed in the re- T /
maining segments are together cqual to
the area C, and so on.

Therefore A + B+C+ D+... is equal to the area of a
certain inscribed polygon, and is therefore less than the area of

!

7

the segment.

Proposition 23.

Given a series of areas A, B, C, D, ... Z, of which A 1s the
greatest, and each is equal to four times the next in order, then

A+B+C+...+Z+3Z=44.
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Take areas b, ¢, d, ... such that
b=1B,
c=1C,

d = 1D, and so on.
Then, since b=14B,
and B=13}4,

Similarly C+c=1B.

Thercfore

B+C+D+...+Z+b+c+d+...+2=1(4+B+C+...

But  btce+d+...+y=3(B+C+D+..+7).

Therefore, by subtraction,
B+C+D+...+Z+2=}4
or A+B+C+..+Z2+3Z2=44A.

+ 7).
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I:The algebraical equivalent of this result is of course
T+i+@r+. + @D =4 -3

_ 11—_‘? ]

Proposition 24.

Every segment bounded by a parabolu and a chord Qq s
equal to four-thirds of the triangle which has the same base as
the segment and equal height.

Suppose K=41APQq,

where P is the vertex of the segment; and we have then to
prove that the area of the scgment is
cqual to K.

For, :f the segment be not equal to
K, it must either be greater or less.

L. Suppose the area of the scgment
greater than K.

If then we inseribe in the segments
cut off by PQ, Pg triangles which have
the same base and equal height, ie.
triangles with the same vertices R, r as
those of the scgments, and if in the
remalining segments we inscribe triangles in the same manner,
and so on, we shall finally have segments remaining whose sum
is less than the area by which the segment PQq exceeds K.

Therefore the polygon so formed must be greater than the
area K ; which is impossible, since [Prop. 23]

A+B+C+...+Z<44,
where ’ 4 =A PQq.
Thus the area of the segment cannot be greater than K.

II. Suppose, if possible, that the area of the segment is
less than K.



252 ARCHIMEDES.

If then APQg=A, B=}4, C=1}B, and so on, until we
arrive at an area X such that X is less than the difference
between K and the segment, we have

A+B+C+... +X+3X =44 [Prop. 23]
=K,

Now, since K exceeds 4 + B+ C+...+ X by an area less
than X, and the arca of the segment by an area greater thau X,
it follows that

A+B+C+...+ X >(the scgment):
which is impossible, by Prop. 22 above.
Hence the segment is not less than A.
Thus, since the segment is neither greater nor less than K,

(area of segment PQg) =K =4 A PQq.



ON FLOATING BODIES.

BOOK 1.

Postulate 1.

“ Let it be supposed that a fluid is of such a character that,
its parts lying evenly and being continuous, that part which is
thrust the less is driven along by that which is thrust the
more ; and that each of its parts is thrust by the fluid which is
above it in a perpendicular direction if the fluid be sunk in
anything and compressed by anything else.”

Proposition 1.

If a surface be cut by a plane always passing through a
certain point, and if the section be always a circumference [of «
circle] whose centre is the aforesaid point, the surface is that of
a sphere.

For, if not, there will be some two lines drawn from the
point to the surface which are not equal.

Suppose O to be the fixed point, and 4, B to be two points
on the surface such that OA, OB are unequal. Let the surface
be cut by a plane passing through OA, OB. Then the section
is, by hypothesis, a circle whose centre is O.

Thus OA = OB; which is contrary to the assumption.
Therefore the surface cannot but be a sphere.
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Proposition 2.

The surface of any fluid at rest is the surfuce of a sphere
whose centre vs the same as that of the earth.

Suppose the surface of the fluid cut by a plane through O,
the centre of the earth, in the curve ABCD.

ABCD sghall be the circumference of a circle.

For, if not, some of the lines drawn from O to the curve
will be unequal. Take one of them, OB, such that OB is
greater than some of the lines from O to the curve and less
than others. Draw a circle with OB as radius. Let it be KBF,
which will therefore fall partly within and partly without the
surface of the fluid.

Draw OGH making with OB an angle equal to the angle
EOB, and meecting the surface in H and the circle in ¢. Draw
also in the plane an arc of a circle PQR with centre O and
within the fluid.

Then the parts of the fluid along PQR are uniform and
continuous, and the part PQ is compressed by the part between
it and 4B, while the part QR is compressed by the part
between QR and BH. Therefore the parts along PQ, QR will
be unequally compressed, and the part which is compressed the
less will be set in motion by that which is compressed the
more.

Therefore there will not be rest; which is contrary to the
hypothesis.

Hence the section of the surface will be the circumference
of a circle whose centre is O; and so will all other sections by
planes through O.

Therefore the surface is that of a sphere with centre 0.
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(]

Proposition 3.

Of solids those which, size for size, are of equal weight with
a fluid will, if let down into the flurd, be vmmersed so that they
do not project above the surface but do not sink lower.

If possible, let a certain solid EFHG of equal weight,
volume for volume, with the fluid remain immersed in it so
that part of it, EBCF, projects above the surface.

Draw through O, the centre of the earth, and through the
solid a plane cutting the surface of the fluid in the ecircle

ABCD.

Conceive a pyramid with vertex O and base a parallelogram
at the surface of the fluid, such that it includes the immersed
portion of the solid. Let this pyramid be cut by the planc of
ABCD in OL, OM. Also let a sphere within the fluid and
below GH be described with centre O, and let the plane of
A BCD cut this sphere in PQR.

Conceive also another pyramid in the fluid with vertex O,
continuous with the former pyramid and equal and similar to
it. Let the pyramid so described be cut in OM, ON by the
plane of ABCD.

Lastly, let STUV be a part of the fluid within the second
pyramid equal and similar to the part BGHC of the solid, and
let SV be at the surface of the fluid.

Then the pressures on PQ, QR are unequal, that on PQ
being the greater. Hence the part at QR will be set in motion
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by that at PQ, and the fluid will not be at rest; which is
contrary to the hypothesis.

Therefore the solid will not stand out above the surface.

Nor will it sink further, because all the parts of the fluid
will be under the same pressure.

Proposition 4.

A solid lighter than a fluid will, of tmmersed in 1t, not be
completely submerged, but part of it will project above the
surface.

In this case, after the manner of the previous proposition,
we assume the solid, if possible, to be completely submerged and
the fluid to be at rest in that position, and we conceive (1) a
pyramid with its vertex at O, the centre of the earth, including
the solid, (2) another pyramid continuous with the former and
equal and similar to it, with the same vertex O, (3) a portion of
the fluid within this latter pyramid equal to the immersed solid
in the other pyramid, (4) a sphere with centre O whose surface
is below the immersed solid and the part of the fluid in the
second pyramid corresponding thereto. We suppose a planc to
be drawn through the centre O cutting the surfacc of the
fluid in the circle ABC, the solid in S, the first pyramid in 04,
OB, the second pyramid in OB, OC, the portion of the fluid in
the second pyramid in K, and the inner sphere in PQR.

Then the pressures on the parts of the fluid at PQ, QR are
unequal, since S is lighter than K. Hence there will not be
rest ; which is contrary to the hypothesis.

Therefore the solid S cannot, in a condition of rest, be
completely submerged.
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Proposition §.

Any solid Uighter than a fluid will, if placed in the fluid,
be so far tmmersed that the weight of the solid will be equal to
the werght of the flurd displaced.

For let the solid be EGHF, and let BGHC be the portion
of it immersed when the fluid is at rest. As in Prop. 3,
conccive a pyramid with vertex O including the solid, and
another pyramid with the same vertex continuous with the
former and equal and similar to it. Suppose a portion of the
fluid STUV at the base of the second pyramid to be equal and
similar to the immersed portion of the solid; and let the con-
struction be the same as in Prop. 3.

Then, since the pressure on the parts of the fluid at PQ, QR
must be equal in order that the fluid may be at rest, it follows
that the weight of the portion STUV of the fluid must be
equal to the weight of the solid ZGHF. And the former is
equal to the weight of the fluid displaced by the immersed
portion of the solid BGHC.

Proposition 6.

If a solid lighter than a fluid be forcibly immersed in 1, the
solid unll be driven upwards by a force equal to the difference
between its weight and the weight of the fluid displaced.

For let A be completcly immersed in the fluid, and let G
represent the weight of 4, and (G + H) the weight of an equal
volume of the fluid. Take a solid D, whose weight is H

H, A. 17
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and add it to 4. Then the weight of (4 + D) is less than
that of an equal volume of the fluid; and, if (4 +D) is
immersed in the fluid, it will project so that its weight will
be equal to the weight of the fluid displaced. But its weight

is (G + H).
°

VAN

A

Therefore the weight of the fluid displaced is (G + H), and
hence the volume of the fluid displaced is the volume of the
solid A. There will accordingly be rest with A4 immersed
and D projecting.

Thus the weight of D balances the upward force exerted by
the fluid on 4, and therefore the latter force is equal to H,
which is the difference between the weight of A and the weight
of the fluid which 4 displaces.

Proposition 7.

A solid heavier than a fluid will, of placed Wn ¢, descend
to the bottom of the fluid, and the solid will, when weighed
in the fluid, be lighter than its true weight by the weight of the
Swid displaced.

(1) The first part of the proposition is obvious, since the
part of the fluid under the solid will be under greater pressure,
and therefore the other parts will give way until the solid
reaches the bottom.

(2) Let A be a solid heavier than the same volume of the
fluid, and let (G + H) represent its weight, while G represents
the weight of the same volume of the fluid.
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Take a solid B lighter than the same volume of the fluid,
and such that the weight of B is G, while the weight of the
same volume of the fluid is (G+ H).

Let A and B be now combined into one solid and immersed.
Then, since (A4 + B) will be of the same weight as the same
volume of fluid, both weights being equal to (G + H)+ G, it
follows that (4 +B) will remain stationary in the fluid.

Therefore the force which causes A by itself to sink must
be equal to the upward force cxerted by the fluid on B by
itself. This latter is equal to the difference between (G + H')
and G [Prop. 6]. Hence A is depressed by a force equal to
H, ie. its weight in the fluid is H, or the difference between
(G+ H) and G.

[This proposition may, I think, safely be regarded as decisive
of the question how Archimedes determined the proportions of
gold and silver contained in the famous crown (cf. Introduction,
Chapter I.). The proposition suggests in fact the following
method.

Let W rcpresent the weight of the crown, w, and w, the
weights of the gold and silver in it respectively, so that
W=w, +w.

(1) Take a weight W of pure gold and weigh it in a fluid.
The apparent loss of weight is then equal to the weight of
the fluid displaced. If ¥, denote this weight, F, is thus known
as the result of the operation of weighing.

It follows that the weight of fluid displaced by a weight w,
of gold is % B,

172
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(2) Take a weight W of pure silver and perform the same
operation. If F, be the loss of weight when the silver is
weighed in the fluid, we find in like manner that the weight

of fluid displaced by w, is ;"7 P,

(3) Lastly, weigh the crown itself in the fluid, and let F be
the loss of weight. Therefore the weight of fluid displaced by
the crown is F.

It follows that 2. F,+ 2 F =F,

w w
or w, F, + w,F, = (w,+ w,) F,
w_F-F
whence W= F P,

This procedure corresponds pretty closely to that described
in the poem de ponderibus et mensuris (written probably about
500 A.D.)* purporting to explain Archimedes’ method. Ac-
cording to the author of this poem, we first take two equal
weights of pure gold and pure silver respectively and weigh
them against each other when both immersed in water; this
gives the relation between their weights in water and therefore
between their loss of weight in water. Next we take the
mixture of gold and silver and an cqual weight of pure silver
and weigh them against each other in water in the same
manner.

The other version of the method used by Archimedes is
that given by Vitruvius+, according to which he measured
successively the volumes of fluid displaced by three equal
weights, (1) the crown, (2) the same weight of gold, (3) the
same weight of silver, respectively. Thus, if as before the
weight of the crown is W, and it contains weights w, and w, of
gold and silver respectively,

(1) the crown displaces a certain quautity of fluid, V say.
(2) the weight W of gold displaces a certain volume of

* Torelli's drchimedes, p. 364; Hultsch, Metrol. Script. 1. 95 sq., and
Prolegomena § 118.
+ De architect. 1x. 8,
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fluid, V, say; therefore a weight w, of gold displaces a volume

w, 3
W V. of fluid.

(3) the weight W of silver displaces a certain volume of
fluid, say V,; therefore a weight w, of silver displaces a volume

w, .
W .V, of fluid.

It follows that V—"‘ V. + w‘ W,

whence, since W=w+w,
Wy _ V.-V,
w, V-V, ’

and this ratio is obviously equal to that before obtained, viz.
F,—F
F-F, :

Postulate 2.

“ Let it be granted that bodies which arc forced upwards in
a fluid are forced upwards along the perpendicular {to the
surface] which passes through their centre of gravity.”

Proposition 8.

If a solid in the form of a segment of a sphere, und of a
substance lighter than o fluid, be tmmersed in it so that its base
does not touch the surface, the solid will rest wn such a position
that its azis s perpendicular to the surface ; and, if the solid be
Jorced into such « position that its base touches the flurd on one
side and be then set free, it will not remain in that position but
will return to the symmetrical position.

[The proof of this proposition is wanting in the Latin

version of Tartaglia. Commandinus supplied a proof of his
own in his edition.]

Proposition 9.

If a solid in the form of a segment of a sphere, and of a
substance lighter than a fluid, be immersed tn it so that its base
is completely below the surface, the solid will rest in such a
position that its axis is perpendicular to the surface.
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[The proof of this proposition has only survived in a
mutilated form. It deals moreover with only one case out of
three which are distinguished at the beginning, viz. that in
which the segment is greater than a hemisphere, while figures
only are given for the cases where the segment is equal to, or
less than, a hemisphere.]

Suppose, first, that the segment is greater than a hemisphere.
Let it be cut by a plane through its axis and the centre of the
earth ; and, if possible, let it be at rest in the position shown
in the figure, where 4B is the intersection of the plane with
the base of the segment, DE its axis, C' the centre of the
sphere of which the segment is a part, O the centre of the
carth.

The centre of gravity of the portion of the segment outside
the fluid, as F, lies on OC produced, its axis passing through C.

Let G be the centre of gravity of the segment. Join FG,
and produce it to H so that

F@G : GH = (volume of immersed portion) : (rest of solid).
Join OH.

Then the weight of the portion of the solid outside the fluid
acts along FO, and the pressure of the fluid on the immersed
portion along OH, while the weight of the immersed portion
acts along HO and is by hypothesis less than the pressure of
the fluid acting along OH.

Hence there will not be equilibrium, but the part of the
scgment towards 4 will ascend and the part towards B descend,

until DE assumes a position perpendicular to the surface of
the fluid.
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BOOK II

Proposition 1.

If o solid lighter than a fluid be at rest in it, the weight of
the solid will be to that of the same volume of the fluid as the
Tmmersed portion of the solid is to the whole.

Let (4 + B) be the solid, B the portion immersed in the
fluid.

Let (C' + D) be an equal volume of the fluid, C being equal
in volume to 4 and B to D.

Further suppose the line & to represent the weight of the
solid (4 + B), (F + @) to represent the weight of (C+ D), and
G that of D.

Then
weight of (4 + B) : weight of (C+D)=FE : (F+ G)...(1).
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And the weight of (4 +B) is equal to the weight of a
volume B of the fluid [I. 5], ie. to the weight of D.

That is to say, £=G.
Hence, by (1),
weight of (4 + B) : weight of (C +D)=G : F+ G
=D:C+D
=B:A+B.

Proposition 2.

If a right segment of a paraboloid of revolution whose azis 1s
not greater than % p (where p is the principal parameter of the
generating parabola), and whose specific gravity is less than that
of a fluid, be placed in the fluid with its axis inclined to the
verttcal at any angle, but so that the base of the segment does not
touch the surface of the fluid, the segment of the paraboloid will
not remain tn that position but will return to the position in
which its awis vs vertical.

Let the axis of the segment of the paraboloid be AN, and
through AN draw a plane perpendicular to the surface of the
fluid. Let the plane intersect the paraboloid in the parabola
BAB’, the base of the segment of the paraboloid in BB’, and
the plane of the surface of the fluid in the chord QQ’ of the
parabola.

Then, since the axis AN is placed in a position not perpen-
dicular to QQ’, BB’ will not be parallel to QQ".

Draw the tangent PT to the parabola which is parallel to
QQ’, and let P be the point of contact *.

[From P draw PV parallel to AN meeting Q@' in V.
Then PV will be a diameter of the parabola, and also the
axis of the portion of the paraboloid immersed in the fluid.

* The rest of the proof is wanting in the version of Tartaglia, but is given
in brackets as supplied by Commandinus.
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Let C be the centre of gravity of the paraboloid BAB’, and
F that of the portion immersed in the fluid. Join FC and
produce it to H so that H is the centre of gravity of the
remaining portion of the paraboloid above the surface.

B8’

v /|

Y%

LPKM T

Then, since AN=3AC*,
and AN %+ §p,
it follows that AC g .

Therefore, if CP be joined, the angle CPT is acute+.
Hence, if CK be drawn perpendicular to PT, K will fall between
Pand 7. And,if FL, HM be drawn parallel to CK to meet
PT, they will each be perpendicular to the surface of the fluid.

Now the force acting on the immersed portion of the
segment of the paraboloid will act upwards along LF, while
the weight of the portion outside the fluid will act downwards
along HM.

Therefore there will not be equilibrium, but the segment

* Ag the determination of the centre of gravity of a segment of a paraboloid
which is here assumed does not sppear in any extant work of Archimedes, or
in any known work by any other Greek mathematician, it appears probable that
1t was investigated by Archimedes himself in some treatise now lost.

+ The trath of this statement is easily proved from the property of the sub-

normal. For, if the normal at P meet the axis in G, 4G is greater than g

except in the case where the normal is the normal at the vertex 4 itself, But
the latter case is excluded here because, by hypothesis, AN is not placed vertically.
Henoce, P being a different point from 4, 4G is always greater than AC; and,
since the angle TPG is right, the angle TPC must be acute,
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will turn so that B will rise and B’ will fall, until AN takes
the vertical position.]

[For purposes of comparison the trigonometrical equivalent
of this and other propositions will be appended.

Suppose that the angle NT'P, at which in the above figure
the axis AN is inclined to the surface of the fluid, is denoted
by 6.

Then the coordinates of P referred to AN and the tangent
at 4 as axes are

P P
4‘cot, 8, 2co‘o 0,

where p is the principal parameter.
Suppose that AN =4, PV=%L.

If now o’ be the distance from T of the orthogonal projection
of F on TP, and  the corresponding distance for the point C,
we have

s gcot 8. cosﬁ-i-écotﬁ sm0+ kcos&
gcotﬁe cos0+ hcosﬂ

whence a4’ —a=cos 01 (cot2 0+2)—2 (h k)‘L

In order that the segment of the parabolmd may turn in
the direction of increasing the angle PTN, 2" must be greater
than z, or the expression just found must be positive.

This will always be the case, whatever be the value of 8, if
? ‘t 2h

or k¥ %p-]

Proposition 3.

If a right segment of a paraboloid of revolution whose azxis
s not greater than §p (where p is the parameter), and whose
specific gravity s less than that of a fluid, be placed in the fluid
with s amis inclined at any angle to the vertical, but so that its



ON FLOATING BODIES Il1. 267

base s entirely submerged, the solid will not remain in that posi-
tion but will return to the position in which the axis is vertical.

Let the axis of the paraboloid be AN, and through AN
draw a plane perpendicular to the surface of the fluid inter-
secting the paraboloid in the parabola BAB’, the base of the
segment in BNB’, and the plane of the surface of the fluid in
the chord Q@' of the parabola.

Then, since AN, as placed, is not perpendicular to the
surface of the fluid, QQ’ and BB’ will not be parallel.

Draw PT parallel to QQ’ and touching the parabola at P.
Let PT meet NA produced in 7. Draw the diameter PV
bisecting @@’ in V. PV is then the axis of the portion of the
paraboloid above the surface of the fluid.

Let C be the centre of gravity of the whole segment of the
paraboloid, F that of the portion above the surface. Join FC
and produce it to H so that H is the centre of gravity of
the immersed portion.

Then, since AC ]—J, the angle CPT is an acute angle, as in

the last proposition.

Hence, if CK be drawn perpendicular to PT, K will fall
between P and 7. Also, if IIM, FL be drawn parallel to CX,
they will be perpendicular to the surface of the fluid.

And the force acting on the submerged portion will act
upwards along HM, while the weight of the rest will act
downwards along LF produced.

Thus the paraboloid will turn until it takes the position
in which AN is vertical.
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Proposition 4.

Given a right segment of a paraboloid of revolution whose
axis AN 1is greater than $p (where p is the parameter), and
whose specific gravity vs less than that of a fluid but bears
to it a ratio not less than (AN —3p) : AN’ if the segment
of the paraboloid be placed in the fluid with its axis at any
inclination to the vertical, but so that its base does not touch
the surface of the fluid, it will not remain tn that position but
will return to the position tn which tts axis is vertical.

Let the axis of the segment of the paraboloid be AN, and
let a plane be drawn through AN perpendicular to the surface
of the fluid and intersecting the segment in the parabola BAB’,
the base of the segment in BB’, and the surface of the fluid in
the chord @@’ of the parabola.

B’

Then AN, as placed, will not be perpendicular to QQ".

Draw PT parallel to QQ’ and touching the parabola at P.
Draw the diameter PV bisecting @Q" in V. Thus PV will be
the axis of the submerged portion of the solid.

Let C be the centre of gravity of the whole solid, F that of
the immersed portion. Join FC and produce it to H so that A
is the centre of gravity of the remaining portion.

Now, since AN =340,
and AN > 3p,

it follows that AC >}§).
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Measure CO along CA equal to P and OR along OC equal to

£40.
Then, since AN=§4C,
and AR =340,
we have, by subtraction,
NR=30C.
That is, AN - AR=30C
=4p,
or AR =(AN - 3p).

Thus (AN —$p) : AN*= AR’ : AN?,

and therefore the ratio of the specific gravity of the solid to
that of the fluid is, by the enunciation, not less than the ratio
AR : AN

But, by Prop. 1, the former ratio is equal to the ratio
of the immersed portion to the whole solid, i.e. to the ratio
PV2: AN? [On Conoids and Spheroids, Prop. 24).

Hence PV?: AN*4$ AR*: AN?,
or PV 4 AR

It follows that

PF(=3PV)4< 3dR
< 40.
If, therefore, OK be drawn from O perpendicular to 04, it will
meet PF between P and F.

Also, if CK be joined, the triangle KCO is cqual and similar
to the triangle formed by the normal, the subnormal and the
ordinate at P (since CO=4p or the subnormal, and KO is
equal to the ordinate).

Therefore CK is parallel to the normal at P, and therefore
perpendicular to the tangent at P and to the surface of the
fluid.

Hence, if parallels to CK be drawn through F, H, they will
be perpendicular to the surface of the fluid, and the force
acting on the submerged portion of the solid will act upwards
along the former, while the weight of the other portion will
act downwards along the latter.
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Therefore the solid will not remain in its position but will
turn until AN assumes a vertical position.

[Using the same notation as before (note following Prop. 2),
we have

x'—x=cosog(coﬁow)—g(h-k)},

and the munimum value of the expression within the bracket,
for different values of 8, is

P_2-
corresponding to the position in which AM is vertical, or § = 7—;

Therefore there will be stable equilibrium in that position only,
provided that
k4 (h~3p),

or, if s be the ratio of the specific gravity of the solid to that of
the fluid (= &*/* in this case),
s (b= §py/h*]

Proposition 5.

Griven a right segment of a paraboloid of revolution such that
its axis AN is greater than §p (where p is the parameter), and
s specific gravity s less than that of a flurd but tn a ratio to
1t not greater than the ratio {AN®— (AN — 3p)'} : AN?, if the
segment be placed in the fluid with its axis inclined at any angle
to the vertical, but so that its base 1s completely submerged, it will
not remain in that position but will return to the position in
which AN 1is vertical.

Let a plane be drawn through AN, as placed, perpendicular
to the surface of the fluid and cutting the segment of the
paraboloid in the parabola BAB’, the base of the segment in
BRB’, and the plane of the surface of the fluid in the chord
QQ’ of the parabola.

Draw the tangent PT parallel to QQ’, and the diameter
PV, bisecting QQ’, will accordingly be the axis of the portion
of the paraboloid above the surface of the fluid.



ON FLOATING BODIES II. 271

Let F be the centre of gravity of the portion above the
surface, C that of the whole solid, and produce FC to H, the

centre of gravity of the immersed portion.

As 1n the last proposition, AC > g, and we measure CO along

CA equal to %’, and OR along OC equal to $4 0.
Then AN =3A4C, and AR=3A40;

and we derive, as before,
AR =(AN - 3p).
Now, by hypothesis,
(spec. gravity of solid) : (spec. gravity of fluid)
PLAN— (AN - 3p)} : AN?
$(AN*—ARY: AN>

Therefore
(portion submerged) : (whole solid)
$ (AN - AR?% : AN?,

and (whole solid) : (portion above surface)
> AN : AR
Thus AN : PV? 3 AN®: AR?,
whence PV4 AR,
and PF43AR

£ A0,
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Therefore, if a perpendicular to AC be drawn from O, it will
meet PF in some point X between P and F.

And, since CO =4p, CK will be perpendicular to PT, as in
the last proposition.

Now the force acting on the submerged pertion of the solid
will act upwards through H, and the weight of the other
portion downwards through F, in directions parallel in both
cases to CK; whence the proposition follows.

Proposition 6.

If « right segment of a paraboloid lighter than a Auid be
such that its axvs AM vs greater than $p, but AM : {p< 15 : 4,
and if the segment be placed in the Auid with its axis so inclined
to the vertical that its base touches the flurd, 1t will never remain
in such a position that the base touches the surface in one point
only.

Suppose the segment of the paraboloid to be placed in the
position described, and let the plane through the axis 4M
perpendicular to the surface of the fluid intersect the segment
of the paraboloid in the parabolic segment B4 B’ and the plane
of the surface of the fluid in BQ.

Take C on AM such that AC = 2CM (or so that C is the
centre of gravity of the segment of the paraboloid), and measure
CK along CA such that

AM :CK =15 : 4.

Thus AM : CK > AM : §p, by hypothesis; therefore CK < }p.
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Measure CO along CA equal to {p. Also draw KR per-
pendicular to AC meeting the parabola in R.

Draw the tangent PT parallel to BQ, and through P draw
the diameter PV bisecting BQ in V and meeting KR in 1.

Then PV:PI = KM:AK,
“ for this is proved.”*
And CK = %AM=3AC;
whence AKX =AC-CK=34AC=34AM
Thus KM=3AM
Therefore KM=3AK.
It follows that
PV T $PI
8o that pr - 2Iv.

Let # be the centre of gravity of the immersed portion of
the paraboloid, so that PF=2FV. Produce FC to H, the
centre of gravity of the portion above the surface.

Draw OL perpendicular to PV

* We have no hint as to the work in which the proof of this proposition was
contained. The following proof is shorter than Robertson’s (1n the Appendix
to Torellr’s edition).

Let BQ meet AM in U, and let PN be the ordinate from P to 4 M.

We have to prove that PV . 4K .-, PI.K3M, or in other words that

(PV.AK - PI.KM) is poaitive or zero.

Now PV.AK-PI.KM=AK.PV - (4K - AN)(AM - AK)
=AK*- AK(AM+AN-PV)+ AM . AN
=AK? - AK.UM+AM. AN,

(since AN=AT).

Now UM : BM=NT : PN.
Therefore UM2:p.AM=44N%:p. AN,
whence UM2=44M . AN,
or AM. AN—%K
UM:
Therefore PV.AK-PI.KM=AK?~ AK. UM+——

 (ax- 7Y,

and accordingly (PV.AK - PI. KM) cannot be negative.
H. A. 18
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Then, since 0O = }p, CL must be perpendicular to P7 and
therefore to the surface of the fluid.

And the forces acting on the immersed portion of the
paraboloid and the portion above the surface act respectively
upwards and downwards along lines through ¥ and H parallel
to CL.

Hence the paraboloid cannot remain in the position in which
B just touches the surface, but must turn in the direction of
increasing the angle PTM.

The proof is the same in the case where the point I is not
on VP but on VP produced, as in the second figure*.

81

[With the notation used on p. 266, if the basc BB’ touch
the surface of the fluid at B, we have
BM=BVsin 8+ PN,

and, by the property of the parabola,
BV?=(p+4AN)PV
=pk (1 + cot®8).

Therefore Vph =pk +‘g cot .

To obtain the result of the proposition, we have to eliminate
k between this equation and

a;’—»zc.—-zcosé’{g(cot.‘ﬁ—i- 2)—§(h—k)}.

* It is curious that the figures given by Torelli, Nizze and Heiberg are all
ncorrect, a8 they all make the point which I have called I lie on BQ 1nstead of
V P produced.
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We have, from the first equation,
k=h- x/ﬁcot9+gcob’ 6,

or h-—lc:«/ﬁzcotf)—%’cct’ﬁ.

Therefore

w’—a::cos9{%(cot’()-{-2)—%(\/17;00170—200?8)}

=cos€{}£(§ cot’0+2)—§«/ﬂ,cot0}.

If then the solid can never rest in the position described,
but must turn in the direction of increasing the angle PTM,
the expression within the bracket must be positive whatever
be the value of 6.

Therefore ' ph < gp’,
or h<tEp]

Proposition 7.

Given @ right segment of o paraboloid of revolution lighter
than « fluid and such that its axis AM s greater than § p, but
AM :1p<15: 4, of the segment be placed in the fluid so that
tts base vs entirely submerged, it will never rest in such a position
that the base touches the surface of the fluid at one point only.

Suppose the solid so placed that one point of the base
only (B) touches the surface of the fluid. Let the plane
through B and the axis AM cut the solid in the parabolic
segment BAB’ and the plane of the surface of the fluid in the
chord BQ of the parabola.

Let C be the centre of gravity of the segment, so that
AC=2CM; and measure CK along CA such that

AM :CK=15: 4.
It follows that CK<}p.

Measure CO along CA equal to }p. Draw KR perpen-
dicular to AM mceting the parabola in R.

18—2
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Let PT, touching at P, be the tangent to the parabola
which is parallel to BQ, and PV the diameter bisecting BQ), i.e.
the axis of the portion of the paraboloid above the surface.

Then, as in the last proposition, we prove that
PV _T_3PI,

or> 2

and Pr 0:‘ - 2IV.

Let F be the centre of gravity of the portion of the solid
above the surface; join FC and produce it to H, the centre of
gravity of the portion submerged.

Draw OL perpendicular to PV; and, as before, since
CO=1%p, CL is perpendicular to the tangent PT. And the
lines through H, F parallel to CL are perpendicular to the
surface of the fluid; thus the proposition is established as
before.

The proof is the same if the point I is not on VP but on
VP produced.

Proposition 8.

Given a solid in the form of a right segment of a paraboloid
of revolution whose axis AM is greater than }p, but such that
AM :3p<15: 4, and whose specific gravity bears to that of a
fwid a ratio less than (AM —~$§p) : AM?, then, if the solid be
placed in the fluid so that its base does not touch the fluid and
1t8 axig 18 inclined at an angle to the vertical, the solid will not
return to the position in whick its azis is vertical and will not
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remain in any position except that in which its axis makes with

the surface of the fluid a certain angle to be described.

Let am be taken equal to the axis AM, and let ¢ be a point
on am such that ac=2cm. Measure co along ca equal to §p,
and or along oc equal to § ao.

BI

Y
B
X

™M
H
VR
Q i %a\e) Q'
N

P T

Let X + ¥ be a straight line such that
(spec. gr. of solid) : (spec. gr. of fluid) =(X + ¥Y)* : am?...... (a),
and suppose X =27.

Now ar=%a0=%( am—3}p)
=am—}p
=AM —$p.

Therefore, by hypothesis,
X +Y)Y:aem®<ar®: am’,
whence (X + Y) < ar, and therefore X < ao.
Measure ob along oa equal to X, and draw bd perpendicular
to ab and of such length that

Join ad.

Now let the solid be placed in the fluid with its axis AM
inclined at an angle to the vertical. Through AM draw a
plane perpendicular to the surface of the fluid, and let this
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plane cut the paraboloid in the parabola BAB’ and the plane
of the surface of the fluid in the chord QQ’ of the parabola.

Draw the tangent PT parallel to QQ’, touching at P, and
let PV be the diameter bisecting @@’ in V (or the axis of the
immersed portion of the solid), and PN the ordinate from P.

Measure AQO along AM equal to ao, and OC along OM
equal to oc, and draw OL perpendicular to PV,

I. Suppose the angle OTP greater than the angle dab.

Thus PN? . NT*>db*: ba®
But PN?: NT"=p: 44N
=co: NT,
and db® : ba®=3co : ad, by (B).
Therefore NT < 2ab,
or AN < ab,
whence NO>bo (since ao=A0)
> X.

Now (X + Y)? : am® = (spec. gr. of solid) : (spec. gr. of fluid)
= (portion immersed) : (rest of solid)
=PV*: AM?

so that X+Y=PV.
But PL(=NO)>X
>3(X+7), since X =27,
>4 PV,
or PV <§PL,
and therefore PL>2LV,

Take a point ¥ on PV so that PF=2FV, ie. so that Fis
the centre of gravity of the immersed portion of the solid.

Also AC=ac=%am=3%AM, and therefore C is the centre
of gravity of the whole solid.

Join FC and produce it to H, the centre of gravity of the
portion of the solid above the surface.
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Now, since CO =}p, CL is perpendicular to the surface of
the fluid; therefore so are the parallels to CL through F and
H. But the force on the immersed portion acts upwards
through # and that on the rest of the solid downwards
through H.

Therefore the solid will not rest but turn in the direction of
diminishing the angle MTP,

II. Suppose the angle OTP less than the angle dab. In
this case, we shall have, instecad of the above results, the
following,

AN > ab,

NO< X.
Also PV >4PL,
and therefore PL<2LV.

Make PF equal to 2F'V, so that F is the centre of gravity
of the immersed portion.

And, procecding as before, we prove in this case that the
solid will turn in the direction of sncreasing the angle MTP.

III. When the angle MTP is equal to the angle dab,
equalities replace inequalities in the results obtained, and L is
itself the centre of gravity of the immersed portion. Thus all
the forces act in one straight line, the perpendicular CL;
therefore there is equilibrium, and the solid will rest in the

position described.
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[With the notation before used
& —z=cosf {f(cot’0+ 2) —g(h—k)} ,

and a position of equilibrium is obtained by equating to zero the
expression within the bracket. We have then

Poorg=2hoin_P
4'cot 0—3(h k) 3

It is easy to verify that the angle 4 satisfving this equation
is the identical angle determined by Archimedes. For, in the
above proposition,

X _pr=r,
2
_2 p 2, 2
\Vhence a/b—gh—§—§k—g(h—k)—§
Also bd* = % .ab.

It follows that
i 20 Pl
cot*dab = ab’/bd* = {3(h k) 5] ]

Proposition 9.

Given a solid in the form of a right segment of a paraboloid
of revolution whose axis AM is greater than % p, but such that
AM: }p<15:4, and whose specific gravity bears to that of a
fluid a ratio greater than {AM*—(AM —p)*) : AM?, then, if
the solid be placed in the fuid with its axis inclined at an angle
to the vertical but so that its base is entirely below the surface,
the solid will not return to the position tn which its axis 18
vertical and will not remain in any positton except that in which
its azis makes with the surface of the fluid an angle equal to that
described in the last proposition.

Take am equal to AM,and take ¢ on am such that ac=2cm.
Measure co along ca equal to }p, and ar along ac such that
ar = §ao.
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Let X + Y be such a line that
(spec. gr. of solid) : (spec. gr. of fluid) = {am*— (X + )%} : am?,
and suppose X =27.

Ad
a b PRP ”
T P Y
N
X
ANC
Q v Q'
C [
| K) B
8
Now ar=3§ao
=3 Gam—1$p)
=AM-3p.

Therefore, by hypothesis,
am®—ar®: am® < {am®— (X + Y)*} : am®,
whence X +Y<ar,
and therefore X < ao.

Make 0b (measured along oa) equal to X, and draw bd
perpendicular to be and of such length that

bd*=%co . ab.
Join ad.

Now suppose the solid placed as in the figure with its axis
AM inclined to the vertical. Let the plane through AM
perpendicular to the surface of the fluid cut the solid in the
parabola BAB’ and the surface of the fluid in QQ".

Let PT be the tangent parallel to QQ’, PV the diameter
bisecting QQ’ (or the axis of the portion of the paraboloid above
the surface), PN the ordinate from P.
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I. Suppose the angle MTP greater than the angle dab.
Let AM be cut as before in C and O so that AC=2CM,
0C =4 p, and accordingly AM, am are equally divided. Draw
OL perpendicular to PV,

Then, we have, as in the last proposition,
PN?: NT*>db® : ba*,

whence co: NT>4%co: ab,
and therefore AN < abd.
It follows that NO>bo
>X.

Again, since the specific gravity of the solid is to that of
the fluid as the immersed portion of the solid to the whole,

AM*—~ (X +Y) . AM*=AM*—-PV*:. AM*,

or (X+Y)Y:AM*=PV*: AM*
That is, X+Y=PV.
And PL (or NO)> X
>3%PV,
so that PL>2LV.

Take F on PV so that PF=2FV. Then F is the centre
of gravity of the portion of the solid above the surface.

Also C is the centre of gravity of the whole solid. Join FC
and produce it to H, the centre of gravity of the immersed
portion.

Then, since CO = p, CL is perpendicular to PT and to the
surface of the fluid; and the force acting on the immersed
portion of the solid acts upwards along the parallel to CL
through H, while the weight of the rest of the solid acts down-
wards along the parallel to CL through F.

Hence the solid will not rest but turn in the direction of
diminishing the angle MTP.

II. Exactly as in the last proposition, we prove that, if the
angle MTP be less than the angle dab, the solid will not remain
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in its position but will turn in the direction of increasing the
angle MTP.

II1. If the angle MTP is equal to the angle dab, the solid
will rest in that position, because L and F will coincide, and all
the forces will act along the one line CL.

Proposition 10.

Grven a solid in the form of a right segment of a paraboloid
of revolution in which the axis AM s of a length such that
AM:4p>15:4, and supposing the solid placed in a fuid
of greater specific gravity so that its base s entirely above the
surface of the fluid, to investigate the positions of rest.

(Preliminary.)

Suppose the segment of the paraboloid to be cut by a plane

through its axis AM in the parabolic segment BAB, of which
BB, is the base.

Divide 4AM at C so that AC = 2CH, and measure CK along
C4 so that

whence, by the hypothesis, CK > §p.

Suppose CO measured along CA equal to }p, and take a
point B on AM such that MR = 3C0.

Thus AR=AM - MR
=3 (AC - CO)
=340.
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Join BA, draw KA, perpendicular to AM meeting BA in 4,
bisect BA in A,, and draw 4,M,, 4,M; parallel to AM meeting
BM in M,, M, respectivcly.

B8 MsM: D M B2 B

0,
=
AN

—
X0 X

=

-

On A4.M,, AM; as axes describe parabolic segments similar
to the segment BAB,. (It follows, by similar triangles, that
BM will be the base of the segment whose axis is A,M, and
BB, the base of that whose axis is 4,M,, where BB, = 2BM,.)

The parabola BA,B, will then pass through C.

[For BM,: M.M=BM,: AK

=KM:AK
=CM+CK: -AC-CK
=G+ AV AN : (3 4) AN



ON FLOATING BODIES IL 285

Thus C is seen to be on the parabola BA,B, by the converse
of Prop. 4 of the Quadrature of the Parabola.]

Algo, if a perpendicular to AM be drawn from O, it will
meet the parabola BA,B, in two points, as @, P,. Let Q@D
be drawn through @), parallel to AM meeting the parabolas
BAB,, BA,M rcspectively in @y, @; and BM in D; and let
P,P,P, be the corresponding parallel to AM through P, Let
the tangents to the outer parabola at P,, @, meet MA produced
in T, U respectively.

Then, since the three parabolic segments are similar and
similarly situated, with their bases in the same straight line
and having one common cxtremity, and since @,Q.Q:D is a
diameter common to all three segments, it follows that

QQ.: Q.Q:;=(B.B, : BB).(BM : MB,)*.

Now B.B,: B.B= MM, : BM (dividing by 2)
=2:5, by means of (8) above.
And BM : MB,= BM : (2BM, - BM)
=5:(6-5), by means of (B3),
=5:1

* This result is assumed without proof, no doubt as being an easy deduction
from Prop. 5 of the Quadrature of the Parabola. It may be established
a8 follows.

First, since 44,4,B is a straight hne, and AN=4T with the ordinary
notation (where PI' is the tangent at P and PN the ordinate), it follows, by
similar triangles, that the tangent at B to the outer parabola is a tangent to
each of the other two parabolas at the same point B.

Now, by the proposition quoted, if D@,Q.Q, produced meet the tangent B7’
in E,

EQ,: Q,D=BD: DlI,

whence EQ,: ED=RBRD: BM.
Similarly EQ,: ED=BD : BBE,,
and EQ,: ED=BD: BB,.

The first two proportions are equivalent to
EQ,: ED=BD .BB,: BM.BB,,
and EQ,: ED=BD.BM : BM.EB,.

By subtraction,
@.Q; : ED=BD.MB, : BM.BB,.

Similarly Q,Q;: ED=BD .B,B, : BB,.BB,.
1t follows that
QQs 1 Q:Q3=(B,B, : B,B).(BM : MB)).
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It follows that
QQ.: QQ=2:1,

or Qle = 2Q2Q3-
Similarly PP,=2PP 3.}
Also, since MR = 3C0 = 3p,
AR=AM—- MR
=AM - 3p.
(Enunciation.)

If the segment of the paraboloid be placed in the fluid with
its base entirely above the surface, then

L) if
(spec. gr. of solid) : (spec. gr. of fluid) & AR* : AM?
[ (AM - 4p) : AM)
the solid unll rest in the position in which its axis AM s vertical;
aL) i
(spec. gr. of solid) : (spec. gr. of fluid) < AR* : AM?
but > Q,Q* : AM?,
the solid will not rest with its buse touching the surfuce of the
Auid in one point only, but in such a position that its base does
not touch the surface at any point and its awis makes with the
surface an angle greater than U;
(AIL a) if
(spec. gr. of solid) : (spec. gr. of fluid) = Q,Qs" : AN,
the solid will rest and remain in the position in which the base
touches the surfuce of the fluid at one point only and the axis
makes with the surface an angle equal to U ;
(IL b) +f
(spec. gr. of solid) : (spec. gr. of fluid) = PP} : AM*,
the solid will rest with its base touching the surface of the fluid
at one point only and with its azis inclined to the surface at an
angle equal to T\ ;
(V) if
(spec. gr. of solid) : (spec. gr. of fAlwid) > PPy : AM*
but < Q,Q;" : AM?,
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the solid will rest and remain in a position with its base more
submerged ;

(V) if
(spec. gr. of solid) : (spec. gr. of fluid) < P, Py : AM?,

the solid will rest in a position in whick its axis s tnclined to the
surface of the flurd at an angle less than T, but so that the base
does not even touch the surface at one point.

(Proof.)
(L) Sinee AM > ip, and
(spec. gr. of solid) : (spec. gr. of luid) & (AM — Ep)* : AM,
it follows, by Prop. 4, that the solid will be in stable equilibrium
with its axis vertical.
(IL.) In this case
(spec. gr. of solid) : (spec. gr. of flmid) < AR®: AM*
but > Q,Q.* : AM”.

B, B,

Suppose the ratio of the specific gravities to be equal to
I*: AM?,
so that { < AR but > Q.Qs.
Place P’V’ between the two parabolas BAB,, BP,Q,M equal
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to [ and parallel to AM*; and let P’V meet the intermediate
parabola in F".

Then, by the same proof as before, we obtain

P'F' =2FV.

Let P’T", the tangent at P’ to the outer parabola, meet
MA in 7T, and let P’N’ be the ordinate at P’,

Join BV’ and produce it to meet the outer parabola in Q.
Let OQ,P, meet P'V' in I,

Now, since, in two similar and similarly situated parabolic

* Archimedes does not give the solution of this problem, but it can be
supplied as follows.

Let BR,Q,, BRQ, be two similar and similarly situated parabolic segments
with their bases in the same straight line, and let RE be the common tangent
at B.

Suppose the problem solved, and let ERR, 0, parsllel to the axes, meet the
parabolas in R, R, and B, in O, making the intercept RR, equal to L.

Then, we have, as usual,
ER,: EO=BO: BQ,
=BO0.BQ,: BQ,.BQ,,
and ER : EO=BO0: BQ,
=B0.BQ, : BQ,. BQ,.

By gubtraction,
RR,: EO=B0.@,Q,: BQ,.BQ,,

or BO.OE=1. B, '—B-Q’, which is known.
&9

And the ratio BO : OF is known. Therefore B(?, or OES, can be found, and
therefore O.
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segments with bases BM, BB, in the same straight line, BV’, BQ’
are drawn making the same angle with the bases,
BV’ : BQ'=BM : BB,*
=1:2,
so that BV =V"Q".

Suppose the segment of the paraboloid placed in the fluid,
as described, with its axis inclined at an angle to the vertical,
and with its base touching the surface at one point B only.
Let the solid be cut by a plane through the axis and per-

BI

P

pendicular to the surface of the fluid, and let the plane intersect
the solid in the parabolic segment BAB’ and the plane of the
surface of the fluid in BQ.

Take the points C, O on AM as before described. Draw

* To prove this, suppose that, in the figure on the opposite page, BR, 18
produced to meet the outer parabola in R,.

We have, as before,
ER,: EO=B0: BQ,,

ER: EO=BO: BQ,,
whence ER,: ER=BQ,: BQ,.
And, since R, is & point within the outer parabola,
ER : ER =BR, : BR,, in Iike manner.
Hence BQ, : BQ,=BR, : BR,.
H. A. 19
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the tangent parallel to BQ touching the parabola in P and
meeting AM in T'; and let PV be the diameter bisecting BQ
(1.e. the axis of the immersed portion of the solid).
Then
P AM?® = (spec. gr. of solid) : (spec. gr. of fluid)
= (portion immersed) : (whole solid)
=PV?: AM?,
whence PV =1=PV.
Thus the segments in the two figures, namely BP’Q’,
BPQ, are equal and similar,
Therefore ¢PTN=<«P'T'N"
Also AT=AT', AN=AN',PN=P'N".
Now, in the first figure, P'T < 21V,

Therefore, if OL be perpendicular to PV in the second
figure,

PL<2LV.

Take F on LV so that PF = 2FV,ic so that F is the centre
of gravity of the immersed portion of the solid. And C is the
centre of gravity of the whole solid. Join FC and produce it to
H, the centre of gravity of the portion above the surface.

Now, since CO = 4p, CL is perpendicular to the tangent at
P and to the surface of the fluid. Thus, as before, we prove
that the solid will not rest with B touching the surface, but will
turn in the direction of increasing the angle PTN.

Hence, in the position of rest, the axis 4 M must make with
the surface of the fluid an angle greater than the angle U which
the tangent at ¢, makes with AM.

(1I1. @) In this case
(spec. gr. of solid) : (spec. gr. of fluid) = Q,Q,* : AM*.
Let the segment of the paraboloid be placed in the fluid so

that its base nowhere touches the surface of the fluid, and its
axis is inclined at an angle to the vertical.
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Let the plane through AM perpendicular to the surface of
the fluid cut the paraboloid in the parabola BAB’ and the

Y

B M_ 8 B:
\\
Q C
P
& Q:  ©
R
7
Q NY
A
U
T

plane of the surface of the fluid in QQ". Let PT be the tangent
parallel to QQ’, PV the diameter bisecting QQ’, PN the ordinate
at P.

Divide AM as before at C, 0.
19—2
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In the other figure let QN' be the ordinate at @,. Join
BQ, and produce it to meet the outer parabola in ¢. Then
BQ; = Qyq, and the tangent Q,U is parallel to Bg. Now

Q@5 : AM? = (spec. gr. of solid) : (spec. gr. of fluid)
= (portion immersed) : (whole solid)
=PV*: AM.

Therefore @,Q; = PV'; and the scgments QPQ’, BQ,g of the
paraboloid are equal in volume. And the base of one passes
through B, while the base of the other passes through @, a point
nearer to A than B is.

It follows that the angle between Q@' and BB’ is less than
the angle B,Byg.

Therefore ¢ U< 2 PTN,
whence AN > AN,
and therefore N'O (or Q)< PL,

where OL 1is perpendicular to PV.

It follows, since @,@, = 2@,@,, that
PL>2LV.

Therefore F, the centre of gravity of the immersed portion
of the solid, is between P and L, while, as before, CL is perpen-
dicular to the surface of the fluid.

Producing FC to H, the centre of gravity of the portion of
the solid above the surface, we see that the solid must turn in
the direction of diminishing the angle PTN until one point B
of the base just touches the surface of the fluid.

When this 1s the case, we shall have a segment BPQ equal
and similar to the segment B@\g, the angle PTN will be equal
to the angle U, and AN will be equal to AN".

Hence in this case PL=2LV, and F, L coincide, so that F,
C, H are all in one vertical straight line.

Thus the paraboloid will remain in the position in which

one point B of the base touches the surface of the fluid, and the
axis makes with the surface an angle equal to U.
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(II11. b) In the case where
(spec. gr. of solid) : (spec. gr. of fluid) = PP : AM?,

we can prove in the same way that, if the solid be placed in the
fluid so that its axis 1s inclined to the vertical and its base does
not anywhere touch the surface of the fluid, the solid will take
up and rest in the position in which one point only of the base
touches the surface, and the axis is inclined to it at an angle
equal to T\ (in the figure on p. 284).

(IV.) In this case
(spec. gr. of solid) : (spec. gr. of fluid) > PPy : AM*
but < Q@ : AM".

Suppose the ratio to be equal to I* : AM?, so that [ 1s greater
than P, P, but less than §,Q;.

Place P’V’ between the parabolas BP,Q,, BP,Q; so that
P'V’ is equal to ! and parallel to AM, and let P'V’ meet the
intermediate parabola in F’ and OQ,P, in 1.

8 M B B,

LTS

Join BV" and produce it to meet the outer parabola in ¢

Then, as before, BV' = V'q, and accordingly the tangent
P’T’ at P’ is parallel to Bg. Let P'N’ be the ordinate of P".
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1. Now let the segment be placed in the fluid, first, with
its axis so inclined to the vertical that its base does not
anywhere touch the surface of the fluid.

g

Let the plane through AM perpendicular to the surface of
the fluid cut the paraboloid in the parabola BAB’ and the
plane of the surface of the fluid in QQ’. Let PT be the
tangent parallel to QQ’, PV the diameter bisecting QQ'.
Divide AM at C, O as before, and draw OL perpendicular to P V.

Then, as before, we have PV =1{=P'V".

Thus the segments BP’q, QPQ’ of the paraboloid are equal
in volume; and it follows that the angle hetween QQ’ and BB’
is less than the angle B,By.

Therefore L PT'N <2 PTN,
and hence AN’ > AN,
so that NO>NO,
ie. PL>P1I

> P'F', a fortior.

Thus PL > 2LV, so that F, the centre of gravity of the
immersed portion of the solid, is between L and P, while CL
is perpendicular to the surface of the fluid.
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If then we produce FC to H, the centre of gravity of the
portion of the solid above the surface, we prove that the solid
will not rest but turn in the direction of diminishing the
angle PTN.

2, Next let the paraboloid be so placed in the fluid that
its base touches the surface of the fluid at one point B only,
and let the construction proceed as before.

Then PV =P'V’, and the segments BPQ, BP’q are equal
and similar, so that
L PTIN=/PTN'.
It follows that AN=AN', NO= N0,
and therefore P'I=PL,
whence PL>2LV,

Thus F again lies between P and L, and, as before, the
paraboloid will turn in the direction of diminishing the angle
PTN, ie. so that the base will be more submerged.

(V.) In this case

(spec. gr. of solid) : (spec. gr. of fluid) < PPy’ : AM".
If then the ratio is equal to *: AM", I < P,P,. Place P'}V’
between the parabolas BP,@, und BP,Q, equal in length to {
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and parallel to AM. Let P’'V’ meet the intermediate parabola
in ' and OP, in I.

Join BV’ and produce it to meet the outer parabola in ¢.
Then, as before, BV’ = V’q, and the tangent P’T’ is parallel
to Bg.

\\
\
T

’

‘
9

1. Let the paraboloid be so placed in the fluid that its
base touches the surface at one point only.

B’
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Let the plane through AM perpendicular to the surface
of the fluid cut the paraboloid in the parabolic section BAB’
and the plane of the surface of the fluid in BQ.

Making the usual construction, we find

PV =I0=PV,
and the segments BPQ, BP,q arc equal and similar.
Therefore L PTIN=¢«P'TN,
and AN=AN' N'O=NO.
Therefore PL =PI,

whence it follows that PL < 2LV.

Thus F, the centre of gravity of the immersed portion of the
solid, lies between L and V, while CL is perpendicular to the
surface of the fluid.

Producing FC to H, the centre of gravity of the portion
above the surface, we prove, as usual, that there will not be
rest, but the solid will turn in the direction of increasing the
angle PTN, so that the base will not anywhere touch the
surface.

2. The solid will however rest in a position where its axis
makes with the surface of the fluid an angle less than 7).

B8’
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For let it be placed so that the angle PTN is not less
than 7.

Then, with the same construction as before, PV =1=P'V".

And, since ¢T4 2T,
AN $ AN,

and therefore NO 4 N,0, where P, N, is the ordinate of P,.
Hence PL <& P,P,.
But PP,>PF.
Therefore PL > 4PV,

so that F, the centre of gravity of the immersed portion of
the solid, lies between P and L.

Thus the solid will turn in the direction of diminishing
the angle PTN until that angle becomes less than 7.

[As before, if z, #’ be the distances from T of the orthogonal
projections of C, F respectively on TP, we have
x'-x=cose{§(cot*e+ 2>—§<h—k)} ....... ),
where h=AM, k= PV.
Also, if the base BB’ touch the surface of the fluid at one

point B, we have further, as in the note following Prop. 6,

Vph = Vpk +%’ COLE cevervreeranararinn. (2),

and h—k=pheot 6 _g COt? O e, (3).

Therefore, to find the relation between % and the angle 8 at
which the axis of the paraboloid is inclined to the surface of the
fluid in a position of equilibrium with B just touching the
surface, we eliminate ¥ and equate the expression in (1) to
zero; thus

P (cot? - 2( o cot 0 — P cot* ) =
4(cot 0+ 2) 3 Vph cot 8 4 ot 8)=0,
or 5pcot’d — 8Vphcot 0 +6p =0 ............ (4).
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The two values of 8 are given by the equations
5vpcot 8 =4Vh + V16h —30p ............ (3).

The lower sign corresponds to the angle U, and the upper
sign to the angle T, in the proposition of Archimedes, as can
be verified thus.

Iu the first figure of Archimedes (p. 284 above) we have

AK =3k,
M,D'=%p.OK =3p(3h —3h —3p)
3p (+h 73)
5 (15 2
If P,P,P; meet BM in D’, it follows that
M,D
s} =MD £ MM,
=\ F (555 £ vk
MD)
and MD’)> =MM,¥F M, D

L2 [3p.4h P
‘5“/”’”\/“5\15"2)'

Now, from the property of the parabola,

cot U=2MDip,
cot T, =2MD’'Ip,
Ul 2 ,-,_ /[3p/4h py\
so that gcot{Tl}=5~/ph+\/5—p<ﬁ—}2—)),
= U T o TR a0
or 5~/pcot{T}=4'\/}z+\/1()h—30p,
1

which agrees with the result (5) above.

To find the corresponding ratio of the specific gravities, or
72/, we have to use equations (2) and (5) and to express k in
terms of A and p.
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Equation (2) gives, on the substitution in it of the value of
cot @ contained in (5),

Vi =~h— 3 (4Vh + Y16k — 30p)
=3Vh ¥ 416k —30p,
whence we obtain, by squaring,
k=43h—2pF HEVh(16h—30p)......... (6).

The lower sign corresponds to the angle U and the upper to
the angle T}, and, in order to verify the results of Archimedes,
we have simply to show that the two values of % are equal to
@, Qs, P, P, respectively.

Now it 1s casily scen that
Qs =h/2 - MD*/p + 2M,D?/p,
P,P;=h/2 - MD"/p +2M,D"/p.
Therefore, using the values of MD, MD', M;D, M, D' above
found, we have
GO _h S _p) Th 8 [Sh(sh_p)
I 29 ( 50 -3V 5 (

T275\15 2 15 2
=33h - 3p £ HVh(16A —30p),
which are the values of £ given in (6) above.]
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Proposition 1.

If two circles touch at A, and if BD, EF be parallel diameters
in them, ADF is a straight line.

[The proof in the text only applies to the particular case
where the diameters are perpendicular to the radius to the
point of contact, but it is easily adapted to the more general
case by one small change only.]

Let O, C be the centres of the circles, and let OC be joined

and produced to A. Draw DH parallel to A0 meeting OF
in H.

Then, since OH =CD=CA,
and OF = 0A,
we have, by subtraction,
HF =C0 = DH.

Therefore ¢ HDF =+ HFD.
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Thus both the triangles CAD, HDF are isosceles, and the
third angles ACD, DHF in each are equal. Therefore the
equal angles in each are equal to one another, and

¢ ADC=sDFH.
Add to each the angle CDF, and it follows that
£ADC+2CDF=¢CDF ++£DFH
=(two right angles).
Hence A DF is a straight line.

The same proof applies if the circles touch externally*.

Proposition 2.

Let AB be the diameter of a semicircle, and let the tangents
to it at B and at any other point D on it meet in IT. If now DE
be drawn perpendicular to AB, and of AT, DE meet in F,

DF = FE.
Produce AD to meet BT produced in H. Then the angle

ADB in the semicircle is right; therefore the angle BDH is
also right. And 7'B, TD are equal.

A E G

Therefore T is the centre of the semicircle on BH as
diameter, which passes through D.

Hence HT=TB.
And, since DE, HB are parallel, it follows that DF = FE.
* Pappus assumes the result of this proposition in connexion with the

dpSnhos (p. 214, ed. Hultech), and he proves it for the case where the circles
touch externally (p. 840).
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Proposition 3.

Let P be any point on a segment of a circle whose base 1s
AB, and let PN be perpendicular to AB. Take D on AB so
that AN = ND, If now PQ be an arc equal to the arc PA, and
BQ be joined,

BQ, BD shall be equal*,

A/ N = B
Join PA, PQ, PD, DQ.

* The segment in the figure of the us. appears to have been a semicirele,
though the proposition is equally true of any segment. But the case where the
segment is a semicircle brings the proposition into close connexion with a
proposition in Ptolemy’s ueydAy ovvraks, I. 9 (p. 81, ed. Halma; cf. the repro-
duction in Cantor’s Gesch. d. Mathematik, 1. (1894), p. 389). Ptolemy’s object is
to connect by an equation the lengths of the chord of an arc and the chord of half
the arc. Substantially his procedure 18 as follows. Suppose 4P, PQ to be
equal arcs, 4B the diameter through A ; and let AP, I’Q, 4Q, PB, QB be joined.
Measure BD along B4 equal to BQ. The perpendicular PN is now drawn, and
it 18 proved that PA=PD, and AN=ND.

Then  AN=3%(BA-BD)=}(BA-BQ)=4 (B4 -~ B4?_ 4Q?.

And, by similar triangles, AN : AP=A4P : AD.
Therefore APi=4B.AN
=3 (4B-VAB*ZAQ). AR.

This gives AP in terms of 4Q and the known dismeter 4B, If we divide by
AB? throughout, it is seen at once that the proposmtion gives a geometrical
proof of the formula

siu‘*‘%: % (1-~cosa).

The case where the segment is a semicircle recalls also the method used by
Archimedes at the beginning of the second part of Prop. 3 of the Measurement
of a circle. 1t is there proved that, in the figure above,

AB+BQ:AQ=BP : P4,
or, if we divide the first two terms of the proposition by 4B,
a

(1+cosa)fsin a=ootz
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Then, since the arcs PA, PQ are equal,

P4 =PQ.
But, since AN = ND, and the angles at N are right,
PA=PD.
Therefore PQ =PD,
and 2 PQD =2 PDQ.

Now, since 4, P, @, B are concyclic,
£ PAD + £ PQB = (two right angles),
whence £ PDA + £ PQB = (two right angles)

=«PDA + </ PDB.
Therefore £ PQB=r+ PDR;
and, since the parts, the angles PQD, PDQ, are equal,
2 BQD =« BDQ,
and BQ=BD.

Proposition 4.

If AB be the diameter of a semicircle and N any point on AB,
and if semicircles be described within the first semicircle and
having AN, BN as diameters respectively, the figure included
between the circumferences of the three semicircles s “what
Archimedes called an dpBnhos*”; and its area is equal to the
circle on PN as diameter, where PN s perpendicular to AB
and meets the original semicircle in P.

For AB*=AN'+ NB*+24N .NB
=AN'+ NB’+2PN*

But circles (or semicircles) are to one another as the squares of
their radii (or diameters).

* &pBhos is literally ¢a shoemaker’s knife.’ Cf. note attached to the remarks
on the Liber Assumptorum in the Introduction, Chapter 11
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Hence
(semicircle on .4 B) =(sum of semicircles on AN, NB)

+ 2 (semicircle on PN).

P

A N B

That is, the circle on PN as diameter is equal to the
difference between the semicircle on AB and the sum of the
semicircles on AN, NB, ic. is equal to the area of the dpSBnios.

Proposition 5.

Let AB be the diameter of a semicircle, C any point on AB,
and CD perpendicular to it, and let semicircles be described
within the first semicircle and having AC, CB as diameters.
Then, if two circles be drawn touching CD on different sides
and each touching two of the semicircles, the circles so draun
will be equal.

Let one of the circles touch CD at E, the semicircle on 4B
in F, and the semicircle on 4C in G.

Draw the diameter EH of the circle, which will accordingly
be perpendicular to CD and therefore parallel to 4B

Join FH, HA, and FE, EB. Then, by Prop. 1, FHA, FEB
are both straight lines, since EH, AB are parallel.
For the same reason AGE, CGH are straight lines.

Let AF produced meet CD in D, and let AE produced
meet the outer semicircle in 1. Join BI, ID.
H. A, 20
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Then, since the angles A¥B, ACD are right, the straight
lines AD, AB are such that the perpendiculars on each from the
extremity of the other meet in the point E. Therefore, by the
properties of triangles, AE is perpendicular to the line joining
B to D.

A c B

But A X is perpendicular to BI.
Therefore BID is a straight line.

Now, since the angles at G, I are right, CH is parallel
to BD.

Therefore AB:BC=AD:DH
=AC: HE,
so that AC.CB=ARB. HE.
In like manner, if d is the diameter of the other circle, we can
prove that AC.CB=AB.d.

Therefore d = HE, and the circles are equal *,

* The property upon which this result depends, viz. that
AB: BC=AC : HE,
appears as an intermediate step in & proposition of Pappus (p. 280, ed. Hultsch)
which proves that, in the figure above,
AB: BC=CE3?: HE.
The truth of the latter proposition is eagily seen. For, since the angle CEH
is a right angle, and EG is perpendicular to CH,
CE?;: EH*=CG : GH
=AC : HE.
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[As pointed out by an Arabian Scholiast Alkauhi, this
proposition may be stated more generally. If, instead of one
point C on A B, we have two points C, D, and semicircles be
described on AC, BD as diameters, and if, instead of the
perpendicular to 4 B through C, we take the radical axis of the
two semicircles, then the circles described on different sides of
the radical axis and cach touching it as well as two of the
semicircles are equal. The proof is similar and presents no

difficulty ]

Proposition 6.

Let AB, the diameter of a semicircle, be divided at C so that
AC=3CB [or in any ratio]. Describe semicircles within the
first semicircle and on AC, CB as diameters, and suppose a
circle drawn toucking all three semicircles. If GH be the
diameter of this circle, to find the relution between GH and 4 B.

Let GH be that diameter of the circle which is parallel to
AB, and let the circle touch the semicircles on 4B, AC, CB
in D, E, F respectively.

Join AG, GD and BH, HD. Then, by Prop. 1, AGD, BHD

are straight lines.

A N [ P ]

For a like reason AEH, BFG are straight lines, as also
are CEG, CFH.

Let AD meet the semicircle on AC in Z, and let BD meet
the semicircle on OB in K. Join CI, CK meeting AE, BF

202
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respectively in L, M, and let GL, HM produced meet AB in
N, P respectively.

Now, in the triangle 4GC, the perpendiculars from 4, C on
the opposite sides meet in L. Therefore, by the properties of
triangles, GLN is perpendicular to AC.

Similarly HMP is perpendicular to CB.

Again, since the angles at 7, K, D are right, CK is parallel
to AD, and CI to BD.

Therefore AC:CB=AL:LH
=AN: NP,

and BC:CA=BM: MG
=BP : PN.

Hence AN:NP=NP: PB,

or AN, NP, PB are in continued proportion*.
Now, in the case where AC =} CB,
AN=% NP =4 PB,
whence BP:PN:NA:AB=4:6:9:19
Therefore GH=NP =8 AB.
And similarly GH can be found when AC : CB is equal to
any other given ratiot.

* This same property appears incidentally in Pappus (p. 226) as an inter-
mediate step in the proof of the * ancient proposition ” alluded to below.
+ In general, if 4C : CB=\: 1, we have
BP: PN:NA:AB=1:X: 2 :(1+X+)\%),
and GH : AB=X\: (L+ A +2).
It may be interesting to add the enunciation of the * ancient proposition
stated by Pappus (p. 208) and proved by him after several auxiliary lemmas.
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Proposition 7.

If circles be circumscribed about and inscribed in a square,
the circumscribed circle 18 double of the inscribed circle.

For the ratio of the circumscribed to the inscribed circle is

equal to that of the square on the diagonal to the square itself,
Le. to the ratio 2 : 1,

Proposition 8.

If AB be any chord of a ctrcle whose centre is O, and if AB
be produced to C so that BC is equal to the radius; +f further CO
meet the circle in D and be produced to meet the circle a second
time in E, the arc AE wnll be equal to three times the arc BD.

N \/

Draw the chord EF parallel to AB, and join OB, OF.

Let an dpBnhos be formed by three semicircles on 4B, AC, CB as diameters, and
Jet & series of circles be described, the first of which touches all three semicircles,
while the second touches the first and two of the semicircles forming one end
of the &pBnhos, the third touches the second and the same two semicircles, and
so on. Let the diameters of the successive circles be d,, d,, d,... their centres
0,, Oy, Oy,... and O\N;, O,N,, OgNy,... the perpendiculars from the centres on
AB. Then it is to be proved that

O\N,= d‘h

O,N,=2d,,

OgNy=3d;,
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Then, since the angles OEF, OFE are equal,
£LCOF =2, 0OEF
=2 £ BCO, by parallels,

= 2/ BOD, since BC = BQ.
Therefore

£ BOF =32 BOD,
so that the arc BF is equal to three times the arc BD.

Hence the arc 4 £, which is equal to the arc BF, is equal to
three times the arc BD¥*,

Proposition 9.

If in a circle two chords AB, CD which do not pass through
the centre intersect at right angles, then

(arc AD)+ (arc CB)=(arc AC)+ (arc DB).

Let the chords intersect at O, and draw the diameter EF
parallel to A DB intersecting CD in
H. EF will thus bisect CD at D

right angles in H, and
(arc ED) = (arc EC). Aﬂ:xs
Also EDF, ECF are semi- J\F
circles, while E " !
(arc ED) = (arc EA) + (arc AD).
Therefore
(sum of arcs CF, EA, AD)=(arc
of a semicircle).
And the arcs AE, BF are equal.

Therefore
(arc CB) + (arc A D) = (arc of a semicircle).

* This proposition gives a method of reducing the trisection of any angle,
i.e. of any circular arc, to & problem of the kind known as vedoeis. Buppose that
AE is the aro to be trisected, and that ED is the diameter through E of the circle
of which 4K is an arc. In order then to find an arc equal to one-third of 4E,
we have only to draw through 4 a ine A BC, meeting the circle again in B and
ED produced in C, such that BC is equal to the radius of the circle. For a
discussion of this and other vefoeis see the Introduction, Chapter V.
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Hence the remainder of the circumference, the sum of the
arcs AC, DB, is also equal to a semicircle; and the proposition
is proved.

Proposition 10.

Suppose that TA, TB are two tangents to a circle, while TC
cuts . Let BD be the chord through B parallel to TC, and let
AD meet TC in E. Then,i{f EH be drawn perpendscular to BD,
1t wnll busect it in H.

Let AB meet TC in F, and join BE.

Now the angle TAB is equal to the angle in the alternate
segment, ie.

¢2TAB=24DB
=/ AET, by parallels.
— A
e/\F -
\
D B

Hence the triangles AT, AFT have one angle equal and
another (at T) common. They are therefore similar, and

FT :AT=AT: ET.

Therefore
ET.TF =TA?
=THh.
It follows that the triangles £BT, BFT are similar.
Therefore ¢ TEB=/TBF
=/ TAB.

But the angle TEB is equal to the angle £BD, and the
angle TAB was proved equal to the angle EDB.
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Therefore £EDB=r EBD.
And the angles at H are right angles.
It follows that BH = HD*

Proposition 11.

If two chords AB, CD n a circle intersect at right angles in
a point O, not being the centre, then
AQ* + BO* + CO* + DO* = (diameter)".
Draw the diameter CE, and join AC, CB, AD, BE.

Then the angle CAO is equal
to the angle CEB in the same seg-
ment, and the angles 40C, EBC
are right; therefore the triangles
A0C, EBC are similar, and

2 ACO =< ECB.

It follows that the subtended
arcs, and therefore the chords A D,
BE, are equal.

* The figure of this proposition curiously recalls the figure of a problem
given by Pappus (pp. 836-8) among his lemmas to the first Book of the treatise
of Apollonius On Contacts (wepl éwagaw). The problem is, Given a circle and
two points E, F (neither of which 18 necessarily, as in this case, the middle
point of the chord of the circle drawn through E, F), to draw through E, F
respectively two chords AD, AB having a common extremity A and such that DB
is parallel to EF. The analysis is as follows. Suppose the problem solved, BD
being parallel to FE. Let BT, the tangent at B, meet EF produced in T. (7'
is not in general the pole of 4 B, so that 7'4 is not generally the tangent at 4.)

Then £ TBF= £ BDA, in the alternate segment,

= ¢ AET, by parallels.
Therefore 4, E, B, T are concyclic, and
EF.FT=AF.FB.
But, the circle ADB and the point F being given, the rectangle AF. FB is given.
Algo EF is given.

Hence FT is known.

Thus, to make the construction, we have only to find the length of FT from
the data, produce EF to T so that FT has the ascertained length, draw the
tangent TB, and then draw BD parallel to EF. DE, BF will then meet in 4 on
the circle and will be the chords required.
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Thus
(40 + DO*) + (BO'+ CO) = AD* + BC*
=BE*+ BC*?
=CE?,

Proposition 12.

If AB be the diameter of a semicircle, and TP, TQ the
tangents to it from any powmt T, and if AQ, BP be joined
meeting in R, then TR s perpendicular to AB.

Let TR produced meet ABin M, and join PA, QB.
Since the angle A PB is right,
2 PAB+ £ PBA = (a right angle)
=2 AQB.

L1 O
i
/

Add to each side the angle RBQ, and
2 PAB+ 2 QBA = (exterior) £ PRUQ.
But ¢TPR=¢PAB, and £ TQR =z QBA,
in the alternate segments;
therefore ¢ TPR+ 2 TQR =« PRQ.
It follows from this that 7P =TQ=TR.
[For, if PT be produced to O so that 70 = TQ, we have
2T0Q =2« TQO.
And, by hypothesis, 2 PRQ=2TPR+TQR.
By addition, « POQ+ £ PRQ=2TPR+ OQR.
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It follows that, in the quadrilateral OPRQ, the opposite
angles are together equal to two right angles. Therefore a

circle will go round OPQR, and T is its centre, because
TP=T0=7TQ. Therefore TR=TP.]

Thus 2£TRP=/TPR=<«PAM.
Adding to each the angle PRM,
2PAM + /2 PRM=+<TRP++ PRM
= (two right angles).
Therefore L APR + £ AMR = (two right angles),
whence ¢ AMR = (a right angle)*.

Proposition 13.

If a diameter AB of a circle meet any chord CD, not a
diameter, in E, and if AM, BN be drawn perpendicular to CD,
then

CN =DM+.

Let O be the centre of the
circle, and OH perpendicular to
CD. Join BM, and produce HO to
meet BM in K.

Then CH=HD.
And, by parallels,

since B0 =04,
BK = KM.
Therefore NH=HM.
Accordingly ON=DM.

* TM is of course the polar of the intersection of PQ, 4B, as it is the line
joining the poles of PQ, 4B respectively.

+ This proposition is of course true whether M, N lie on CD or on CD
produced each way. Pappus proves it for the latter case in his first lemma
(p. 788) to the second Book of Apollonius’ vedoers.
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Proposition 14.

Let ACB be a semicircle on AB as diameter, and let AD,
BE be equal lengths measured along AB from A, B respectively.
On AD, BE as diameters describe semicircles on the side towards
C, and on DE as diameter o semicircle on the opposite side. Let
the perpendicular to AB through O, the centre of the first semi-
circle, meet the opposite semicircles in C, F respectively.

Then shall the area of the figure bounded by the circumferences
of all the semicircles (“ which Archimedes calls ¢ Salinon’”*) be
equal to the area of the circle on CF as diameter+.

By Eucl. 11. 10, since ED is bisected at O and produced

to 4,
EA*+ AD*=2(K0*+ 04?),

and CF=0A4+0E=EA.
——qc—\
\ o
A D €/ B
F

* For the explanation of this name see note attached to the remarks on the
Liber Assumptorum in the Introduction, Chapter II. On the grounds there
given at length I believe gdAwor o be simply a Graecised form of the Latin
word salinum, ‘salt-cellar.’

+ Cantor (Gesch. d. Mathematik, 1. p. 285) compares this proposition
with Hippocrates’ attempt to square the circle by means of lunes, but
points out that the object of Archimedes may have been the converse of that
of Hippocrates., For, whereas Hippocrates wished to find the area of a circle
from that of other figures of the same sort, Archimedes’ intention was possibly
to equate the area of figures bounded by different curves to that of a circle
regarded as already known. .
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Therefore
AB*+ DE*=4(EQ*+ 04*)=2(CF* + AD?).
But circles (and therefore semicircles) are to one another as
the squares on their radii (or diameters).
Therefore
(sum of semicircles on AB, DE)

=(circle on CF) + (sum of semicircles on AD, BE).
Therefore

(area of ‘salinon’) = (arca of circle on CF as diam.).

Proposition 15.

Let AB be the diameter of a circle, AC a side of an in-
scribed regular pentagon, D the middle point of the arc AC.
Join CD and produce it to meet BA produced in E; join AC,
DB meeting in F, and draw FM perpendicular to AB. Then

EM =(radius of circle)*.

Let O be the centre of the circle, and join DA, DM, DO,
CB.

Now < ABC =% (right angle),
and £ 4BD =« DBC =} (right angle),
whence £ AOD =% (right angle).

* Pappus gives (p. 418) a proposition almost identical with this among the
lemmas required for the eomparison of the five regular polyhedra. His enunci-
ation is substantially as follows. If DH be half the side of a pentagon inscribed
in a circle, while DH is perpendicular to the radius OHA4, and if HM be made
equsl to 4H, then O4 is divided at M in extreme and mean ratio, OM being the
greater segment.

In the course of the proof it is first shown that AD, DM, MO are all equal,
a8 in the proposition above,

Then, the triangles ODA4, DAM being similar,

04 : AD=AD: AM,
or (gince 4D = OM) 04 :0M=0M: MA.
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Further, the triangles FCB, FMB are equal in all respects.

Thercfore, in the triangles DOB, DMB, the sides CB, MB
being equal and BD common, while the angles CBD, MBD are
equal,

£ BOD = ¢ BMD = ¢ (right angle).

But £ BCD + ¢« BAD =(two right angles)
=£4BAD+ 2« DAE
=/ BMD+ 2 DMA,

so that £« DAE = BCD,
and £BAD=2sAMD.

Therefore AD=MD.

Now, in the triangle DMO,
£ MOD = % (right angle),
< DMO = £ (right angle).
Therefore <« ODM =% (right angle)=A0D;

whence OM =MD.
Again < EDA = (supplement of ADC)
=/ CBA

= 2 (right angle)
=/20DM.
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Therefore, in the triangles DA, ODM,
¢2EDA=/0DM,
£EAD=,0MD,

and the sides AD, MD are equal.
Hence the triangles are equal in all respects, and
EA = MO.
Therefore EM=A0.

Moreover DE = DO; and it follows that, since DE is equal
to the side of an inscribed hexagon, and DC is the side of an
inscribed decagon, EC is divided at D in extreme and mean
ratio [ie. KC: ED=ED : D(]; “and this is proved in the
book of the Elements.” [Eucl. x1m1 9, “If the side of the
hexagon and the side of the decagon inscribed in the same
circle be put together, the whole straight line is divided in
extreme and mean ratio, and the greater segment is the
side of the hexagon.”]



THE CATTLE-PROBLEM.

It is required to find the number of bulls and cows of each
of four colours, or to find 8 unknown quantities. The first
part of the problem connccts the unknowns by seven simple
equations; and the second part adds two more conditions to
which the unknowns must be subject.

Let W, w be the numbers of white bulls and cows respectively,

X,z ” » black ” ” .
Y,y N » yellow » "
Z, z » »  dappled M ”
First part.
¢)) W=G3+HDX+Y. (a),
X=F+DZ+Y .. ccovieiennnn, B),
Z=G+PHW+Y .ccoviiiiiin (y),
1) w=GQ+HX+x) .. (8,
2=G+8(Z+2) i (e),
2= +PE Y (9}
y=@+HD(W+w)..cco.oiinnn. (n).
Second part.
W+ X=asquare........cooeevirininennnnnn 0,

Y + Z = a triangular number.......... ... (o).
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[There is an ambiguity in the language which expresses the
condition (). Literally the lines mean “ When the white bulls
joined in number with the black, they stood firm (éumedor)
with depth and breadth of equal measurement (lodueTpor eis
Babos eis evpos T¢); and the plains of Thrinakia, far-stretching
all ways, were filled with their multitude” (reading, with
Krumbiegel, A7 6ovs instead of wAivfov). Considering that, if
the bulls were packed together so as to form a square figure,
the number of them need not be a square number, since a bull
is longer than it is broad, it is clear that one possible interpre-
tation would be to take the ‘square’ to be a square figure, and
to understand condition (6) to be simply

W + X =a rectangle (i.e. a product of two factors).
The problem may therefore be stated in two forms:
(1) the simpler one in which, for the condition (8), there is
substituted the were requirement that
W+ X = a product of two whole numbers;
(2) the complete problem in which all the conditions have to
be satisfied including the requirement () that
W + X =a square number.

The simpler problem was solved by Jul. Fr. Wurm and may

be called

Wurm’s Problem.

The solution of this is given (together with a discussion of
the complete problem) by Amthor in the Zestschrift fiir Math.
u. Phystk (Hist. litt. Abtheilung), XXv. (1880), p. 156 sqq.

Multiply (a) by 336, (8) by 280, (y) by 126, and add ; thus
20TW =T742Y, or 3. 11W =2.7.53Y ........(«).
Then from () and (8) we obtain
891Z=1580F, or 3.11Z=2".5.79Y......(8),
and 99X = 178Y, or 3*.11X=2.89Y ...........(%¥).
Again, if we multiply (8) by 4800, (¢) by 2800, (§) by 1260,
(n) by 462, and add, we obtain
4657w =2800X + 12602 4+ 462Y + 143 W ;
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and, by means of the values in (&), (8), (y'), we derive

297 . 4657w = 24021207,

or 3*.11.465Tw=2.5.7.23.373Y ........ &).
Hence, by means of (), (£), (¢), we have

3°.11.4657y = 13.46489Y ... . ... (),

3*.46572=2°.5.7.761Y ............. (4}

and 3*.11.46572=2.17.15991Y ..... ...... (n").

And, since all the unknowns must be whole numbers, we see

from the equations («), (8), ... (%) that ¥ must be divisible by
3'.11.4657, 1.e. we may put

Y =38.11.4657Tn = 4149387n.

Therefore the equations («'), (8')....(n") give the following values
for all the unknowns in terms of n, viz.

W=2.3.7.53.465Tn =10366482n

X=2.3%.89 4637n = 7460514n
Y =25.11.4657Tn = 4149387n!
Z=2.5.79.465T0 = 7358060n( (a)
w=2%.98.5.7.23.313n= 7206360n
2=2.8%.17.15991n = 48932460
y=3".13. 464891 = 5439213n

z=2:.8.5 7.11.761n= 3515820n

If now n = 1, the numbers are the smallest which will satisfy
the seven equations (a), (8),---(n); and we have next to find
such an integral value for n that the equation (s) will be
satisfied also. [The modified equation (6) requinng that W+X
must be a product of two factors is then simultaneously
satisfied.]

Equation () requires that

Y+Z=qm+n
9

where ¢ is some positive mteger.

H. A. 21
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Putting for ¥, Z their values as above ascertained, we have
ﬂi}” =(8.11+2'.5.79). 4657n

= 2471.4657n
=17.353.4657n.

Now g is cither even or odd, so that either ¢=2s, or
¢=2s—1, and the equation becomes

s(28 £1)=7.353.4657n.

Asn need not be a prime number, we supposc n=u. v, where
% is the factor in n which divides s without a remainder and v
the factor which divides 2s + 1 without a remainder; we then
have the following sixtcen alternative pairs of simultaneous
equations:

(1) s= u, 28+1=17.353.4657v,
(2) s= Tu, 2s+1= 853.4657,
(3) s= 353u, 2s+1= 7.4657,
4) §= 4657Tu, 2s+1= 7.353w,
(3) s= 7.353u, 25+1= 4657,
(6) s= 7.4657u, 2s+1= 353,
(7) s= 853.465Tu, 2+1= Tv,
(8) s=17.3583.4657Tu, 2s5+1= v

In order to find the least value of n which satisfies all the
conditions of the problem, we have to choose from the various
positive integral solutions of these palrs of equations that
particular one which gives the smallest value for the product
uY or .

If we solve the various pairs and compare the results, we
find that it is the pair of equations

8="Tu, 23—1=2353.4657v,
which leads to the solution we want; this solution is then
uw=117423, v=1,
so that n=uv= 117423 = 3°. 4349,
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whence it follows that

s="Tu= 821961,
and q =28 —1=1643921.
Thus Y +Z=2471.4657Tn
= 2471.4657.117423
= 1351238949081
_ 1643921 . 1643922
5 )

which is a triangular number, as required.
The number in equation (€) which has to be the product of
two integers is now
W+X=2.3.(71.53 +3.89). 4657

=2".3.11.29.4657n
=2°.8.11.29.4657. 117423
=2°.3.11.29.4657.4349
= (22.3.4349). (11.29. 4657)
= 1409076 . 1485583,

which is a rectangular number with nearly equal factors.

The solution is then as follows (substituting for n its value
117423):

W = 1217263415886
X = 876035935422

= 487233469701

Z= 864005479380

w= 846192410280

= 574579625058

y= 638688708099

z= 412838131860

and the sum = 5916837175686
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The complete problem.

In this case the seven original equations (a), (B),...(5) have
to be satisfied, and the following further conditions must hold,

W + X = a squarc number = p*, say,

Y + Z = a triangular number = q-(—%*_—]), say.

Using the values found above (A), we have in the first place
P’=2.3.(7.53+3.89).4657n
=2%.3.11.29. 4657n,
and this equation will be satisfied if
n=3 11.29. 4657 = 4456749¢°
where £ is any integer.

Thus the first 8 cquations (a), (8),...(n), () arc satisticd by
the following values:

W=2.8°.7.11.29.53.4657*, £ = 46200808287018 . £*
X=2.3%.11.29.89.4657* ¢ = 33249638308986 . £*
Y=38°.11°.29.4657 . & = 18492776362863 . £*
Z=2*.3.5.11.29 79.4657° ¢ =32793026546940 . ¢*

w=2".3".5.7.11.23.29.373. 4657 . £* = 32116937723640 . £*
z=2.3".11.17.29.15991 . 4657 . £* =21807969217254. £*
y=3°.11.13.29.46489.4657 . £ = 24241207098537 . £*
z=2%.3".5.7.11".29.761 . 4657 .£* =15669127269180. £*

It remains to determine £ so that cquation (¢) may be
satisfied, 1.e. so that

Y+Z= 74+ 1)
g -
Substituting the ascertained values of ¥, Z, we have
‘1<qu = 51285802909803 . £

=3.7.11.29.353.4657°. £*.
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Multiply by 8, and put
2+1=t 2.4657.E=u,
and we have the “ Pellian” equation
£—-1=2.3.7.11.29.353 .4,
that is, £ - 47294944 = 1.

Of the solutions of this cquation the smallest has to be
chosen for which « is divisible by 2. 4657.

When this is done,
u .
£= 9 4657 and is a whole number,

whence, by substitution of the value of £ so found in the last
system of equations, we should arrive at the solution of the
complete problem.

1t would require too much space to enter on the solution of
the “ Pellian ” equation
- 4729494 v =1,
and the curious reader is referred to Amthor’s paper itself
Suffice it to say that he develops ¥4729494 in the form of a
continued fraction as far as the period which occurs after 91

convergents, and, after an arduous piece of work, arrives at the
conclusion that

W =1598 {20654¢D>,

where 206541 > represents the fact that there are 206541 more
digits to follow, and that, with the same notation,

the whole number of cattle = 7766 <206541>.

One may well be excused for doubting whether Archimedes
solved the complete problem, having regard to the enormous
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size of the numbers and the great difficulties inherent in the
work. By way of giving an idea of the space which would be
required for merely writing down the results when obtained,
Amthor remarks that the large seven-figured logarithmic tables
contain on one page 50 lines with 50 figures or so in cach, say
altogether 2500 figures; thcrefore one of the eight unknown
quantities would, when found, occupy 82% such pages, and to
write down all the eight numbers would require a volume of
660 pages!]
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